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Preface 


THE immediate aim of Higher Secondary 
Mathematics, Volume II, the companion to 
Volume 1, is to serve as the basic textbook for 
students of Class XI who have chosen Mathe- 
matics as an Elective subject in the General 
Stream Courses of study formulated by the 
West Bengal Council of Higher Secondary 
Education. 

This volume has been written according to 
Paper II of the Mathematics syllabus. The 
prescribed topics in Elements of Differential 
Calculus, Integral Calculus, Differential Equa- 
tions, and Mechanics—Statics and Dynamics— 
have been thoroughly and intensively dealt with. 

Higher Secondary students have ten years of 
Schooling behind them. In some of these 
schools, students are made familiar with what 
is termed ‘traditional’ mathematics, while in 
some ‘modern’ mathematics is taught. As for 
Volume 1, here too logic and reasoning are the 
cornerstones of our approach and thus pupils 
from either backgrounds will have no difficulty 
in using this book. 


The numerous examples follow directly from 
the principles stated. These carefully thought- 
out examples, based on real life situations, espe- 
cially within our students’ realm of experience, 
relate theoretical formulations with practical 
problems. We have continued to use the method 
followed in the earlier volume so that in this 
book too both the teacher and the more interest- 
ed student will be able to develop further on 
the examples given here—as objective and other 
types of exercises can be built around these 
examples. These examples will therefore deve- 
lop competition skills, enabling students to face 
tests in mathematical ability with confidence and 
equanimity. The cooperation and sincere hard 
work of our team of authors have made this 
venture possible. We hope teachers and pupils 
will find this volume to be as useful and 
interesting as we have tried to make it. All 
comments and suggestions will be warmly 
appreciated, 

D. К. SINHA 
A. B. Roy 
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| Functions and Crake 


CALCULUS, historically speaking, grew out of 
problems concerning speed, such as what speed 
is and how we can measure it. One can thus 
trace its origin to the early days of the seven- 
teenth century and from then, almost every 
development in science and mathematics upto 
the twentieth century had something to do with 
calculus, The great mathematicians of the seven- 
teenth century, Newton and Leibnitz sought 
{о put the study of calculus in a mathematical 
setting and what we shall be studying in the 
following chapters are largely their contribu- 
tions. In recent times, calculus, as it has hap- 
pened with other branches, has assumed rigo- 
rous forms that often go by the names like 
Mathematical Analysis. We would like to 
introduce the basic concepts of calculus on the 
basis of an idea about some number systems 
and allied topics. We shall do this first in 
some of the following sections before proceed- 
ing to take up problems of calculus. : 


1.2 Some preliminary ideas 
1.2 (a) Rational Numbers 

The concept of number owes its origin to 
the counting of objects. Counting resulted in 
the numbers 1, 2, 3 and so on, which are now 
termed natural numbers. Later came the con- 
cept of what are called rational numbers like 3, 
3, etc. These were upshots of measurements of 
continuous quantities (lengths, weights, etc.). 
The negative integers (—1, —2...) and zero 
came into mathematics with the development of 
Algebra and we could then think of negative 
rational numbers, — $, — 1... etc. АП these 


numbers can be put in a simple form p/q 
where p and q are integers. We can take q 
to be a positive integer and the rational num- 
ber p/q is positive or negative according as р 
is a positive or negative integer. If g=1, the 
rational numbers become an integer. For 
example, 4, 5, $, etc. are rational numbers. 


^12 (b) Real Numbers 


In practice, measurements are carried out by 
means of instruments. The result of a mea- 
surement is often roughly expressed as some 
rational number. But the fact remains that 
rational numbers are not quite adequate to 
give exact measurements. "That is to say, no 
rational number is capable of precisely expres- 
sing the length of, say, the diagonal of a square, 
if its side is taken as the unit of measure. 
Neither can a rational number express exactly 
the sine of 60° angle, the cosine of a 22^ 
angle, the tangent of a 17^ angle, the ratio 
of the circumference to the diameter of a cir- 
cle, etc. Speaking generally, it is not possible 
to express the ratio of incommensurable seg- 
ments exactly by means of a rational number. 

Thus if we seek to express in some exact 
terms the ratio of incommensurable segments, 
we need to introduce new, numbers that are 
called irrational numbers. An irrational num- 
ber expresses the length of a segment that is 
not commensurable with the unit of numbers 
(scale unit). The rational and irrational num- 
bers taken together form the totality of real 
numbers. Real numbers suffice to express 
with exactitude the length of any segment. 


$13] 

An irrational number cannot be exactly 
equal to any rational number, but it may be 
possible to find for every irrational number, 
a rational number (say a decimal) which is 
approximately equal to the irrational number 
(too large or too small) and which can be made 
to approach it to any arbitrary degree of ac- 
curacy. 

How can we visualise this geometrically ? 
To do this, we have to introduce what is call- 
ed a number line. 


1.2 (c) The Number Line 

On the (straight) line (Fig. 1.1), choose an 
origin O, a scale unit OA and a positive direc- 
tion (say from X' to X). Then every real 
number x will correspond to a definite point 
M, the distance of which from O is equal to x. 


—————————— 
x’ Од M Х 


Fig. 1.1. 


Numbers are represented in this way by 
points on a line. The line Х'Х on which the 
points are specified is called the number line 
or often the number scale, or number axis. 


1.2 (d) Variable and Constant Quantities 

A variable (quantity) is a quantity which can 
take on different values within the framework 
of a given problem. In contrast, a constant 
(quantity) is one which, within the framework 
of a given problem, has one and only one 
value. One and the same quantity can be a 
constant in one problem and a variable in 
another. 

In most physical problems, the boiling point 
T of water is a constant quantity. But when 
one has to take into account changing atmos- 
pheric pressure, T becomes a variable quan- 
tity. In the equation of the parabola y? = 4 ax, 
the coordinates x,y are variables. The para- 
meter a is a constant if we consider only one 
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parabola. But if we consider a set of para- 
bolas with a common x-axis and a common 
vertex O, then the parameter a is a variable 
quantity. 

Variables are ordinarily denoted by the 
last letters of the alphabet (x, у, 2, и, v, w...... ) 
while constants by the first letters (a, b, с......). 


1.2 (e) Absolute value of real numbers 
The absolufe value of a real number a, 
denoted by lal is defined as + a if a > 0, — a 
if a «0 and 0 if a=0. For example, 
1-51255--(-5)-55,142155202, 
l-$l24 101=0 
Some simple and easy properties of abso- 
lute values may be given as 
G Tabl = lal Ibl, labe| = 
lal lb} lel 
(1) 1а-4-5141а1-151, 
каре < |а1-15141с! 
(i) 1а-5121а1-151 
(iv) |a—b| =| b—al 
where a, b, c are real numbers. 


1.2 (f) Sets 

A set is a collection of objects having well 
defined characteristics. If we say R is а set 
of real numbers, we mean R is a collection 
of all rational and irrational numbers and is 
denoted, symbolically, as R — [x } where x 
assumes any value of the real number system. 
Similarly, the set of integers can be denoted 
as 

1-{+1, +2..}- {x} 

where x assumes any value of positive and 
negative integers. The individual objects of a 
set are called members or elements. Hence 
x in the set Z is a member of that set or in 
other words +1, +2, —1, —2...... are mem- 
bers of the set 7. A singleton set consists of 
one element only. A set having no element 
is called an empty or null or. void set. 

In the following discussions we shall consi- 
der the variable x as a real number or elements 
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of a set as real numbers unless otherwise 
stated. 


13 Function 

If for every value of a variable x, which 
belongs to some collection (set) E, there cor- 
responds one and only one finite value of the 
quantity y, then у is said to be a function 
(single valued) of x or a dependent variable 
defined on the set E. x is the argument or 
independent variable. The fact that y is a 
function of x is expressed, in brief form, by 
the notation y=f(x) or y=F(x) and the like. 


Fig. 1.2 


Geometrically, we can represent a func- 
tion by a curve obtained by the set of points 
(x, y) in the xy-plane (Fig. 1.2). 


REMARK 

If to every value of x belonging to some set 
E there corresponds several values of the 
variable y, then y is called a multiple valued 
function of x defined on E. From now on 
we shall use the word function only in the 
meaning of a single valued function, if not 
otherwise stated. 

For example, the area A of a square is a 
function of its side x and is given by A=>’. 
‘A is a single valued function or simply a func- 
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tion of x because for every value of x we get 
one and only one value of y. This means that 
geometrically corresponding to a set of values 
of (x, у) there corresponds a point on the curve 
representing the function. Again, if y'—x 
where x>0 then to each x there correspond two 
values of y. Hence y is a double valued func- 
tion of х. We can consider this as two single 
valued functions f and g where f(x)—4/x and 
g(x)— —4/x. These obviously correspond to 
two parts of the curve, representing the func- 
tion one above the x-axis and the other be- 
low it. 

We say that f(x) is the value of the function 
f for some value of x. So, for a given func- 
tion f(x)—2x', we have its value for x=2 is 
f(2)=2°=4. This corresponds to the point (2, 4) 
on the curve representing the function. 

If for any value of x, the value of function 
representing f(x) is meaningful then the func- 
tión is defined for that value of x or at the 
point x. Accordingly a function is defined for 
all values of x if f(x) is meaningful for all values 
For example, y(—f(x))—x is a func- 
tion defined for all real values of x, but 

21 
Х-100)- Р is not defined at x=4 be- 
cause for x = 4, f(x) = $ which is meaningless. 


1.3 (a) Domain of definition of a function 

The collection of all values which (under the 
conditions of the problem at hand) the vari- 
able x of a function f(x) can assume is called 
the domain of definition or simply, domain of 
the function. 

In the simplest cases, the domain of a func- 
tion is either a closed interval denoted by [a,b], 
which is the set of real numbers x satisfying 
the inequalities а < x< b or an open interval 
denoted by (a, b) which is the set of real num- 
bers satisfying the inequalities а < x < b. 

For example, the function y given by 


уе/х-24-ү/7-х, 
is meaningful only for 2 <x <7. Hence the 
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domain of definition of the given function is 
the set of all numbers from 2 to 7 including 
the boundary points. 

As another example, let us look for the do- 
main of definition of the function 

у=\/зїп 2x 

'The function is defined if sin 2x 220, i.e. if 
2тт< 2x € 2тл + x, ie. if mx £x ma 
8-9 т= 0, +1, +2.... 

Hence the domain of definition of the given 
function is the set of values of x satisfying the 


inequality mm <x < тт+т[2. 
The function 
n 1 
/х%— T 


is defined 1052-4120, i.e. if x>1 and х<—1. 
Thus the domain of the given function is the 
set of two intervals : 

—ewo«x«-—1and 1 <x< + о 
1.3 (b) Classification of functions 

(i) As already mentioned, functions may be 
either single-valued or multiple-valued. For 
example, y=x and y'—x are respective exam- 
ples of single-valued and multiple-valued func- 
tions. 

(ii) Functions are often said to have expli- 
cit and implicit forms, For an explicit func- 
tion, we express it as y — f(x) while implicit 
functions are represented as f(x, y) = 

(iii) Functions may be classified аз elemen- 
tary and non-elementary. An elementary func- 
tion is a function which involves a limited 
number of elementary operations. For exam- 
ple, the functions 


,y=log sin*/1—3 sin x, 
y=log log (3+2 ysin x) 
are elementary. Functions which cannot be 


expressed in this manner are termed non-ele- 
mentary. . 


3х? 
У лд х 
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1.3 (с) Basic Elementary functions 

We often distinguish between different forms 
of elementary functions : 

(i) Power functions are the form y = x" 
(where n is a constant real number). For 
п = 0, the power function is a constant quan- 
Шу (у = 1). A combination of them in the 
form such as y = ax! + bx + с, y = ax! + bx? 
+ cx! + dx +e, etc. are known as algebraic 
functions. 

(ii) Trigonometric functions are the forms 
such as, 

y = sin х, y = cos x, y = tan x, 
y = cot x, y = sec x, y = cosec x. 

Circular (inverse trigonometric) functions are 

the forms such as, 


y=sin“x, y=cosx, y-tan-ix, y=cot-x, 
y=secx,  y=cosecx, etc. 

(iii) Exponential function is of the form 
y = а* where a is a positive number (the base 
number). 

(iv) Logarithmic function is of the form 
y = log," where a is a positive number diffe- 
rent from unity (logarithmic base). 


REMARK 
Functions which are not algebraic are often 
called transcendental functions. 


1.3 (d) Inverse Function 

If from у = f(x) we can write x = (y), then 
the function (y) is called an inverse function 
of f(x). 

For example, the function y=x* can be writ- 
ten as x=+,/y which is the inverse of the 
function y—3* and is evidently double-valued; 
(what would be its geometrical representation ?) 

The inverse of the function y— sin x is the 
multiple-valued function x-—sin-!y (defined for 


all values of —l- yl). What will be its 
geometrical representation ? 


1.3 (e) Graph of a function 
The graph of a function is a pictorial repre- 
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sentation of a function on rectangular coordi- 
nate system. A set of points (x,y) in an xy- 


Fig, 13 


plane, whose coordinates are connected by the 
equation y=f(x), is called the graph of the 
given function (Fig. 1.3). Let us construct 
graphs of some elementary functions, 


EXAMPLE] 
Construct the graph of the function y—x-3. 
The given function is single-valued and is 
defined in the interval — co <x < оо . To cons- 
truct the function graphically, let us consider 
some values of x say,...—4, —3, —2, —1,0,1, 


Fik. 4 


2, 3...and determine the values of y from y = 
x +3 for each value of x. This gives the set 
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of points...(—4, —1), (—3, 0), (—2, 1), (—1, 
2), (0, 3), (1, 4), (2, 5), (3, 6), ete. in the xy-piane. 
We now plot the points referred to a rectan- 
gular coordinate system xy (shown in Fig. 1 4) 
and then join the points with a line. This line 
must be extended to infinity on, either direction 
as the function is defined for every value of x 
between — о to co. Hence the graph of the 
given function is a straight line of the form 
у=тх+с where m=1 and c=3 represented 
in xy frame. 


EXAMPLE2 

Draw the graph of the function f(x) = x*. 
The function is defined for all values of x in 
the interval — co <x < + co. A table giving 
values f(x) for various values of x is given 
below. 


TABLE 1-1 

x 0 1 | 
Лх) | 0 1 | 114 
We now plot points (0,0), (1,1), (—1,1), (2,4), 
(—2,4), (3,9), (—3,9) in (х,/(х)) frame of refer- 
ence, and join the points by a line. This set 


of points defines a curve which is the part of 
а parabola (Fig. 1.5). 


$18] 
13 (f) Graph of arbitrarily defined functions 

A function may be defined arbitrarily. For 
example 


I= if x2 

=0 if x=2 
This shows that the function is defined for 
all real values of x. To draw the graph we 
consider some values of x in f(x) = x, х3 2. 
The set of points (x, f(x) ) thus obtained when 
plotted in (x, f(x) ) frame and then joined gives 
parts of the parabola f(x)=2* indicated in Fig. 
1.6 by curves АОВ, CD and the point (2,0). 
It appears from Fig. 1.6 that the graph con- 

tains what is called a break at x—2. 


Fig. 1.6 


Tf a function is defined as 
10) = 183! as 
We have, 


for x >3, 12—31 


x-3 
and for x < 3, 


(6-3 7 


frame in an usual way indicates that it cón- 
sists of line y=1, x23; y=—1, x<3 and the 
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point (3,0). This also shows that the graph 
has a break at x = 3 (Fig. 1.7). 


Fig. 1.7 


EXAMPLE 1 
Find graph of the function 


fay = 5, хя 
=0, x=0 
The function clearly indicates that f(x)=x 
for x40 and f(x)=0 when x=0. The graph 
of the function drawn in an usual way as 
above is shown in Fig. 1.8. This figure is 
actually a straight line AOB with no break at 
any point. 


Fig. 1.8 
It is to be noted that the prescribed value 
The graph of the function drawn in (x, fx) ) ЖО) = 0 at x = 0 removes the undefinedness of 


the function f(x)— X* for all x. In other 
x 
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words, f(x)— = has been made defined at x = 0 


by prescribing its value f(0) = 


REMARK 

Some of the examples discussed above show 
how a function can be represented arbitrarily. 
The break that appears in some of the graphs 
reveals that the behaviour of function f(x) 
above and below the point where the break is 
found, may or may not be different. Such a 
situation has a close resemblance to the change 
of the physical state of substances. Loosely 
speaking, a sudden change in a physical situa- 
tion is often shown by a kirk or a break with 
mathematical representation of the situation. 


14 Illustrative examples 


EXAMPLE 1 

A ball is rolling on the ground, s is the 
distance from the point of hit, ¢ is the time 
elapsed after the hit. How would you express 
s as function of 7? 

The quantity s is a function of t, i.e. s = f( 
because the ball crosses a definite distance at 
every instant of rolling. Here f can also be 
expressed as a function of s, i.e. 1 = f(s) for, to 
every distance traversed by the ball there cor- 
responds a definite time. 


EXAMPLE 2 

The functional relationship between the 
radius r of a circle and the circumference s is 
given by s = 2ar. Is s a function of r? 

Here, to every value of r there corresponds 
a definite value of s. Such when r = 2, s = 4x; 
when г = 5, 5 = 10 a, etc. Hence s is a function 
of r and r is said to be the argument of the 
function 5. 


EXAMPLE 3 
Find the domain of definition of the function 


1 
y= =, The formula y = Ї is meaningful for - 


IL-2 
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all values of х except when x=0. So the do- 
main of definition of the given function is the 
set of all real numbers except 0. 


EXAMPLE 4 

Show that the function s = 1 +2 + 34 ...... 
+n is an elementary function. · 

The given function is an elementary func- 
tion because it can be expressed as s= 

1 5 : Ч: 

ant) » which contains a limited number 
of elementary operations. 


EXAMPLE 5 
Which of the functions y=x*+5x+3 and 
—xy'+3y'+2=0 is explicit or implicit ? 
The function y=x°+5x+3 is an explicit 
function because this function is of the form 
y=f(x) The second function х7--ху”--3у”--2 
=0 is an implicit function because it is diffi- 
cult to express the second one in the form 


у=}(х). 


EXAMPLE 6 
If f(x) = x! + 6x — 4, verify f(1) = 3, 
13) = 
Here eae КБ е ER 


Аай 10) {= 3, +6.3—4=9+ 18 —4=23 
1(3) = 23 
Roamans 7 

If sa) = #4, , 

9 (=) апа We) 


Ls 
Here replacing x by in 9(x) we have 


write the expression 


: + 1-х 
70:3. 34 5x 
x 5 
: 1 SPENT BES 
AND rr з ср 
3x+5 
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Fig. 1.9 
EXAMPLE 8 missing on the graph. Near 0 on either side, 
If f(0)—tan 0, find /(20) the graph has an infinite number of oscilla- 


2 
Here f (20) — tan 20 -pene I DO 


EXAMPLE 9 

Construct the graph of the function y — sin x. 
Here y is defined for all real values of x. The 
variation of y with x can be tabulated as: 


TABLE 1-2 
т т 3т |_3т | 
dd ieee | 5 Е Sh aes Fig. 1.10 
y |0]|1 |-1 |o | 0: 11 1 tions with gradually diminishing amplitude. 
The graph is comprised between the lines 


If we now plot points (x,y), given in Table EE 
1-2, in rectangular cartesian frame (x-y) and EXAMPLE 11 
join them to cover intermediate points we have 
the graph as (Fig. 1.9). 

Fig. 1.9 shows that the curve represented 
by the given function y = sin x has an infinite 
number of oscillations between the values + 1 
and — 1. It is further to be noted that the 
graph has no break at any point. 


EXAMPLE 10 
Construct the graph of y — x sin Aa 


2 
Here y is not defined for х = 0. Thus, the 
domain of definition of the function is the 
aggregate of all real numbers except 0. Fig. 1.1 
The graph is shown in the figure which has Draw the graph of the function y = 1х1 
a break at x = 0, the corresponding point being defined Бу 
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y=x,x>0 
-0,х-0. 
=—x,x<0 
So the graph consists of the lines y = x for 
all х> 0, y ——x for all x 0. These two 
lines meet at x = 0 since the value of y =0 at 
х = 0. The lines have been drawn in an usual 
way as before, 


Exercise 1.1 


1. Find the functioral relationship between 
the volume (v) and radius (r) of a solid 
sphere and state also the nature of the function 
that you establish. 

2. 'The distance (by road) between the points 
A and B is 90 km. A motor car covered the 
first half of the distance from A to B at a 
speed of 0.6 km/min, the second at a speed 
of 0.9 km/min. If S (km) be the distance of 
the car from point A and t (min) the time for 
transit then express t as a function of 5 to re- 
present the above situation. 


1 
3. If o(«) “ҮҮ ца, 


find ¢ (0), 9 G) 9 G) into (5) 


4 Tf Ax) = Т, find f(1) апа f(\/3). 
1-х 
1+x 


b 
но 9 (tea): 
6. f(x) =log x, ф(х) = J/ x write the expres- 
sion f[o (2)]. 
7. Find the domain of definition of follow- 
ing functions d 
© ysi- х, 
(iii) y= b* (b> 0) 
So x -2 
(iv) y =./sin3x, (v) Усаа» 
(wi) у= 4/5 = х) (3х +6) . 
8. f(x) 22x! — За? — 522 + 6x — 10. 
(x) = 1 10) + f(— 3)] and 
vG) = 2 00) — 0 21 


5. ф(х) = log verify the equality 


(1) y= logx 


Find 
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9. A function f(x) defined in a symmetric 
region — a < x <a is called even if f(— x) = 
f(x) and odd if f(— x) = — f(x). Determine 
which of the following fenctions are even and 
which are odd: 

© 0) = 3 (а + a) 

0) К\=,/1+х+4— ИГЕ Ф Ай 

Gi) 9 = ов 1E 


10. Prove that any function f(x) defined in 
the interval -l<x<] may ‘be represented 
in the form of the sum of an even function 
and an odd function. 

11. Determine the inverse of the functions: 
‘y= 1-—2~ and y= (x — 2) (8 — x) 

12. If f(x) be the-sum of n terms of an arith- 
metic progression, show that 

f(n + 3) — Зп + 2) -3f(n 1) — fi) = 0 

13. Show that if у(х) = Кх + b and the 
numbers x;, x» x; are in A. P. then the numbers 
Ух), х) and f(x;) likewise form such a pro- 
gression. 

14. A function f(x) is called periodic if there 
exists a positive number 7 (the period of the 
function) such that f(x + Т) = f(x) for all 
values of x within the domain of definition of 
К). 

Determine which of the following functions 
are periodic and for the periodic functions, find 
their (least) period Т: 

(i) sinx, (i) tan x, (iii) sin nx, (iv) sin 3x, 

(v) sin(x) 

15. ф(х) =4 (@ + a^) and 
v(x) =4(@ — a7) 
Show that 
o(x+y)= 9G 0) + (А) vO) 


and (х+у)=ф(х) v6) + 96) а (х) 
16. Find the inverse of the function 
ug ЖОО 
xe. x, ifx>0 
17. Construct graphs of the following func- * 
tions : ra 
© Ж) = 1, if x is a rational number 


0, if x is an irrational number. 
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Ex. 1.1] 
к= 82221 
0) f@) = 1 x1,-3 <x <3 
6» Ка) = = xd where [x] 
0,x<0 
(у) Ж) = | 3,х-0 
2: 2-0 
ww 225 
2 TA —-x,-2<x< 
(vii) fe) = { x02 x<2 
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= greatest 


integer S x 


0 


(viii) Ку = 22 sin 1 1х40 


sin? 25 


(ix) fc) = 


(x) f(x) = cos ( х- +) 


18. From the graph of y — cosx construct 
the graph of у = cos-!x. Show graphically why 
cosx is a multiple-valued function. 
19. Draw the graph of the function defined 
in the interval (—1, 1) as follows: 

К) =1+x for —1<х<0 

f(x) = 1—2х for 0<х<1. 


2 Limit and Continuity 


In Chapter One, we studied functions, their 
representations by means of graphs, and some 
of their properties. As we have observed in 
graphs of functions, there are some striking 
changes in their values owing to changes in 
values of their independent variables. In fact, 
behaviour of such functions at a point or at 
points close fo a particular point or points 
is very important, specially on account of their 
use in physical or social or biological problems 
that deal with small changes in their respective 
entities. We shall study in this chapter be- 
haviour of functions from this standpoint. 

We make the independent variable x assume 
values on the both sides of the given point, 
say, х = а, but near to it. In other words, 
we make x gradually approach towards the 
point ‘a’, which we express as x tends to a. 
As x assumes these values in the close proxi- 
mity of ‘a’ or in the neighbourhood of a, what 
would happen to f(x)? The answer is: f(x) 
would go on assuming values. These values 
of f(x) may tend to a certain constant, say, l. 
We would then say, f(x) tends to the limit /. 
This leads us to an important concept, namely, 
limit in differential calculus. 

Geometrically speaking, in order to study 
behaviour of a function near a particular 
point, it is necessary to observe changes in the 
values of the function on either side of the 


point. 


2. Meaning of ‘x tends to @ 
Let us suppose that ‘a’ is a fixed point on 


ОХ and x assumes any of the set of numbers 
represented in a real number line OX on 
either side’ of ‘@ and including ‘a’, Hence x 


Х--ь- Qe х 


Fig. 2.1 


can approach ‘a’ both from right hand side 
and left hand side of ‘a’. In other words x 
can approach ‘a’, remaining always greater 
than ‘a’ and also it can move towards ‘a’, re- 
maining always less than ‘a’. 

Hence the phrase ‘x tends to а means that 
x approaches (or tends to) ‘a’ from either side 
of ‘a’ and can assume a value very near to 
‘@ (as near as it may be) but not exactly the 
value ‘a’. In other words, x assumes succes- 
sively values whose numerical difference from 
a, ie. | x—a l, is gradually less and ultimate- 
ly becomes very very small (as small as it 
can) when x is very very close to ‘a’, ‘x tends 
to @ is symbolically denoted as x—>a or 
Lt x — a. 

The notation corresopnding to ‘x tends to 
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a from the right? is x—>a +0 or х—>а+ 
while that corresponding to ‘x tends to a from 
left is x—-a—0 or x—-a—. As a whole the 
limit x—>q includes both x—>a + and x—-a—. 


EXAMPLE 1 

If x successively assumes values 0.9, 0.99, 
0.999, 0.9999, etc. we say x—>1—. Again if 
x successively assumes values 1.1, 1.01, 1.001, 
1.0001, etc. we say x—>1+. If the succes- 
sive values are 1 + .1, 1—.1, 1 + .01, 1—.01, 
etc. we say x—>l. 


2.2 Limit of a function 
It is obvious that as f(x) depends on x then 
every change in x produces a change in y or 


Fig. 22 


f(x. We should, therefore, study how f(x) 
changes gradually as х tends to a. These 
gradual changes in f(x) suggest a value to 
which f(x) may ultimately approach as x ap- 
proaches very near to 4. This particular 
value to which f(x) can ultimately approach. 
as x tends to a is called the limiting value of 


f(x) as x—>a and is denoted by Lt №) =1 
2-3 


(any particular value). 


Lt f(x)=1 means that f(x) tends to the 
2-3» 


number 1 (called the limit J) when х approaches 
to the point x = a both from left and from right 
of the point x = а. 

Or, in other words, the number 1 is the limit 
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of the function f(x) as x—>a, if the absolute 
value |f()—1| is arbitrarily small when 
| x—a | is sufficiently small. 


REMARK 

It is assumed that the function f(x) is defin- 
ed within some interval containing the point 
x =a (at all points on the left and on the 
right of а) ; at the point x = a itself, the func- 
tion f(x) is either defined or is not. 


EXAMPLE 1 

Consider the function f(x) = 2х + 1 (it is 
defined at all points). If х = 2 then f(x) =5. 
As x approaches 2 (from the right and from 
the left) then 2x + 1 tends to 5. The number 
5 (equal to the value of the function at x — 2) 
is at the same time the limit of the function 
as Х-»2: 

Lt 2х+1=5 


х-»2 


EXAMPLE 2 
4х35-1 2, 
pud (it is 
defined at all points with the exception of 
2. 

х= 1). If we have x = 6, then f(x) == 
= 13. As x approaches 6 (from the right or 
from the left), the numerator 4x°—1 tends to 
143 and the denominator tends to 11. The 
function as a whole tends to +4 =13. The 
number 13 (equal to the value of the func- 
tion at x = 6) is at the same time the limit 
of the function as x—>6: 

Lt 4x*—1l 

x36 2y —1 pbi 


Consider the function f(x) = 


EXAMPLE 3 
Р 2 4x?—1 
Consider the same function 10695551 
but take x = 4. The function is not defined 
here (the formula yields the indeterminate 
form $). But the limit of the function exists 
as x—>}. It is equal to 2. 


522] 


.4х3-1 E á 

Indeed, the expression 5, is determi- 
nate only for х = 4, but as x approaches 3, 
it is quite determinate and is always equal to 
2x +1. This expression tends to the number 
2. Hence 

р АЭ a 2 

x3 2x —] 


Аха 
The graph of the function el aaa is 


the straight line UV (Fig. 2.3) omitting the 
point A (4, 2). The graph of the function 


у 9 


Fig. 2.3 
y=2x+1 is the same straight line UV 
taken in its entirety. 


EXAMPLE 4 

The function f(x) = созл/х (it is defined 
at all points except x = 0) does not have a 
limit as x—>0. This is evident from Fig. 2.4. 
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When the abscissa approaches zero, the ordi- 
nate does not approach anything (the point of 
the graph performs infinite oscillations with a 
constant amplitude). 


2.3 Illustrative Examples 

Let us now go through some illustrations to 
get an idea of the existence of limits of func-- 
tions : 


EXAMPLEI 


Does Lt x*-1 ы 
eer] exist ? 
Bae ung. а едд! КАЕ 2 
х>1+0Х —1 хэ140 
апа xc ТЕ) (х+1)-2 
x10 5—1] жэ1—0 


C. x—1 but not equal to 1). 


^ x*—1. p, x*—1.5 
somos pou ТЕ 
(finite value) 
х2—1 [ 
Hence Lt exists, 
x»]9* —1 
ЕХАМРІЕ 2 
овие ie Ixl exists ? 
x>0 х. 
Here, Let 
ў) = == and | x | =x when x>0 
=0 x=0 
=—х x<0 
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We have, then 
Lt fœ) = Ht x> Ixl 
x04- x04- x 


Lt х-х 
хэ-0-- Tae. 
and Lt f(x) = Lt. cdd 
x0— х»0- Y 
: Lt х+х 2 
х»0- х. 


м foL (fo) 
x04 x>0— 


Hence Lt (х) does not exist. 
x>0 


REMARK 
If Lt Кх) = апа Lt f(x) =h and h = 
x»a-0 x>a+0 
Ь= 1 then we say that Lt f(x) exists and 
xx 


is equal to /. 


2.4 Some necessary ideas and definitions 

(i) The limit of a constant quantity C is the 
quantity C itself. 

This definition is introduced so that basic 
theorems on limits should hold true in all 
cases without exception. It agrees with defini- 
tion of 2.3 (1 c—c | — 0 when | x—a | is very 
small). 

(ii) An infinitesimal is a quantity whose limit 
is equal to zero. 


EXAMPLEI 

The function x'—4 is an infinitesimal as 
x—>2 and as x—-—2. As х-»1, the same 
function is not an infinitesimal. 


EXAMPLE 2 


The funciton 1—cos x is an infinitesimal as ° 


x—>0, because Lt (1 — cos х) = 0. 
x>0 


In words the quantity 1—cos x is infinitely 
small for infinitely small x. 


EXAMPLES 


We have ы 4—1 


M Boc —2. Thesame 
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fact may be expressed as the quantity 
4x3—1:. 


2 mee AES ч 
2x —1 which is an infinitesimal. 


REMARKS 

1. The statements ‘the number / is the limit 
of the variable y’ and ‘the difference y—/ is an 
infinitesimal’ are equivalent. 

2. Of all constant quantities, only zero is an 
infinitesimal. 


2.5 Basic Limit theorems 
We give below some results on limit theorems 
(without proof). 


THEOREM 1 

The limit of a sum of two, three and gene- 
rally, any finite number of functions is equal 
to the sum of the limits of each of the functions 
provided each limit exists. More precisely, if 
Lt 10)-41, Lt f(y =h, Lt f(x) = h. 


xa xa xA 
Then 
n ГАО) + AQ) + А00] = 


Lt 10) +Lt №) + Lt fix) 
xa xa xa 
Hh+rht+h 


THEOREM la 
Lt 1103-1400 = Lt fia) —Lt f(x) = 
xa xa xa 


h—h 


For example, 
пи [4+х+3]= 
x2 


Lt xL xt Lt 32-2: 4243 
x2 x2 x2 
=4+2+3=9. 
Lt |ЇХК-531-11 х-14 \ 5х 
x2 x2 x2 
-2-52-4-10--6 


THEOREM2 
The limit of a product of two, three and, 
generally, any finite number of functions is 


$2.5] 
equal to the product of their limits : 
ie. Lt Аб) fx) fal) 
xx 
—Lt fG)XLt f) X Lt МО 
xa xa x0 
=hxkxh 
For example, 
(i) Lt [xcosx] = xX Lt “cosx 
x>0 x9 x0 
=0x1=1 
(ii) Lt (ax + b) (cx + d) 
x>0 
—Lt (ax-- b) XLt (cex+d)=bx d= bd 
x0 x0 


THEOREM 2a 
Lt { c f. (x) }- Lt fi@= ely 
xa x>a 

where c is a constant 


For example, 
Lt (5x 3x + 2) 
хэ! 
= Lt 5 + Lt 


хэ! x1 


=S5Lt xii 3Lt 
хэ! x1 


51431-4210 


3x -Lt 2 
хэ! 


x dt 2 
x1 


THEOREM 3 

The limit of a quotient of two functions is 
equal to the quotient of the limits of the func- 
tions if the limit of the divisor is not equal to 
Zero: 


Ло) 3: fi) 
БЭЛ и рр. 12 
xa 
provided 4,2 0 
For example, 
Lt ZTA ши (4 / jE PEN EPA 
x35 X—2 3235 x35 
=3-3 
T 5 EOREM 4 
B F{ лә} - FL. | -50 


where F stands for a symbol for.an operator. 


IL-3 
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For example, 


Lt log f(x) = log { Lt 70) 
x>a 1 xa 
—]ogl, provided 1> 0. 


Lt sinx 


x0 =е%=1 


REMARK 


We shall see that we can compute limits of 
functions with the help of above results and 
with the help of some well known limits, known 
as standard limits. 


2.6 Some standard limits 
© mmz = 1 if x is the radian measure 


of the angle. 


0 Cosx 
Fig. 2.5 


Let us construct a circle with centre at O 
and radius ОА = OD = 1 as in Fig. 2.5. We 
choose point B on OA extended and point C 
on OD so that lines BD and AC are perpendi- 
cular to OD. 

It is evident that Area of triangle OAC < 
шог of sector OAD < Area of triangle OBD, 

184 х cosx 3x < 3 tan x. 
Dividing by $sin x, 
cosx < tod Pav. a 
sinx ^ cos x 
sin x 1 
х со8 х 


As х-»0, cosx—>1 and we have 1< 


Sn <1 as ah. 


or, cosx< 
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This means Lt sin x _ 1 We have, 
Laer Lt xi—4 Lr (х-2) (х--2) 
1 d acr >2 (у— = 
(i) Lt (+x) =e where e=2.71828 PM x*-3xp2 у E* (x о 1) 2 
x0 5h ANO x+ =4 
(арргох) х- 
The proof of it is not given here. EXAMPLE 3 
(iii) ^ Lt PLEBE 


1 
x>0 “у log (1 +x = 1 
From the standard limit (ii) and using Theo- 
rem 4 we have 
(21527 
Lt 1 lg (l+x)= Lt 1оЕ(143)" 
x>0 > x0 


d " 
-log iu +9") log е1 
хэ-0 
GONE RTL. 
"mr A RE 
Putting e* = 1 + z, we have 
иоё-1 Lo z 
xo 230 Тор (I+2) 
C^ x-log(l--z) and as х-»0, z—>0) 


ae 1 
ii z 108 (1+2) 
2) Е Tigi) by Theo. III 
ESI by standard result (iii). 


1 
27 Illustrative examples 


EXAMPLE 1 
Find the right-hand and left-hand limit of 


the function f(x) = tani. as x—>0. 


We have, 


ш feno ttt = > 
x04 x04 ^ 


и (=ш ul --1 
х--0- x>0- х 
Obviously, the function f(x) in this case has 


no limit as x—>0. 


EXAMPLE 2 
Evaluate Lt xi—4 
x2 x:—3x42 
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Find Lt 
220 рх — 1 
Putting 1 + х = у", we have as x—>0, y—>1 
and 
It уе х-1-2 Lt da 
x0 Их Ši y>l у%—1 
ааа Оа 
y» y+1 2 


EXAMPLE 4 


Lt Cy x so M аша айдас d Oque 
xa d ХЭЭ (ха) (V x 4- fa) 
келдт PASE MN ee) 


EXAMPLE 5 
Lt sin 5x 14 
х 


x>0 


sin 5x 
(2525 5) 1555 


EXAMPLE 6 
Find Lt sin 2x ү 
x0 x ) 


Here, Lt sin 2x ү, Lt іп 2x 2-2 
x x30 2y 6 


x0 
and LE gta 
Hence es CM = 2:22 
EXAMPLE 7 

коеш av VIE = na whenn 


is a +-ve integer, 
By actual division, we have 


а 
oS а Ba 4x 04.22 


Bx. 2.1] 


U P-P L qug 
хаг AE (P3 + a 


Tape + @)= na 


EXAMPLE 8 
Prove that Lt 
x1 x+1 

Lt их. 


does not exist. 


We have 
and Lt 


Hence |. It. tyne Lt 
rap 2 
So Lt ух 


хэ! cpj- exists and із equal to 4. 


EXAMPLE 9 
The function f(x) is defined as 
f(x) =3x-1 х<0 
=0 x=0 
=2x+5 x>0 
Does Lt f(x) exist ? 
x 


> 
Lo © РЭ и 
x>0+ 


does not exist. 


Ko. So Lt f(x) 
x0 


Exercise 2.1 


1. Evaluate the following limits: 


(i) Lt | x*4-1 (ii) ү GREECE 
x5 x?+1 
(iii) Lt 1 3 Тул B Vx ТА 
x1 d Ей x1 AAA „>: 


1-х 1—x® 


х1 
(у) 27 TE f= 29x41 (vi) i5 2- E х-3 
ШИН) -49 
(уй) 7 Vxxh—- ух 
h>0 RUSSE TENNIS r 
M x3 2x -6— / x*4+2x—6 


(viii) Lt 
x3 


-4х--3 
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(ix) Lt sinx (x) Lt x sin 1 
x2 x x0 x 
(xi) Lt тх (xii) Lt sin5x 
) x1 (1-х) tan 7587) ay x->0 “sin 2x 
DENY (xiv) Lt z—cos x 
Gip ze (1758 > x0 — Үү 
"n т-Х 
(ху) Zt sin x—sin a 
xa x—a 
(xvi) Lt cos mx—cos nx 
x0 — Pa c зон 
(xvi) Lt 1—/ cos x 
xa pe NA 


(xviii) Lt /1-Esin x— іп x 
Лару. 


(хіх) E (ss) (xx) n log Cries) 


(xxi) Lt езх — ex (xxii) Lt р x) 
FS PER UR i ERU гай E 
(xxiii) Lt e*—1 (xxiv) It ах —1 
x0 x x0 TX 
(xxv) Lt 1—e* (хху) Lt 4847-2 
x»0 “sin x 47 h 
3x—1, x «0 
2. Е) = f 0 ~x=0 
2x+5,x>0 
Evaluate 


Lt. f(h)—f (04) and Lt. /0)—/(0—). 
hoot AS уу. h 
Construct also the graph of the function, 


2.8 The increment of a variable quantity 

If a variable x assumes the value x = x, and 
then x = x then the difference x;—2 is called 
the increment of x. The increment may be 
positive, negative, or zero. The increment is 
denoted by the Greek letter г (delta) (the sym- 
bol A x reads ‘delta x’). It denotes the change 
in x, ‘increment of the quantity x’ ; we have 

AX nh 


REMARK 
The increment of a constant is zero. 


REMARK 
The initial value of x = 3, the increment in’ 
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Fig. 2.6 


x, ie. Ax = — 2, determine the corresponding 
increment A у, of the function у = x. 

Here since 3; = 3 and хь = —2, it follows 
that х, = 1. The function y = 2? first takes on 
the value y; = 3* == 9 and then y; = 12:41, The 
increment of the function is Ay = у-у = 
1 — 9 = — 8. The positive and negative incre- 
ments are shown in Figure 2.6(a) and (b). 

Ay = уту 220 for y» 

and Ax= xn — 5270 for x3 Хү 
дуул у у 0 for у, < yı 
Ax= nnl for x32 X 


29 The continuity of a function at a point 
Let the function y — f(x) be defined for some 
value x — a and in some neighbourhood (either 


514462) 


PANE 


Уғау = (а+ах) 


side) of x = a and let its value at x = a be f(a). 
Now if x receives some positive or negative in- 
crements A x and assumes the value x=a+ Ax, 
then the function y too will receive ап incre- 
ment Ay. The new increased value of the 
function will be y+ Ay= f(a + Ax) (Fig. 
2.7. The increment of the function then be- 
comes Ay = f(a + ^ x)—f(a). 

The function y — f(x) is called continuous 
for the value x — a (or at the point x — a) if 
it is defined on either side of a including the 
point a and if 


Lt Ay=0 
Ax 
ог, Lt [Ка+ zx) – Ка] = 0 


Ax 
ог, Lt Ќа + zx = а) (1) 
0 


or, Lt  f(ad zx) 
-»0-- 
=и Қа+ ех) = Ка) 
Ax>0— 
or" Lt Vf) Lt d) = Ка) 
xad х-»а- 


In geometrical terms, the continuity of a 
function at a given point signifies that the dif- 
ference of the ordinates of the graph of the 
function y = f(x) at the points а + Ax and 
а will, in absolute magnitude, be arbitrarily 
small, provided | Ax! is sufficiently small, 

To illustrate that the function у = x° is con- 
tinuous at an arbitrary point a, we have at 


$2.9] 


Ax>0, Aay>0 
(a) 


Fig. 


x=a,y=@ and ах + Ах, ytays= 
(а + zs xy 

n Ау= (а+ д хўй—а#= ax + (Aa 
Непсе 

Lt 

Ax>0 
for any way that A х may approach zero [Fig. 
2.8(a) and (b)]. 

Further, to prove that the function y — sin x 
is continuous at am arbitrary point x, we have 


Ay=Lt  DaAx-tG х) = 2а 
Ax 


y=sinx, у + лу = зіп (х + Ax) 
Ay= sin(x + Ax) -sinx 


= 2sin SE cos (x+ | 
UAY 
Ax>0 
2 ao [ sin 587 cos (+ ЕЭ) 


=2 х 0 х cosx = 9 


The above discussion suggests that the func- 
tion y = f(x) is continuous at a point х = а 
if Lt -f(x) exists and is equal to f(a), Sym- 

x>a 


bolically written, f(x) is said to be continuous 
at x =a, if 


Lt ч) тзн 20) = 
xad 


Ка) (2) 
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4» 


Ax<0, Ay<0 
(b) 


2.8 


REMARKS 

1, If even one of the conditions (2) is violat- 
ed the function is called discontinuous at the 
point x — a. 

2. If a function f(x) is continuous for every 
value of x in its domain (interval) of definition, 
it is said to be continuous throughout the do- 
main. 

3. Every elementary function is-continuous 
at each point at which it is defined. 

The condition for continuity (2) may be 
written thus : 


Lt flatAx) = Ла) 
Ax 
or, Lt f(x) = f(a) but а= х 
x) xa 
Be Beh ХЭЭГ! 
Consequently, we Хх) -1 (б, ) 


Та other words, in order to find the limit of 
a continuous function as x—>a it is sufficient | 
to substitute, into the expression of the func- 
tion the value of the argument, a, in place of 
the argument x, such as Lt i Y= P= 9, 
x 


2.10. Illustrative examples 


EXAMPLE 1 
2х*— 6x? +x? +3 


con- 
I 


Is the function f(x) = 
tinuous at x= 1? 
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We have, 
Lt 2x*—6x?--x?4-3 
{ББП кул 
L Ја (х-1)0х3-4х3-3х-3) 
Бе а ы ШЕМЕР el 
ын (2х%—4х%—3х—3)= —8 
xx14- f 
Lt 2х5-6х3--х2--3 
and 22 GE 
Ё 253 (2х3-4х3-3х-3)- —8 
x1— 


But f(1) is of the form 2, hence undefined at 
x=1. 
Lt f(x)=Lt 0) 5 fC) (undefined) 
x04 x1— 


Hence f(x) is not continuous at x — 1. 


EXAMPLE 2 

Prove that the function y = sin х is conti- 
nuous at x — 0. Prove also that sin x is con- 
tinuous for every value of the argument x. 


Sin6 -0 


Fig. 2.9 


Ssinx-0Lt sinx=0 
+ 


J= 


G) Here Lt 
x0 


and sin 0-0. 

- sin x is continuous at x = 0. 

(1) Any function f(x) is continuous at the 
point ё if (and only if) at this point to an in- 
finitesima] increment in £ there corresponds: an 
infinitesimal increment in the function, i.e. 
i qe эх E+ ^6—f (6) ]-0 

We (ees A rà s problem 
х 


Ay=sin (x+Ax)—sin x=2 sin 2х 


cos ( х+ 3 
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Since 


p а y Ax 
aOR AR | and | cos ( 223 Р 1 
Ax 


Ах»0 75 
2 4 « 
it follows that for every x, we have 
Lt Ay=0 
Ax 


Hence, the function sin x is continuous when 
-0<х< +0, 


EXAMPLE 3 
Investigate the continuity of the function 
snzx, 0<х<1 
Кх) = 
lgx T«x«2 
at х= 1. Find also for what value of f(l), 
the function is continuous at x — 1. 


y 
—> 
Li 2 x 
Fig. 2.10 
Here ep A = E logx = 0 
»-1- 
and 2 Эф» sinax=0 


But Ко. is not defined (since it is not known 
from definition of f(x) ). 
100 = f) 


Қ) = d 
x14- 
Hence f(x) is Ries een. atx-l 
Further if we choose f(1) — 0, then all the 
criteria for continuity of f(x) at x=1 are 
being satisfied. Hence the function will be 
continuous at x — 1 if f(1) — 0. 


§ 2.10] 
EXAMPLE 4 


Prove that f(x) = 1х1 is continuous at x = 0. 


We know 
Ц632-12:2-2 x =0 
=0,x=0 
=—x,x<0 


Fig. 2.11 
Therefore 
Lt Ixl=Lt x=0 
x>0+ х--0-- 
Lt Ixl= (—x) =0 
х-»0-- х-»0-- 
and |0]— 0 


f(x) = 1х1 is continuous at x = 0. 


EXAMPLE 5 


Is f(x) = 3 continuous at x — 2? 
Es Еси хэл we find 
63 = 
1 ш; ЖЕШ ЫК 
Lt x) = Lt 1 
x?2-0 foe XxIS ecd 


and, 2)  —1 
5 cL f(x) exists and is equal to f(2) [1] 
x 


4. ДХ) is continuous at x = 2. 


LIMIT AND CONTINUITY 


| Ex. 2.3 
EXAMPLE 6 


M 
x 


Is f(x) = 2* continuous at x — 0? 
1 
Here, Lt ЕЗ 
x04 2 7 "y 
1 
L 25 
Ade -2 ЯА 


i 
and 2 * х is not defined at x = 0. 


Hence Ld ОО 122 and f(0) is unde- 


fined. at dà nuin “Ко is discontinuous 
(not continuous) at x = 0. 


Exercise 2.2 


1. Prove that (х) 2 -> Lis continuous at 4-2 


2. Investigate the Болон of each of the 
following functions: 


@ Да) = 285 220, idis 
(9) f(x) = x— mae 


0, x=0 


(iii) fp) = 5-3 292 10) =3, x22. 
3. If [x] = greatest integer < x, investigate 


the continuity of f(x) = x— DE in the interval 
1£x <2. 


4. Find the points of discontinuity of each 
of the following functions: 

а 23 Xe ui 

00 са 00. 
(ii) f(x) —24/(x—3) (x—6), 3& x 46 
(8) Да) = x¢sin 1, x40; (9) =0 

5 _ x*84+2x+5 
(07) 10) = 22222 +12" 
5. Draw the graph of the function f(x) «xl 
and justify why it is continuous at x = 0, 

x for x43 
Zn 2x +1 for x23 


Plot the graph of this function and explain 
geometrically the nature of the function. 
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7. The function f(x) in the following is not (iii) f(x) = log (1+x)—log (1-3) 
defined for x = 0. Define, if possible, /(0) so х 
that f(x) is continuous for x = 0. : _ е—ех 

: (--хр-1 d (iv) fx) = 

(0) (х) = шиг ahve integer) х А 
(v) Ж) = x! sin = 
(vi) f(x) = x cot x 


Gi) fay = 1-90, 


24 


ee а 


3 Derivatives 


THE present chapter, in continuation of the 
earlier chapter, considers an important pro- 
perty of functions. As will be shown present- 
ly, the idea of limits in the drawing of tan- 
gents leads to this important aspect, called the 
derivative of function. It would likewise be 
helpful in other problems where rates are in- 
volved, e.g. velocity, acceleration, etc. We be- 
gin with these ideas so as to provide a, back- 
ground to the mathematical definition of deri- 
vatives. 


3.1 Tangents to curves 
Let y — f(x) represent a curve. Let us seek 
to draw a tangent to the curve at any point 


Fig. 3.1 


say, P(x.y) Ву. definition, to have the tan- 
gent at P we need to find out the limiting posi- 
tion of a secant PQ (О, a point close to P). 
In other words, in the language of limits, as 
О approaches P ( symbolically Q—>P), the 
position of the secant in the limit will become 


4-1 


the tangent at P. Let the coordinates of Q be 
(х+ хх, y+ А у) where у+лу= 
Кх +: х). Then РМ = Ax, ON= Ay, 


QN (= c, ) is, as you know, the gradient 


PN Ax 
of РО in coordinate geometry. What is the gra- 
dient of the tangent at P? As О—>Р, ie. 


A x—0, ээс will tend to a certain limit, In ^. 


other words, et ал fa will tend to a 
certain limit as A x—>0. Since in the limit 
secant PQ, will become a tangent at P, we can 
call the limit of E EAD — ag дд >0, 
as the slope or gradient of the tangent at P. 
It is on account of the importance of the slope 
of the tangent at any point of the curve, 
Eri v eto 9 fo has a special role to 
play. We speak of it as on derivative of f(x) 


with respect to x, ie. denoted by -2- . 


REMARKS 

1. Likewise, we can see how the idea of 
derivatives is necessary for study of physical 
quantities. For example, in order to deter-' 
mine the velocity of a train, we note the point 
at which it is located at time / = 1;, and then 
at time t =f, Let these be the distances s =s; 
and s = s. The increment in distance / 5 = 
sa — 5, is divided by the increment in the time 
At=t—t, The quotient —7 is the ave- 


rage velocity of the train for the interval (fi, t). 
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But the smaller the At, the more exact is this we please by making Ax approach to zero. 

speed. For this reason, the speed at sre Thus the ratio of the increments 3- has a 

t= is the limit to which the ratio Xp definite finite value 4 as A x—>0 and conse- 
tends as At—>0: quently’ A y—>0. 

LL AS With all the above examples, we can set forth 

У= лоо A) the formal definition of derivative. We shall 


We can denote it as before by = . 


2. Let us consider another example. 
For the free fall of a body, we know, 
s=4 gt! 
Since f; = f, + At, it follows that 
A$—5—5-—18g(h-o any’ —3gt! 
Hence 


it teh + At а 
AES 2 50103557 жуы CP ORE RET BS 


At =gh 

The notation ¢,, is introduced so as to bring 
out the constancy of ¢ when computing the 
limit. Since f, is an arbitrary value of time, 
the subscript 1 can best be dropped; then 
from the formula v = gt it is evident that the 
velocity v (like the distance s) is a function 
of time. The form of the function v depends 
completely on the form of-the function s, so 
that the function s generates (derives) the func- 
tion v. Hence the name, the derived func- 
tion. 


3. If in y = f(x), the independent variable x 
takes an increment Ax, then Ay denotes the 
corresponding increment of y and we have 

ytAy= fix + ax), іе. 

дуул fæ + х) a) 
Now, if y = x and x increases from 2 to 2.1, 
ie. Ax = 0.1, then y increases from 4 to 4.41, 
ie. A у = 0.41. Again, when x decreases from 
2 to 19, ie. Ax = — 0.1, then y decreases 
from 4 to 3.61, ie. ^ y = — 0.39. 

Thus for a fixed initial value 2 of x, if x in- 
creases successively to 2.1, 2.01, 2.001, etc., 
then although the corresponding increment 
Ax(=.1, .01, .001...... Janda y =(.41, .0401, 
.004001,......... ) are getting smaller, their ratio 


х В 
жэл being 4.1, 4.01, 4.001,...... is approaching 


a definite number 4. This illustrates the fact 
that the ratio can be brought as near to 4 as 
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subsequently give a formal geometrical inter- 
pretation of derivatives. 


3.2 The derivative (Differential Coefficient) 
dy 


dx 
with respect to the argument x is the limit of 


The derivative of a function y = f(x) 


MES 
the ratio when A x approaches zero ; that 
is 


dy Lt Ay a 
E ) 


If y = f(x) is a continuous function of x de- 
fined in the interval (a,b) and if x be some 
point of this interval and for every increment 
Ax of x, the function y = f(x) receives an in- 
crement 

Ау = х + л p-a) 


Непсе 
do) _ Lt f(x х) — №) Q) 
dx Ax Ax 


This is the formula for calculating the deri- 
vative of an arbitrary function y — f(x) at a 
point x. This method of determining deri- 
vatives from the definition is referred to as 
the method of first principle or ab initio 
method. The derivatives are sometimes denot- 
ed by f(x) огу. 

REMARKS 

1. The value of the derivative 2 is obtain- 

able from (1) and (2) provided each limit exists. 


хау : jT ich's tale 
24 dx can be written 88 CPUS. which is taken 


to mean that 22 has been operated on the 


"function y — f(x) so as to obtain the derivative 
of ын function or derived function. 


Ээ; B also stands for ‘differential coefficient 


$3.8] 


of у (—f(x) ) with respect to x’ and ‘differentiate 
y = f(x) with respect to x. 

4. The function f(x) represents differential 
coefficient (derivative) of f(x) for any x and the 
same for any particular value a of x is often 
denoted by f'(a) and is defined as 

Ка = и fataxn—fa 

0 Ax 

5. If instead of Ax and A y the incre- 

ments are denoted by h and k respectively, 


we it 
(с = f(x) ) ELE 
h>0 
pes fæ +h) — ЈО) 
h>0 h 


6. It is to be noted that if the differential 
coefficient of f(x) exists at a point, then the 
function f(x) must be continuous at that point 
while the converse is not always true. 


3.3 Some standard results on derivatives of 
functions 

The following standard results on derivatives 
of functions are obtained by applying the 
method of first principle as given in formula 
(2) of section 3.2. 

(i) Derivative or differential coefficient of 


cca 
Let =)= x 


: 4 
Then from the relation (x) ( E e) 
614 ЮУ х) Н) 
Ax Ax 
We have 
fo) = GEAT -A 
Ax 
[^ К) = ә, tan (423371 
Еи toe 
LL eS) \; 
Ax AX 
PABA ш 
2011 od ( 2 ) 
Ax>0 DUET j 
E7 
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Еа T 
т-0 25:10) aya ра 


: [where z = = and as Ax—>0, 2-0) 


= 1 lt (1-275-1 x og E +2 
т-»0 log (1 + 2) 

= х. nk log ( (14-z) 
ler Job p ae 


[where (1 +z} = 1 + k, nlog(14-2) = 
log (1 + k) and as 250 k—-0] 
= № aS x 
koo log (1 +O 


кы Log +2) 


= xx + X 12m 


[using standard results on limits]. 
dy ( _ dx ) m mul 
wd um 
for all rational values of n. 
pue d when y(= f(x))=x" we ауе 
r= ' ataya 
Ax 

ЦОО so that Ax=X—-x and 
if Ax—>0, Х-»х 


Hence 


Hence 
кө a yai 
[using the result Lt x»—q qi 
xa x= ~ п 
dx» 


de AX for all rational values of n. 


In particular, if 
d?) 24| 


п=0 £ RI EET 
n=1 gm = 1л] 
п=2 S40) ә; 
dioi SMS. ou] 
- (x2) = x -—— 
п= $ Fae) 223 
n--i ae а ae 


5831 
(ii) Differential coefficient of е". 


Let f(x)— e". From the definition 
х) = Lt eae _ Lt e^x—] 
Ч Ax>0 те = Ax>0 Ax 
=e Lt 1 Сар 
Ax>0 3 
n. el zm 
ае _ 
ах opm 


(iii) Differential coefficient of e™. 
Let f(x) = е. From the definition 
(= Lt. exuta) en 


T 
я 
E 


d e 
dx 
In particular, 


= me 


d X 
when m = 1, dis 1. ese 


m=2, е2, ех=2е°х etc. 
Ix 


(iv) Differential coefficient of log x. 


Let f(x) =logx. Then from definition 
f(x) = Lt log (x + A х) — log x 
Ax Дх 
log ( 1+ 52) 
= Lt 2 
Ax AX 
( DPA = 
= Lt 1 eh. x 
Эхэд y 08 Ax 
23 
= Lilt Юю (142) 
Л x rx 2, 


х 
where 2 == and as Ax—>0, 2—>0 
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TES L og += 1] 


. d(lgx 1 
.. dx E . 
(у) Differential coefficient of sin x. 

Let f(x) = sin x, then 
f(x) = Lt sin (x + ^ x) — sinx 
AERA TD T 
Su 2 SF cos (s+ id 
Ах) —_ 0. 


= Í X cos x = cos x 
. d (sin x) | 
dx cos x 


Similarly, 2 (sin mx) = m cos mx. 
(vi) Differential coefficient of cos x. 
Let f(x) = cos x, then 


f(x) Lt cos (x + A x) — cos x 
у ae CONT TAN 


Ax 
зо LX: АХ 
ESER 28 = sin (+>) 
Ax>0 
AX 
Ax 
SUES sin 3 
Ax 2х х 
2 
а (+ F) 
=-—1xXsinx = — sinx 


^" Ye (cos х) = —sin x 
Similarly, 
d TES 
We (cos mx) = — m sin mx 


REMARK 
Other standard results are 


5841 


rA (tan x) = sec2x 
; 4 (sec x) = sec x tan x 
2 (c) _ 0 
= (cot x) = — соѕес? x 
EA (cosec x) — — cosec x cot x 
e (ах) = a*log,a 


3.4 Geometrical interpretation of the deriva- 
tive 
Let the graph of у = f(x) be represented by 


Fig. 3.2 


the curve APQB shown in Fig. 32. The dif- 
ference in quotient 
ay }% + Ax =f) — tana 
Ax ДА 
is the slope of the secant line joining points 
P and Q of the curve. As Ax—>0, this 
secant line approaches the tangent line PS to 
the curve at the point P. Then 


EUR 
PR 


Lt fo a ut Ay SR 
Ax AX дхэд Ax PR 
= tan 6 
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is the slope of the tangent line to the curve at 
the point P. If P be any point (x, y) on the 
curve then we have 
23:16 ](х + лох) — D d 
tan ô = JETS DT HO @ 
Ax>0 АХ dx 
(=f) 
dy AS ERA bare 
di for any x, when it exists, gives the 
trigonometrical tangent of the inclination of 
the tangent line at the corresponding point on 
curve y — f(x). vad 


Thus, 


REMARKS 

1. An equation for the tangent line to the 

curve at the point where x = % 15 given by 
y — f(x) = f(x) @ — x) 

2. The angle between the curves ус) 
and y = f(x) at their common point (xo yo) is 
the angle w between the tangents to the curves 
at the point (xo y) is obtained by using the 
formula of analytic geometry as 
fo) — 1867) 

T+ film) P) 2) 

4. The fact that a function can be conti- 

nuous at a point and yet not be differentiable 


tanw = 


Y 


Fig. 3.3 
there is shown in Fig. 3.3. In this case there 
are two tangent lines at P represented by PM 
and PN. The slope of these tangent lines are 
f(x) and f) respectively. Hence no uni- 
que value of f(x) can be obtained at P, that 
is f(x) is not differentiable at P. ў 


4. If 2 is positive, tan 0 is positive, i.e. 0 is 
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5851 
acute as at P as in Fig. 34. At this point y 
increases with x. 


Fig. 3.4 


If 2 , Le. tan 0 is negative, then 0 is nega- 
tive as at O or is obtained as at R (Fig. 3.4) 


At these points either y diminishes with increase 
in x or y increases with diminution in x. 


If a ie. tan 0 is zero, then the tangent is 


parallel] to the x-axis as at F. Again if 2 


(= (ап 0)—> со we have E: —>0, ie. the tan- 


gent line at this point is parallel to y-axis a$ 
at G (Fig. 3.4). 
5. A x stands for increment of the argument, 
6. A у stands for increment of the function. 
T 22 is called the mean rate of change of 
the function y over an interval (х + Ax). 
je 2% A- f(x) is the rate of change 


of the function at the point x. 


3.5 Derivatives of some elementary functions 

(i) The derivative of а constant quantity is 
de 0. 
dis 
to mean the velocity of fixed point is zero. 
Geometrically, this means that the slopes of the 
Straight line y = a represented by UV in Fig. 
3.5 is zero. 

(1) -The derivative of an independent vari- 


"Zero, i.e. Physically this may be taken 
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: 9 БОХ, : : 
able is unity, ie. vie 1. Physically this 
means that if the distance covered by a body is 


ў 


Fig, 3.5 


.numerically equal to the time spent in motion, 


then the velocity is numerically equal to unity. 
Geometrically this means, the slope of the 
straight line y = x is equal to unity. 

(iii) The derivative of the linear function 
y=ax+b is the constant quantity a, ie. 


J (ax 4 =a, 


This has à geometrical meaning. The slope 
of the straight line of the form y = ax + b is 
equal to a, i.e. the tangent to a straight line at 
X = 0 is the line itself. Physically this is taken 
to mean that if the distance covered by a body 
in time is given by s = at + b, then its velo- 
city at any time 1 is numerically equal to a. 

(iv) The derivative of function y — x? is 2x, 


їе. Te (куду 


We have 23 (=f(x))= 2x so that at the 


point (1,1) f(x) =2 which represents the slope 
of the tangent there. Again the equation of 
the tangent at (1,1) is y — f(x) = m(x — x), 
ie. y — 1 = X(x — 1) at (1, 1). 

Hence, the desired slope and the equation of 
the tangent line at any point may be obtained 
from the derivative. 


3.6 Fundamental theorems (or rules) for dif- 
ferentiation 


If f, о, h are differentiable functions of х, the 


$87] 
following differentiation rules hold : 
L Aios £ fos qr» 
=f@+ g) 
2. сэ) =c 2 fx) = cf'() where c is 
any constant. 
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4 xe) = fe) A в) 0) 
К) = Јо) La) + а(х) 709. 


or, 4. [product of two functions] = 1st func- 


tion X derivative of the second + second func- 
tion X derivative of the first. 


d А : 
4. x (quotient of two functions } 


(Diff. coeff. of num.) X denom. — (Diff. 
coeff. of denom.) X num. 
Square of denominator 
The above four rules of operation are also 
called the fundamental theorems on differentia- 
tion. 


37 Illustrative examples 


EXAMPLE 1 
If fx) = а – соѕх + х —sinx then by 
гше 1 and standard results, we have 
f(x) = 3x! + sin x + 2x—cos x 


EXAMPLE 2 
If f(x) = 5x + 4x + З ѕіп х then by rules 
1 and 2 and by standard results, we have 
f(x) = 10x? + 4 + 3cos x 


EXAMPLE 3 


En dy 
If y — e'sin x, find Бус 
We have 
dy d ё sin хел sin x 


déco: FP [by rule 3) 


= e sin x + € cos x : 
[by standard results] 


[$32 
EXAMPLE 4 
If y = cot x find 
We have 
dy d d /cosx. 
dote ( sin x ) 
4 (cos x)xsin x— 4 (sin x) cos x 
23 sin?x 
[by rule 4] 
_ — sin? x — cos*x 
sin?x 
[by standard results] 
E шиг = —cosec*x 
sin* x 
ii 2 cot x = — cosec x 


EXAMPLE 5 д 
x у 
If y = tan x, find y 
We have 5 " 
dy. 15 sin х 
dx dx vay “40-23 =) 


d А 
4 (sin X) X cos x— E (cos x) x sin x 


со8“х 


.. cos?x-Fsin?x 
T cos?x 
PN 

cos? x 
|МотЕ: The examples above indicate how 
theorems or rules of differentiation could be 
used along with standard results to obtain deri- 


= sec?x Л dan x=sec*x, 


.vatives of different functions.] 


EXAMPLE 6 
Find from first principles the derivative of a 
function y = c where c is any constant. 


Here, f(x) = с 
л TOQI хв) Дх) 
Ax>0 Piva pe 
Lt c—c 
Ax>T Ax 
eit 0 
Ax>0 Ax CU 5 


$27] 


EXAMPLE 7 
Find from first principles the derivative of 
2723 
Here f(x) = Их 
f(x) = Le VEFAXAV x 
ӨТ 
х-дАХ-х 


-1 
Ax 


(rationalising) 


=Lt 1 
Ax 


VXLAXEV х 
1 
23 х. 


EXAMPLE 8 à 
Find from first principles the derivative of 
XS 2x. 
Here f(x) = x3 + 2x 
FO = Lt. GE Ax E 2(-E Ax) -x*—2x 
^x) AX 


= Ax [3x? 43x x E (Ax)? +2 
Ax>0 Ax 
=Lt [3x"+3xAx+(Ax)* 42] 
Ax) 
-3х3--2 
EXAMPLE 9 
о) gta ‚ x43. Evaluate f(2j 


from definition. 
10)-12  fQ-cax-f(Q) 
АХФ Pee 


ыг 
T l—-Ax 
Ax Ax 
= Lt 1 6 Ax .,Lt 6 
ARX Ах7 Tee) ARIA 
-6 


EXAMPLE 10 
If f(x) has a derivative at x = Хо, prove that 
f(x) must be continuous at x = E 
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ЇЁ we write 
Каде) = бо) fe). 
Ax, AxÆ0 
Then 
E Uf (¥o+Ax)—f (xo] = 


Lt fs x) LC E Bei Дыка ТОО. 
Ax>0 “ТААХ о, AO 0-0 


: C^ F(x) exists). 
Thus 
Lt ifmt+An— Кы] = 0 
Ax>0 
ог, 140 (хох) р (x) 
Ax>0 


showing that f(x) is continuous at x = x). 

[NorE: This example shows that if a func- 
tion has its derivative at a point it must be con- 
tinuous at that point.] 


EXAMPLE 11 


fix) = | x sin l > x40 
0 > x=0 
(i) Is f(x) continuous at x = 02 


(ii) Does f(x) have a derivative at x =0 ? 
(i) Here 


px AGE x x sin = 0 
Lt -Lt TNT 
inv x>0+ Y SUE idit 


and f(0) =0 according to definition. 
Hence f(x) is continuous at x — 0. 


0) O= Le | f(0-- 2x) (0) 
ARIO Cere ERE 


Ах 
.H o f(e5-f0) 
Ar Ax 
Gba 
= i х зіп —-0 L CUN 
Ако AE 7 4x99 Sin 


(which does not exist.) 

Hence /(0) does not exist. 
This example shows that a function continu- 
ous at a point may not have its derivative there. 


indt EC U MEM MEME E тэг: 
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EXAMPLE 12 
3x 7:0 


2 1 
fo- i A T 
0 Dor -—0 


(i) Is f(x) differentiable at x — 0? 
(ii) Is f'(x) continuous at x = 0? 
() f(0 — Lt — f(2x)—f (0) 
Ax>0 AX 
= (Ax)? sin 4-0 
AX Saas 


=Lt 
Ax 
Hence f(x) is differentiable at х= 0 and its 
value is 0. X 
(ii) From elementary differentiation rules, if 


ax 


cary | 
2%. — = 
(Ax) sin = 0 


x0. 
Surat il peso odis crib 
rœ = ae (** sin x) xe (sin с) + 
sin -L- A(x") 
х dx 
хийл 1/71 ИХ! 
x? cos zi <r) + sin 09) 


= — cos L + ox sin 1. 
x x 


Si L "(x)= 
T аа? цу P [2 cos laa 


cos a 


f 1 0 
sin — ) does not exist because Lt 
x x>0 x 


does not exist), f(x) cannot be continuous at 
х = 0 inspite of the fact that (0) exists, 

This shows that we cannot calculate f(0) in 
this case by simply calculating f'(x) and putting 
х = 0 as is frequently done in calculus. It is 
only when the derivative of a function is con- 
tinuous at a point that this procedure gives the 
right answer. This happens to be true for 
most elementary functions, 


EXAMPLE 13 
fe) = 1х1 
(i) Calculate the right hand derivative of 
f(x) at x — 0. 


5-1 
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(ii) Calculate the left hand derivative of f(x) 
at x — 0. 

(ш) Does f(x) have a derivative at x =0? + 

(iv) Illustrate the conclusions in (i), (ii) and 
(iii) by means of a graph. 


@ 7:0) = S(Ax)—f (0) _ 
Ах 
Lt Аж] ОЕ AX 
Ax» Ax 7 Ax» Ax 
шог Ax for Ax>0, 
Gi) 700) = Li кылыш (Ах)—/ (0) _ 
Ax 
Lt 5. cone Ieee is Bt: -At 1 
Ax>0- UC АХ Ar AG ie 
sincelAxl= — Axfor Ax<0 


(ii) The derivative at x — 0 does not exist 
if the right hand and the left hand derivatives 
are unequal. 


Fig. 3.6 


(iv) The required graph is shown in Fig. 3. 6. 
Note that the slopes of the lines у = x and 
у= — x and 1 are — 1 respectively, represent- 
ing the right and left hand derivatives at x = 0. 
However the derivative at x = 0 does not exist. 


EXAMPLE 14 


Find the derivative of Ox сэр at x-l. 
Let f(x) = ee 
Then fto = SEES - (огун 
fÜ- түз 702 


4311 


EXAMPLE 15 


Find the derivative of V x* at х=1. 
Let fi) = xà u$ 
Ёо f(9-2- х AT 2 y - зул 
b d Yi ] 
5 Kor - 2. 


EXAMPLE 16 
Find the derivative of 2x5 —2x*-.x-* 
Let f(x) = 3x8. —2x 4-5 
: E EEAS A E 
22324 (0925 326 2255 +a es 
2 Е 1 5 
2.3. 


5. 
-3. = xt —3x-s-1 


Эн —3x74 


EXAMPLE 17 
Find the derivative of x cot x. 
Let f(x) = x cot x 


ve (09-21 x cot x 1-2 x. cot x 
d 
+x 28 со! х 
= 1. cot x + x (—cosec?x), 


2 dx 
t dx 


= nx"* and d cot x = 
dx 


—cosec? х ) 
= cot x — x cosec? x 
"EXAMPLE 18 
Find the derivative of T 
Let a= 5 Cost CS RI rl 
fee д 69.x* Le (сэ) 
E 226 
x xà 
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EXAMPLE 19 
Find the derivative of (3?—2x + 2)log x. 
Let f(x) = (x —2x + 2)log x 


rw эд (x3 —2x--2) x log x+ 
d 
(x?—2x-4-2) ker (log x) 


= (2x—2) log x4-(x? -2x--2) x i 


= (2x—2) log x+ € 


EXAMPLE 20 
Find an equation for the tangent to y = x? 


at the point where (i) x = 4, (ii) x = 1. 
O fG) = 2x so that f= 


Then the equation of the tangent is 
Кх) Јо) = f) (x—2;) which if x =} be- 
comes 
709--11/3) = f043) (x—1/3) 
or 1()-4 =2/3 (x—1/3) 
ог, у= 2/3 х—1/9 
where у = f(x). 

(ii) The equation of the tangent at x = 

10):-10) = fC) (x—1) 
ie. f(x)]—-1 = 2(x—1) 
ie. y — 2x—1 where y — f(x). 


1 is 


Exercise 3.1 


l. Find the increment of the function y — x* 
that corresponds to a change in argument : 
(i) from x —1 to x; —2 
(ii) from x = 1 to x, —10l 
(iii) from x 21 to n=1 +h 
2. Find Ay of the function y= Уух if, 
() x 20, хх = 0.001 
(1) x28, Ax=-9 
(Gi) x=a,Ax=h 


. +. A 
3. Find the increment A y and the ratio Ay 
for the functions 


Р 1 
@ у T= 
Gi) y = J/x for х= 0 and Ax = 0.0001 


for x=1 and Ax = 04 


Ex. 3.1] 


4. Find the slope of the secant to the para- 
bola y = 2x — x? if the abscissae of the points 
of intersection are equal : 

(Dx Hel, EA MN 

(1) x; — 1-09 

(ii) x —1, 5 — 1c h 

To what limit does the slope of the secant 
tend in the latter case if h—>0 ? 
5. What is the mean rate of change of the 
function у = x? in the interval 1 <х< 4? 
6. The law of motion of a point is 
s = 2% + 3t + 5, where the distance s is given 
in cm. and the time f in sec. What is the 
average velocity of the point over the interval 
of time from t= 1 to f— 5? 
7. Find the mean rise of the curve y — 2* 
in the interval [x, x + ^ x]. 
8. What is to be understood by the rise of 
the curve y — f(x) at a given point x? 
9. A hot body placed in a medium of lower 
temperature cools off. What is to be under- 
stood by (i) the mean rate of cooling, (ii) the 
rate of cooling at a given instant ? 
10. Find the derivative of the function 
y — tan x from the definition. 


11. Find 2- MON = of the functions 
Qy-3 (уух 
89-45, Gv) у= cot 


12. Calculate f(8), if f(x) = 4 х. 
13. Find f(0), f'(1), 70) if 

f(x) = x(x— 1 (x—2y 
14. At what points does the derivative of the 
function f(x) = х? coincide numerically with 
the value of the function itself, that is, f(x) — 
f(x)? 
15. The law of motion of a point is s = 5, 
where the distance s is in meters and the time 
# is in seconds. Find the speed at t = 3. 
16. Find the slope of the tangent to the curve 
y —0.133 drawn at a point with the abscissa 
x22. 
17. Find the slope of the tangent to the curve 
y = sin x at the point (л, 0). 
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18. What are the slopes of the tangents to the 
curves y -4 and y = x? at the point of their 


intersection? Find the angle between these 
tangents. 

19. Find the equation of the tangent to the 
curve y = sin x at the point (0, 0). 

20. f(x)=./2x—1. Evaluate /(5) from the 
definition. 

21. Differentiate the following functions и, г, 
tx: 


(1) y axm 4- bx mtn a 33 E 
вазе өмд 
Ore Es (vi) у= tan x—cot x 
бә yo ets 

(viii) y=2x sin x— (x* —2) cos x 
(юу ет 7 0) y= үй 


)yc x5 ii) yex* log х= X. 
(xi) y e (xii) yx? log x : 


(xiii) y= +2 log x— 2082 27 
(xiv) у = ех cos х 


2. 4) = | x? айп 1 , x40 
.x-—0 
Prove that (i) f(x) is continuous at x — 0, 
(ii) f(x) has a derivative at x = 0, (1) f(x) is 
continuous at x = 0. 


1 
23. f(x) = 4 xe-x2 » x40 
0 ‚ x=0 

Determine whether f(x) (i) is continuous at 
x = 0, (ii) has a derivative at x = 0. 
24. If К) = wy show that f(a) = e depends 
eax—] 

=1, 
Ax 


on the result 2 re >0 


85 
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| Lt sinAx (| 
25. Use the results Ax>0 ^ Ax , 


Zt l—cosAx 
Ax 


= 0 to prove that if f(x) = 


Ax>0 
sin x, f(a) = cosa. 
26. f(x)-xlxl, 


0) Calculate the right hand derivative of 
f(x) at x = 0. 
(ii) Calculate the left hand derivative of 
f(x) at x = 0. 
(iii) Does f(x) have a derivative at x = 0? 
(iv) Illustrate the conclusions in (i), (ii) and 
(iii) from a graph. 
2x —3,. 0 €x &2 
27. w= { 3-43,2-1х «4. 
Discuss (i) the continuity and (ii) the differen- 
tiability of f(x) in 0 &x« 4. 
28. At what point is the tangent to the para- 
bola y — x! — 7x -- 3 parallel to the straight 
line 5x +y —-3-0? 
29. Determine the slope of the tangent to the 
curve x! + у? — xy — 7 = 0 at the point (1, 2). 
30. Write the equation of the tangent and 
the normal to the parabola y = J/ x at the 
point with abscissa x = 4. 


3.8 Derivative of the function of a function 
(Composite Function) : 

A quantity у is called a function of a func- 
tion (composite function) if it is regarded as 
the function of some (auxiliary) variable u, 
which, in turn, is a function of an argument 
x. In symbols, we have, if y = f(u) and u = 
9(x) then y is a function of x and this may 
be written as y = /[ф(х)]. 


REMARK 
If f(u) and e(x) are continuous functions, 
then the function f[9(3)] is also continuous. 
The derivative of a function of a function is 
equal to the derivative of the function with 
respect to the auxiliary variable multiplied by 
the derivative of the auxiliary variable with 
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respect to the argument. Symbolically we 
write ? 


dy . d» du 0) 
ах du ах : 


For example to find the derivative of the 
function 


y=/e-x 
with respect to x, we write it as 
pst and u= а? — х? 
so that 
IST UR ai SER 
du 2 244 
du Sunes 
and de 2x 
dy _ dy „ац 1 iE 
Hence 35 d^; x (—2x) 


=x 
Маз — xà 
As another example, to find the derivative 


of the function y = sin? 2x we may write this 
function as a chain of three relations: 


This gives 
dy u dv 
X App 2125: «ay OS 
du u di COS v, zi 


Now by extending the definition in (1) we 
have 


dy dy y du y d 


dx du ау ^ dx 
Hence in this case 


dy 
255442 2 29 
p и X cosy X 2 = 4ucos у = 


4 sin 2x cos 2x = 2 sin 4x 


3.9 Derivative of the inverse function 

If from the relation y = f(x) there follows 
the relation x = 9(y), then the function oly) 
is called an.inverse of f(x). 

For example the inverse of the function y = 
sin x is the function x = sin y. 

The derivative of an inverse function is equal 
to unity divided by the derivative of the ori- 
ginal function. 


$3.10] 


dx 1 dy 135 

- - : 2 
Ф ЕЛЕ йн 
For example, to find the derivative of the 


function у = sin? x we may write it as x= 


Sin y, so that A 
dx амаа: ПЫ 
qv 1 віду = 1-3. 

dix c den rur 
Hence from (2) CEDERE Vis 


= cosy ie. 


The result is valid for — 1 « x « 1. 


3.10 The derivative of an implicit function 
If a relationship between x and y is given 
in the form F(x, y) = 0 — (3), then the func- 
tion is said to have an implicit form and un- 
der certain conditions, we can write y — f(x). 


To find the derivative 2 of the function 


x3 + y!— 3axy = 0 we have, on equating the 
derivative of the left hand side of the equation 
to zero, 


3x зу D. —3а (3522) =0 


This on solving for 2 gives 


ду ŻW 
ах ax —y? 


3.11 Derivatives of functions represented para- 
metrically 
If a function y is related to an argument x 
by means of a parameter t, 
{ x= 9 
y=vO 
dy _ ауа! 


ах dx] dt 
To find the derivative Фо the function 


Then 


represented as x = acost, у = asint we have 


de ee Ga 
ae. asin t, dt acost 
so that 
dy dy/dt _  acost 2000 ; 
dx dxjdi -азш ЗУ 
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3.12 Another method of obtaining derivatives 
To find the derivative of the function y = u” 
where u = ф(х) and у = y(x), we have, on tak- 
ing logarithms 
logy = v log u 
Differentiating both sides of this equation 
with ee to x 


d (logy) = Еа log uty log u 
or, 1 22 = v, logu + 7 и, 
y y logu + 7. иш) 


( where (йр: м) = y etc. ) 
dx 


=u" (vi logu + 2 ш). 


As an example, to obtain the derivative of 
у = (sin x)* we have on taking logarithms 
log y = x log sin x 
Thus on differentiating w.r.t. x on either side, 


we get 
1 dy 
ҮЕ хал DENEN + xcotx 
ay (sin х)“ [log sin x + x cot x] 
dx т 


3.13 Derivatives of higher orders 
A derivative of the second order, or the 
second derivative of the function y = f(x) is 
the derivative of its derivative, that is 
dU qud. 2) 
ах? ах [s 


The second derivative may be denoted as 
а?у 7 
Ya ог TA or f'a) 


If x = f( is the Тау of rectilinear motion of 


a point, then E is the acceleration of this 


motion. Generally, the nth derivative of a 
function y — f(x) is the derivative of a deri- 
vative of order (n— 1). For the nth derivative 
we use the notation 


d'y 
Yn OF "de or f*(x) 
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For example to find the second derivative 
of the function у = log (1 — x) we have 


dy _ —1 
[Wwe EE 
.d*y а 2) - 2621) 
* dx? dx \ dx 4х11-х 
2: 0х0-3)-(-1)х(-1) -1 
(1—x)* (1—x)* 


3.13 (a) Leibniz rule 
If the function u = g(x) and у= w(x) have 
derivatives up to the nth order inclusive, then 
to evaluate the nth derivative of a product of 
these functions we can use the Leibniz rule 
(or formula): 
n (n—1) 


2! 


(иу), = шу + nu, av, + Un—aV2 + 


+ uv 


3.13 (b) Higher-order derivatives of functions 
represented parametrically 


Tf { х= g(t) 
у= vO 
AER dy a diy 
Then the derivatives Уул "dx rs date 
can successively be calculated by the formulas 
W _ dyldt азу d (dy 
dx dx|dt * dx dx (25) 
Зо) 
dt es 
ахја - 
d (а?у 
Фу -dt (ша ) 
ах? ax 
dt and so forth, 
For a second derivative we have the formula 
cue HU 0058, dy 
d'y dt ар d? dr 
dis dxy* 
(ar) 
Á ‚ аш Хахир 
ME шы 
T x=acost - 
For example if Ї yep sir t 
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We have 
EE a er, 
x хү -а sint 
5 -1 
Ол» a sin? ¢ 
and уу--215 = 4 
» Xt — asint 
b 


a? sin? t 


3.13 (c) Interpretation of the second derivative 

Let a point be in rectilinear motion. Tra- 
versing a distance s in time f, it acquires a 
velocity v. Let this velocity change, the in- 
crement during the time interval (f, t + A?) 


А AYAPA 
being лу. Then the ratio TW yields the 


change im velocity per (average) unit of time 
and is called the average acceleration. This 
relation describes the rate of change of the 
velocity at time 1. Therefore, the acceleration 


m AV 
(at time f) is the limit of the ratio, as 


dv 


At->0, that is, the derivative a There- 


fore, acceleration is the (first) derivative with 
Tespect to the time of the velocity which in 
turn is the (first) derivative of distance with 
respect to time and hence, acceleration is the 
second derivative of the distance with respect 
to the time. 4 


3.14 Ilustrative examples 


EXAMPLE 1 
Find the derivative of 
Let y 2 u? and u=1 


у= (1 + 3x — 532v, 
+ 3x — 5g 


dy. RN 2 du _ 
ШОС 304% and ie 3 — 10x 
Herce 
D. -2 x a = 3013 — 10x) 


= 303 — 10x) (1 + 3x — 552) 
EXAMPLE2 
Differentiate y = tan? x with respect to x. 


Here let y= и? and u = tan x 
SU s qua Edi Laas 
du Зи? and dx Sec?x 
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Hence EXAMPLE 7 
dy _ dy x du Find the derivative of y = tan"! x. 
ТА T ND ас Here x — tan.y 
= Зи? sec! x = 3 tan? x sec? x. $ = sec? yy = 1+ tanty = 1-42 
EXAMPLE 3 dvi us 
Differentiate y = sin ,/ x with respect to x. dx | yx 
Let y — sinu and Wiss iy 
dy du 1 REMARKS 
VOS = COS и and —. = ^ 1 
x dx 2x 1752 sins xe Eu d 
Hence 1-3 
4 $ Тог СГ ЖА 
2-0 х сови x —1 —- 4 C Ў > 
М» б^ 24 х log costx= =, 
cos 4/ x 1-2 
Пру St Vor Sx 
ЗИ tan? х = 1 i 
EXAMPLE 4 ax 1+x# 
Find the derivative of у = log sin (ax + D). d S = 
Let y=logu, u = siny and у = ах + b 4. = cot ЕГЕТ теч 
4у ie dut dir 
QU Zh ad сан ларалд 5. sip шэг ЭРТ 
Непсе : дай) 
dy _ dy du died ; б. s COneC 1 = ааа 0 1 
ДЯ ams. ар des? Sp E dx x AXI 


_ acos (ах--5) 
~ sin (ax4-b) 


EXAMPLE 5 
Find the derivative of y = esin?x. 
Let y =e", u = y! and у = sin x 


ШУУ; du _ Цана 
dx EX di = 2v and a cos x 
Hence 


= => x езу 2y X cos x 


=2 esin?x sin x cos x=e sin ?x sin 2x, 


EXAMPLE 6 
Find the derivative of у = cos x 


- Here х = cos y 


ха = — siny = — ,/ 1 — cos y = 
-А/01-3 
ROCCO S MUR 
"dx visse TLaci 


EXAMPLE 8 


Find the derivative 2 if x? + y! — Заху = 
0. 

Forming the derivative of the left hand side 
and equating it to zero we get 


3x! + Зу! ФУ за (or) -0 


or, 2 = z 

EXAMPLES. 
Calculate 
Differentiating either side with 22 to x 

we have, sec? y 2 = y+x 


dy ; zi 
dx if tany = xy. 


de 

ду x t i » 

dx sec*y—x 1+ tany—x 
= 24 
Тут 
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EXAMPLE 10 
Find m sif x = a(cos t + t sin f) 
y — a(sin t — t cos t). 
Here 
dx. 


ra = a[ — sint + sint + £cost] = at cos t 


and s. = a[cos t — cos t + t sin f] = at sin t 


EXAMPLE ll 


Find -# when r= pdt [70m 
dx 4 y=et sin t 


Here 9 2e sin t4-e! cos t —e' (sin t+cos 1) 


dx А b 
"dt =е© cos f—et sin t=et (cos t—sin t 


dy e (sin t+cos t). sin i+cos у 
dx e'(cos t—sin t) cos t—sin t 
4) 5 
“| th vm. = эс =a meaningless 
aa. 
and Lt dy = Lt 


quantity 


sin t+cos t 
m= r> = © 
аут dx t>7cos t—sin t 


EXAMPLE 12 
dy A 
Calculate “ду When t= 2° 
х= a(t — sin f) 
y = a(1 — cos t) 


if 


dy _ a sint 
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EXAMPLE 13 
Find ze of у = (sin х)“. 
Here log у = x log sin x 
Differentiating either side w.r.t. x we have 


Raye : cos Х 
иг = logsinx + x Жл 
= log sin x + x cot x 
ау T А 
ҮЛЕ; y { togsinx + хонх } 


= (sin x) ( log sin x + xcot x} 


EXAMPLE 14 
Find the second derivative (2) of the 
{шш =t 728 — 5x + 4. 
Here D -80-768-5- 
8x7 + 4225 — 5 
dya (2) = 87x! + 42.5х\ = 
56x5 + 210x*. 


EXAMPLE 15 


Find the second derivative of y = sin’ x. 
Let y = и and u = sin х 
So that Kai 2и and = = = COse x 


du 


dy = 
dx = 2и, cos x = 2 sin x cos x 


d? 4 (4 
Ф 505) FEE e f 2sinxcos x | 


22215 y cos х 
ах 


= 2[cos x, cos x + sin x (— sin x)] 
= 2[cos? x — sir? х] = 2 cos 2x 


EXAMPLE 16 


Find 45 of the function x = tan? t 

л = log(l + 2) 
ere 

CEARA T SEN arte 

dt It: нм dt 1+ ° 
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dy = fn(n—1)(n-—2)...... 1j. e 
For 2. - - 
[For ap? We represent у as y = log wand u ain bed 
1+2] 
2 REMARKS 
COGS TEES 1. Putting a= 1 and b=0 we have 
dx 1 ^2 da 
1412 RS ( xn ) = Ln 
Hence L 
ау 4 үфуү d (dy | dx 2. ын ач (ax-- b), 
dxa dx (ar) dt (ar) dt 
2 "nin m veni 
-—iL-- M E 
= (14-1?) -0 т=п 


eo 


EXAMPLE 17 

Find ya if.x?+y=1. : 

By the rule for теи of a compo- 
site function we have 2x + 2y y, = 0 


ie, Y: Майгыг where y, =—— 
ERA y ny 
mo bey туу: 
" Ja y? 
d? 
where у= РТ 
We finally get 
697 
um 
[5 
x ВА x*4y* 1 
z Ук ща Nar 595 vy 


EXAMPLE 18 
Find the nth derivative of the function 
y = (ax + by. 
Here 
= (ax + by 
= п(ах + by. а 
(by the rule of composite function) 
ya = n(n — 1) (ax + by. 
y = n(n — 1)(n — 2) (ax + BP. а? 


Yn = n(n — 1)(n — 2)...... 
[n — (n — 1) (ax + Булгаа 


6-II 


EXAMPLE 19 
Find the nth derivative of y — sin x. 
Here y — sinx 


yi = cos x = sin {5 + х } 


ж» = — sinx = sin ine Ї 


=sin { 257 T x} 
ys = — cos x = sin [el 


d» у. : т 

^E (snx) sin { п. — +x} 
Similarly; 
а т 
as (8% ) =s { 2123 
REMARKS : 
484 sin (ax+d)| =a 


dx 
sin {m+ (ах--5) } 
2. Ф. {cos (ax-+) | 
=a cos{ у + (arte) } 
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EXAMPLE 20 
Few more standard results on nth derivatives. 


@ m жа ех 


„у 4171 2 (=1} Ln 
p] Sel eps) NUI 
sx de 1i (-De* La-l 
m тас | бө) Ga MD d 


EXAMPLE 21 
Find the nth derivative of the function 

у= ё. 

Here, let, u = е“, v= x j 

so that u, = aes and y, = 30, v = 6x, 
y = 6, у = У = ...... =0 

By Leibniz tule, we have 

y, = тех + п, ae, 3x? m 1) artes. бх 
0200-2) зу 


= equ { амд + Заах! + 3n(n — 1) ax 
+ n(n —1)(n — 2)} 


EXAMPLE 22 
Differentiate п times the expression 
C=) mix - 2=9 
By Leibniz rule we have 


da 
es (7224 } =y (l — x*) + 


пуа (— 2x) + ae) Ya (—2) 


£ [». | = Vat тул 
Hence the given expression after nth times 
differentiation gives 
(1 — x) Yara (1 + 2л) хуа 

{ап —1) X n)». — 0 
ie. (1— x) Ya (1 + 2n) хан ry, = 9 


Exercise 3.2 
1. Find the derivatives of the following func- 
tions: ) 


@у= (E ) 5 Gi) у= (3 + 2x9! 


с 
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(йуу = yT и) y= (4- jh 
= (3 — 2 sin xř 

e» ‚= Sa x Qum x заг x 


(vii) y = А/ соёх — 4/ cot < 
(viii) y = cosec? x + sec’ x 


| 


294 1 
(ix) у = Ysin х-Есоо х 
(х) у= ү/ хеч х 
(xi) y= 20+ 7+1 
(xii) у = sin 3x + cos = + tan, x 
Qiii) y = sin? — 5x + D + tan 7 


Gi) yos d, (ку) у = оул 
(xvi) у = х 105 (хуй) у = log sin * 
(xviii) y — log (0-2) (xix) f(t) — t sin 2 
(xx) y = tan (log x) + log (tan™ х) 
(xxi) y = log? x — log (Пор) 
(xxii) y =r/logx + 1 + log (/x +1) 
(xxiii) y = »/ е* 
(xxiv) у = e" — (xxv) f) =e*' cos p t 
5 —2)° 
(xxvi) y = log e 
x sin"? x aos pere 5 
41—x* 
1+./sinx 
(xxviii) y = log г 7 ҮЕ, 
A dy if 
2. Find yı ( 2) , 
@ y 21xl 
Gi) у= xlxl À 
Construct the graphs of the functions y and yi 
3. Find 2 ity —loglxl, (x40) 
: 3 1—x for x <0 
4. Find f(x) if f(x) = { ez for x 0. 
5. Calculate f(0) if f(x) = е7* cos 3x. | 
6. f(x) =log (1 + x) + sin a ; find f0). | 


: ду 
ше БН ) х=2 è 


(xxvii) 109 = 


+ 2tan™ A/ sin x 


КАГДЫ ИшИ 
7. y= tan’ 6° 


Ех..8.2 ] 


8. Find 10) + xf(0) of the function {m= 
e 

9. Given the functions f(x) — tan x and 
ф(х) = log (1 — x) find /(0)/ 99). 

10. Show that the function y = xe™* satisfies 
the equation ху, = (1 — 3)». 


11. Show that the function y = xe^ 5 5 satis- 
fies the equation xy: = (1 — x). 
12. In the following problems find 24 after 
first taking logs of the function y = f(x): 

(0) у= (х + 1) @х + 1) (3х+1) 

Gi) у= ух 


(i) y= CED x 


(x + 18 (x + 3) (iv) у= 


(vy) у= үзлээ (vi) у= 
(vii) y= x ДОН Xil. (viii) y = x'^* 
Gs) yarns эс (IF T) 
(xi) у = ж (xii) у= хх 


(xiii) у = (tan x)* 
13. Find» 2 of the following functions 


ae parametrically : 


=2t=-1 х =cos't 
о {ул Gi) be 58181 


x= ы : 
QNI 
» (ва) à 
ТИ UE cos?t 
V EE ma 
(у) 1 e? ^. cos 2t 
y-20- dys ашу" 
“cos 2t 
3at Ж 1 
х= Гү x = cos? 
(vii) j dm ов) vite 
уч, 8 y= sint ———— 
"p ATEFÜ 
шу }х=мМ w aue 
P jen yze 
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(xm TE 
Gi) _ 1-1 
М + d 
2 (x= a(cost + 1501) i 
р. tia 
y= 2 — t cos t) 
14. Calculate 4 у, rg: Where t= Fi Zian 


uuu 


y = a(1 — cos t) 
Ё ша Z ша (Х5501081 
15. Find - when t 1 if | dried 
у= Ь 
16. Find -Æ when = 7 it { x= e cost 
“ах 4 у= e sint 


17. Prove that the function y represented pata- 
metrically by the equations 
x= 2t+ 3t 
y= +30 


satisfies the equation y -CR d) p 


18. When x=2 the following equation is 
true: x = 2x. 

Does it follow from this that (X) = Q2) 
when x =2? 
19. Le y= 4/42 x, Is it possible to per- 


form term by term differentiation of x? + у= 
Ф? 


20. Find the derivative 2 of the following 


implicit functions : 


(i) acos (x + y) = Gi) 7. ын aise vel 
(iii) tan y = xy v) 2 + 45 a 
(у) хуссаал-2- (vi) BR xy y-0 


(vii) tan? (x + y) = x (viii) е =x +y 
у. 
(ix) орх +e = ас. (0 logy + 20 
Келу 
х+у ^ 
Find at (1, 1) the derivative 4 if2y= 


(х) у = (xii) x* = y* 
21. 
1+ ху. 
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dy 
22. If ye = е! find at x = 0 and y = 1. 


23. 11,5 — x + log» find 5 at (1,1). 


24. Find the second derivative of the given 
functions : 

() у=? 7Х-5х-4 

(i) y = log + JF x) 

(iii) y= e (iv) y = sin? x 

(у) y 2 (1+ хаах 

(vi) y = (sin? x} 

(vii) y = 108 V1 x 

25. Show that the function y=}[x°+2x+2] 
satisfies the differential equation 1+y: =2уу, 
26. Show that the function у = 3 xe satis- 
fies the differential equation ys — у +у = е. 
27. Find у, of the function у = 1081 + х). 
28. Find y, of the function y= sin 2x. 

29. Show that the function y = e™* cos x satis- 
fies the differential equation y, + 4y = 0. 

30. Find the nth derivatives of the functions : 


Aes 1 ай 
@ y= тшу and (у= 
31. Find the nth derivatives of the functions : 


G) у= sinx (ii) y= ux 
(iii) y = cos 2x i) ye TEX 
(v) y=e™ (vi) y = sin! x 


(vii) y = log (+ x) 
(viii) y = log (ax + b) 
32. Using Leibniz rule find y, if 


G) у= xe (ii) y = xe 
(iii) y = х log x Wy 


(у) у = (1 — х3) cos х 
33. Find ya(0) if y= log 1. 


; d*y 
34. In the following problems find 75 


(i) x = logt Gi) x — tan? t 
УЕ Ё у = ю (1-0) 

(iii) x = acost (iv) x = cos 2t 

y=asint у = їп? 
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@Mix=e" (vi) x = logt 
ES 1 

? d rend 

ыз, day. x-e'cost 

35. Find 44 if ( у= езіп? 


з 
36. In the following examples find уз = 25 


(i) x = sect (1) x =e” 
y=tant у=? 
(iii) x = e-* cos t 
y=er'sint 


2 
37. Find ys (-23) ix у = 1. 
38. In the following functions find уг: 

3 2a 

фузэх 0 3-р! 
39. Having the equation y =x + log y, find 
d'y ang 95 
dx* dy* 
40. The equation of motion of a point along 
the x-axis is x = 100 + 5t — 0.001 2. Find 
the velocity and the acceleration of the point 
for times f, = 0, ћ = 1 and f; = 10. 


and 


3.15 The Differential of first order 

Jf a function y = f(x) is differentiable in an 
interval [a, b] then its derivative, as we know, 
at a point x within [a. b] can be written as 


Dee E fo) 0) 


This definition also indicates that as A x—>0, 
3 his 3 
the ratio = approaches a definite number 


f(x) and consequently, for all values close to 
x, we may write 


AV _ y 
тена Го) +< (2) 
where <—>0 as Ax—>0. 
Formula (2) may also be expressed. as 
дуг Ро) Ax + «Ах (3) 


Since, in general, f(x) 0 for a constant value 
of x and a variable Ax—>0, the product 
f(x) Ax can be taken as an infinitesimal of 
first order relative to Ax. But the product 
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« Ax is always an infinitesimal of higher 
order relative to A x, because 

Li « 

Геб = - o = 0 (4) 
Thus from (3), we find that the increment A y 
of the function consists of two terms. The 
first one is regarded as the principal part of 
the increment and is linear relative to Ax. 
This principal part, i.e. Р(х) Ax is called the 
differential of the function y (= f(x)) and is 
denoted by dy or df(x). 

Thus if a function y = f(x) has a derivative 
f(x) at the point x, the product of the deri- 
vative f(x) with the increment A х of the in- 
dependent variable is called the differential 
of the function and is denoted by the symbol 
dy as dy = (0) A x (5) 


3.15 (a) Deductions 
() If, in particular, the function be y — x 
then its derivative is 


Ф (-p9)-1 


and consequently by (5), we have, 
dx=1.Ax=Ax 
This shows that the differential dx of the in- 
dependent variable x coincides with its incre- 
ment Ax. Hence the formula (5) can be 
written as dy = f(x) dx. (6) 
This formula is taken as the standard defini- 
tion for differential of a function y which is 
a function of single independent variable x. 
(ii) The relation (6) also shows that 


fay = 2 0) 


Hence, the derivative f(x) may be taken as 
the ratio of the differentials of a function to 
the differential of the independent variable. 
(11) Again applying (6) to (3) we find that 
Ay= dy + 4Ax (8) 
which indicates that the increment of a func- 
tion differs from the differential of a function 
by an infinitesimal quantity <A.x of higher 
order relative to Ax. 
(iv) If 709550, then « Ах is an infinitesi- 
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mal of higher order relative to dy also and 
we have 
Lt Lt | «Ax 
Ax»0 dy T Ax» dy — 
Lt «AX Lt « 

1 бежен Бай, 

+ Ахэ0 ТО) Ax 1+ Ax>0 Ро) (9) 
=1,[2«-0 as 2x0]. 
The expression (9), therefore, helps us to use 
in approximate calculations (16. for small 
values of A x). 


du ee dy (10) 
ог, in an expanded form, we get 

fx+ х) — feos o) e x 
ie. К+) KA+ Aa 01) 


where y = f(x). 


3.15 (b) Some illustrative examples 

Let us find the differential dy and the incre- 
ment Ay of the function у = 557, 

(i) for arbitrary values of x and Ax 

(ii) for x = 100, Ax = 01 

The solutions of (1) and (ii) can be derived as 
@Ay=@+Ax-¥H= 2x Ax (Ax 

2" 


dx 


and dy — dc^ 2x x 


In the following figure the distinction between 
increment of a function y — x? and its differ- 
ential has been illustrated. 


Fig. 3.7 


(i) If х= 100, Ax = 01, then 
ду=2 х 100 х -01 + (0D! = 2 + .0001 = 
20001 and dy =2 x 100 X 01 =.2 


45 
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These results, in fact, are meant for bringing 
out numerical differences between the incre- 
ment A y and the differential dy of a function 
ym. 

As another example, let us turn our attention 
to calculating the approximate value of sin 
46° by using formula (11). 

To do this, we have from (11) 

f(x + эх) 5510) РО) х 
Let us take f(x) = sin х then (12) gives 
sin(x + aps 
sinx +cosx.Ax (13) 


a2) 


If we put in (13) х= 45° =- and дх- 
1°= 85 we get 

7 М2 

180 1273 


A122 иж e 

5 * 180 =0.7071+-0,7071 x 0.017 —0.7194 
Hence the approximate value of sin 46° = 
0.7194. 


in 469-4 sin 7. hus 
sin 46° sin 4 + 008 4° 


REMARKS 


1. If we put in (13), x = 0 and Ax = 0 we~ 


have ѕіп 6 == 6. So for small values of 6’, sin 
0-50. 

2. Similarly if f(x) = tan x, then by (12) 

tan (x + Ax) stany + se?xAx 

Thus for х= 0, Ax = 0 the above relation 
becomes tan 0 == 0, i.e. for small values of 6, 
tan 0 = б. 

3. Following (ii) we also find that for small 
values of 0, cos 0 = 1. 


3.16 The differentials of some elementary 
functions 3 

(i) The differential of a constant is zero, i.e. 
dc = 0 where C = constant. 

Gi) The differential of an independent vari- 
able is equal to its increment 

22 . Р дх ЧЭ 2 * 

(iii) The differential of a linear function is 
equal to its increment 

d(ax + b) = Alax + b) 2 ax 

where a and b are constants. 
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3.17 Properties of a differential 

(i) A constant factor may be taken outside 
the sign of the differential: 

d {af(x)} = adf(x) 

(i) The differential of an algebraic sum of 
a fixed number of functions is equal to the 
algebraic sum of their differentials: 

а) + f(x) — fo) dfi) + df) — dfx) 

Gii) The differentia] of a function is equal 
to the product of the derivative by the differ- 
ential of the independent variable : 

df(x) = f(x)dx 

(iv) The differential of a product. of two 
functions is equal to the: sum of the products 
of each of the functions by the differential of 
the other: 

d(fG) G9) =1@) 400) + 40941) 
in short d(uv) = udv + vdu,u,v are differen- 
tiable functions of x. 

(v) The differential of a function is equal to 

the product of the denominator by the. diffe- 


‚ rential of the numerator minus the product of 


the numerator by the differential of the deno- 
minator, the whole expression divided by the 
denominator squared: 
1091. eG) df) — Кх) 4009) 
d { x) } (90) р (a) 25 0 
in short, 
dul e Ma adr v750; u,v are 


differentiable functions of x. 


REMARKS 
The problem of finding the differential of 


a function is equivalent to that of finding the 
derivative, since, by multiplying the latter in- 
to the differential of the independent variable 
we gei the differential of the function. Con- 
sequently, most theorems and formulas pertain- 
ing to derivatives are also valid for differen- 
tials. 


3.18 Geometrical significance of the differen- 
tial 

In Fig. 3.8() let the function y — 1163) 
be represented by the curve. Let 0 be the in- 


$818] 


у=) 
QGerAX Vt A) 


Fig. 3.8 


clination of the tangent to the curve ай Р(х, у), 
and let Ax be the increment of the indepen- 
dent variable x. For the increment A х, let 
us suppose that the increment in y is Ay. 
Now, from the triangle PRT, we find 


RT = PR tan 0 
Since tan 0 = 7 (х), PR = Ax, we get 
RT —fG)A^x 
but by the definition of a differential 
.dy = (х) 5х 


Hence, dy = RT 

This signifies that the differential of a func- 
tion f(x), which corresponds to the given values 
x and Ax, is equal to the increment in the 
ordinate of the line tangent to the curve y — 
f(x) at the given point x. 

Also from Fig. (i) it follows directly that 


QT = љу — dy 

but it has already been shown that 
2x i.e. с) 0 
RT dy 

as Ax—>0, іе, a —>las Ax. 


Hence х ух= ду for small Ax. 

Although, in Fig. 3.8 (i), the increment A y 
is shown as greater than dy; it is not always 
so. For instance in Fig. 3.8 (ii), 

Ay=QR; dy = RT 
and Ay < dy 
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3.19 The mechanical interpretation of a diffe- 
rential 

Let s = f(@ be the distance of a rectilinear- 
ly moving point from its initial position (2 is 
the time in transit), The increment A s is the 
distance covered by the point during the time 
interval At, ‘while the differential ds = 
f@At is the distance the point would have 
covered during time At if it had maintained 
the speed f(t) reached at time t For an in- 
finitesimal At the imagined distance ds differs 
from the true distance A.s by an infinitesimal 
of order higher than At. If the velocity at 
time t is not equal to zero, then ds yields an 
approximation of the small displacement of 
the point. 


3.20 Illustrative examples 


EXAMPLE 1 
Find the increment and the differential of 
the function y = 3x? — 5x. 
Here, 
Ay = BEFANA 5(x +. Ax) — 3x7 + 5х 
=(6x — 5) Ах + ax? 


and dy=f(Nax= Dn x= (61-5) Ax 


EXAMPLE 2 
Calculate Ay and dy of the function y= 
Зух for x=1 and Ax=0.21 
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Here, 1 
К минээ гэн reser iie d 
Ay=3/xtax-3/x со цай x AUR 
=3,/1+0.21—-— 34/1 
= рын М д = х cos Ex ar =) dx--sin ld 
3 .63 
and dy — түшээ +x0.21 pom 315 
A AF 2 -(- у= > +sin l)e 
x 
EXAMPLE 3 
Find the differential of the function у = х. EXAMPLE 8 
9 dy = f'(x) dx, where f(x) = x! ы T+x 
dy = 2x dx .. f(x) = 2x Find d Ts 
EXAMPLE 4 First consider the given expression as a com- 
oe the differential ‘of the function y= ^ posite function, ie. y = / u, u = ыг 1 


Regarding y as the composite function, i.e. 
у= и=1+? 
We get, dy = 3u’du, du = 2x dx 
dy = 3u*2x dx = 3(1 + х) 2x dx 
= (6x + 12x + 6x)dx 


Alternately, 
а1 + х2) = 301 + х) d+ 27) = 
30 + xy! 2x dx 
EXAMPLES 
Find dJ/d — x 
аё — х? = de =g? 
= (а — x5 de — x) 
= Қа – xy? х —2xdx 
ыг — хах 
Ja —х 


EXAMPLE 6 

Find the differential of the function 

(222 + 3x) (х — 2) 
By 3.16, (4), we have 
4{ (2x* + 3x) (à — 2) }= 
(2x2 + 3x) 405 — 2) + (x? — 2) d(2x? + 3x) 
= (222 + Зх) Зах + (3 — 2) (4х + 3)dx 
= (10x! + 1222 — 8x — 6)dx 


EXAMPLE 7 
. Find 4( x sin 2) when x40. 
x 
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1+x 7 1-х 4 1+x 
i үн хал a 21 ped 
1-х (1—x) dx4-(12- x) ах, 


І+х (1—2* 
[by 5. 83.16] 


= dx 
(1-х) J1-x* е 


EXAMPLE 9 
ite. 


1+х 


d log i faf T3)— pen — x) 


T 
“ты те its) -gh dll-a) 


ах dx. Ev 
14x 1-х 1-x* 


EXAMPLE 10 
Find log 101 without using tables. 
The increment A(log x) -d(log x) 


But d(log x) = L Ax 


Now for x = 100 iy Ax=1 we obtain 


1 Ss = 266 

A(log 100) == 10 1=.01 

Again, log + Ах) = ytAy= 
logx + Alogx 

and for x = 100 and Ax = 1, we have 


§ 8.20] 
log (100 + 1) = log 100 + (ор 100) 
or, log 101 = 2 + .01 = 2.01 = 
which coincides with the tabular value of 
natural logarithm. 


EXAMPLE 11 

Extract the square root of 3654. 

Tt is necessary to find the value of the func- 
tion f(x) = J/ x for x= 3654. —— 
Now for the function f(x) = / x, the appro- 
ximate relations given in (11) 8 3.14 is 

VAS m уно ах 
To calculate the above root we choose, x — 
3600 and ^A x = 54. This gives 

EU AN eese лал 

2/х 2/3600 120 


= 60.45 (approx.) 


EXAMPLE 12 р 

Without using table, find the value of tan 
46°. 
Put f(x) = tan x, x =45°,Ax= 1° =0.0175 
radian. 
Then we have 


Эс PANE o ЛАЦ 
(х) = sec x, ie /(45°) = 6582450 


Непсе 
tan (45° + 1°) satan 45° + f(45°) X Ax 


jon 
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tan 46° ==1 +2 x 0.0175 
= 1.0350 (approx) 


EXAMPLE 13 { 

By how much (approximately) does the side 
of a square change if its area increases from, 
9m’ to 9.1 m*? 

If x is the area of the square and y its side, 
then y = 4/ X. 

It is given that x=9 and Ax= 0.1. 
The increment in the side of the square may 
be calculated approximately as follows: 


x 0.1 = 0.016 m. 
So the side of the square changes from 3m to 
3.016 m. 


Exercise 3.3 


1. Find the increment Ay and the differen- 
tial dy of the function y = 5x + ж? for x =2 
and A x = 0.001. т 
2. Find d(1 — x) for x=1 and Ax= -1 
3. Find the differential of the function 


y= for x=9 and Ax = —001 
ух 
4. Calculate the differential of the function 
т 


т 
y=tanx for x— 3 and Ax = 180 ` 


. Find the approximate value of sin 31?. 
6. Calculate approximately the values of: 

(i) cos 61° (ii) tan 44° (iii) log 0.9 
(iv) Z 12 (v) tan (1.05) 
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4.1 Definition and the basic properties of in- 
tegration 

We are already familiar with one operation 
on functions, namely, ‘differentiation’. We 
know how to obtain the derivative (as a func- 
tion) of a given function. Let us now look at 
the inverse problem, i.e. how to obtain the func- 
tion, given the derivative of a function. This 
leads to the operation called integration. "The 
process of integration can, however, be defined 
in two ways. Either as the inverse of diffe- 
rentiation which we have mentioned above or 
as the limit of a summation. For the pre- 
sent, we shall consider integration as the in- 
verse operation of differentiation. After some 
preliminary chapters we shall show that these 
two definitions are equivalent. 

Suppose f(x) be a given function of the vari- 
able x and if another function g(x) can be 
found such that the differential coefficient of 
the function ¢(x) with respect to x is equal to 
f(x), then 009 is called the integral or an in- 
definite integral of f(x) with respect to x. The 
process of obtaining the function ¢(x) is known 


“ав the integration process. Symbolically, this 


can be written as follows: 


п A a) = 100, 


then we write ф(х) = | 163752 


| 09) dx is called an indefinite integral of f(x) 


with respect to x. The sign f is called the 


integral sign. Thus the operation of integra- 
tion is indicated by writing the above sign be« 
fore the product of the function f(x) and the 
differential dx of the variable x. The func- 
tion f(x) is called the integrand. Since, here, 
the limits within which the function f(x) is to 
be integrated with respect to x are not speci- 
fied, the integral is called an indefinite inte- 
gral. On the other hand, if the limits are 
prescribed then the integral is called a defi- 
nite integral. These will be discussed further 
in later chapters. ( 


42 Constant of integration 
By definition, if 0(х) be the integral of some 
function f(x) then A ф(х) = f(x). 


Since the derivative of any constant c is 
zero we can write the above relation also in 
the form 


Af ware} = f(x) 


where c is an arbitrary constant. So the in- 
tegral of f(x) with respect to x becomes 


ТОдйх = ф(х) + с. If the arbitrary cons- 


tant c= 0, the indefinite integral or simply 
the integral of the function f(x) with respect 


to x reduces to | f(x)dx = 90): 1 Thus we find 
that the general value of the indefinite inte- 


gral | f(x)dx is 40) +c. This constant с is 
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called the constant of integration. For the 
Sake of simplicity and convenience, the arbi« 
trary constant of integration has been dropped 
in ай the examples considered here but it is 
always understood to be present. 


43 Some properties of i 

() The operation of integration is commu- 
tative with Iegard to a constant. 

. Symbolically this can be written as 


AfCüdx = 4 | Кх)4х 


PROOF 
Suppose f(x) and ф(х) be two functions of Wd 


such that 21 (x) } = Af(x), A being a cons- 
tant. 


Then 9(x) -| АКдах 


Again i ( 1) = fx) 


So (0) 


= | f(x)dx 
Or ф(х) = A4 | дах 


Thus | АЛХМх--А 163752 
(ii) Integral of the sum or difference of any 
finite number of functions is equal to the sum 
or difference of the integrals of those functions, 
Symbolically this can be written as: 


dx 


PROOF : 
Suppose x(x) be a function of the variable 
х such that 
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where f(x), 909, w(x)..., etc. are each functions 
of the variable x. Again let us suppose that 
these functions are the derivatives of func- 
tions x (x), x(x), Xa(x), etc. Then we find 
.4 ҳо) а. MQ), 4 х.б), 4 Xo) | 
dx dx dx dx 
or X(x)—x (9) H-x«(x) x (x)--......... re 
Moreover, since 

3L 9 i) 9) — v9 XL 
We get from the definition of integration 


ХӨ) =| UG) + (x) — WO) +......14х 
х0). (х) x4 (x) 4-... = 
[w + 9) — vx) +...]4х 
Again x(x), x(x), etc. are the integrals 


21 9004х, etc. So we find 


-| f(x)dx + 
Hence the result, 


4.4 Fundamental integrals 

The operation of integration being the in- 
verse operation of differentiation, integrals of 
many elementary functions can be determined 


very easily, 
We know from Differential Calculus that 
0) oP = nt DE 
d 'xn*ti 
$ ux un) =н 
A xati 
ХОСТ nl 
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In particular if n — 0 then | dx — x. 


асал 2771 
(i) TEES: (log x) — d 
d 


лах, ава 
етіл = —— 
57 т 


In particular if m = 1 then [ew = e, 
б) 2 (e) = log, a 
dx 


45 (вьг)79 


d /sinmx 
So —_ ( ) = cos mx 
dx т 
cos mx dx = S mx 


In particular if m = 1 then | cos x dx = sin x. 


(vi) (о) = — msin mx 
d үсоѕ тх ES 
So ae (jena = sin mx 
^ | sinmxdx= = oem 


In particular if m = 1 then Їнэн 


= 008 X, 
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(vii) t (tan x) = sec x 


sec’ x dx = tan x 
Ер d 
viii) —— =— 3 
(үй) -g (cot x) cosec? x 
| cose x dx = — cot x 
А а 
1X, —— se 
(ix) dx (See x) = sec x tan x 
| sec x tan x dx = secx 
d 
G9 "dy (cosec x) = — cosec x cot x 
2. | cosec x cot x dx = — cosec x. 


45 Illustrative examples 


EXAMPLE 1 
Integrate | Ах. (9-3) dx 
e 3 7 
Vx +: dx = үх" dx 
ер dx+C 
-2 х = 6x tic 
where C is the constant of integration. 


EXAMPLE 2 
cos 2x cos 3x dx 
cos 2x cos 3x = 3(с08 5x + cos x] 


4. | cos 2x cos 3x dx = 4 | cos 5x dx +. 


| cos x dx +. С 


Ag 


Bx. 41] 


sin 5х ү snx c 
A 2:172 


10 


EXAMPLE 3 


зіп? x cos! x dx 
- 1222 dx = 1 sin! 2x dx 


E ii| а se ANE 


i dx га ome 


sin 4x 
р С 


ety 
8 


Exercise 4.1 


1. Integrate the following: 


8 
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[Exi 41 


xVX cot x 


@ poe dx (i) [eu dx 


ii) es dx 


exe 


Gv) | v 1 T sinx dx 
cos! x dx 


sin x sin 2x sin 3x dx 


vi prse ё 


(vi) 


| 
| 
e» atis 
| 
| 


x+3 
{е ње |а 
aat 


dx 
sin? x cos?x 


5 Methods of Integration 


nll 


Tr 1s often found that integrals are not given 
in standard forms. To reduce them to stan- 
dard forms we have to apply different methods 
of integration. In this chapter we shall dis- 
cuss these methods. 


51 Method of substitution and the change of 
variable: working rule 

Suppose we are to integrate the function f(x) 
with respect to x, 

Then | f(x) dx is to be evaluated, 
Let us substitute x = 9(z). 

Then dx = $'(z) dz 

So f о) dx — f ПФ] #0 dz 

Thus by the substitution x = ((2), we have 
converted the given integral into another 
integral where the variable is z. Now inte- 
grate it and replace z by $7'(x) in the final 
result. This process is known as integrating 
by substitution method. 


2 


52 Illustrative examples 


EXAMPLE] 


Integrate (сз (og ») dx 
Put log x = 2. 
So d - а 
[ester dx= | coszdz=sinz+C 
x 


= sin (log x) + C 


8-II 


EXAMPLE 2 


(у ах 


Put x = а cos 20. 


NOAA кс 2a sin 20. 


d$ 


а+х Эд а+а cos 20 

So | Vers is | io cos 29 
(— 2a sin 26) 40. 
= — 4а J cos! 0 d0 = — 2a f (1 + cos 20) 40. 


= —2a [+ о ec 
= —acos! i = мё +С 


ЕХАМРІЕ 3 


(1+ cosx) dx 
Integrate 135, —c7-—— 


У xt sinx 

Put x+sinx=Z 

dz 
Then —— = 1 + cosx 

dx 

(1 + cos x) |z Ф 4 3 
pede +C 

is уе 2 


—$(x-sin 9% +C: 
5.3 Some important standard integrals 


(2) 


d 4 1 
o | ха r wo 
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PROOF 
Put х = atanð, then pe asec? 0 40. 


dx _( авес20ад 1 
о [куат | ах1 + tan? 0) ^ A 49- 


а 


PROOF 


КЕМ Атаа a ү, 
х? а? 24|Х-а х+а 


E 1 ¢ dx e 


x'-a* 2а |x-a 2а 


To integrate а. let us put x — a= z. 


so (2 - 


xe [= d = tog z = log (x — a). 


By similar substitution it can be shown that 


(= = log (x + a) 


i dx 1 
HS os log (x—a)= гуу lega) 
Loin log == 


ТЕА а+х 
(iii) а Эг log (8-5) 


The proof is the same as (ii) above, 


Gv) Joss = log (x + / x! + d) 
PROOF 
Put z=x+./x € а, then 
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_ + xs ai] dx ee ду 
ухаа 


slog {x+ Vx +a} 


-= (2) 


Put x-asin6. 


dx = a cos 0 40. 
dx (3 
50 ITE Cod so) a= sin (=) 


k dx 
(vi) Integrate түрту тату 
The given integral can be written as 
dx ХОЛ x 


b vm LR 
( X od " ас 


2а 4а? 


according as 4ac — b> 0 ог < 0. 
If 4ac—b*>0, then the given integral becomes 


1 dx 
ms E] 4a. =b? 
a n 3) + 225 HA 


-N E кч 


Now put x + a =z, then the above integral 


1 dx 
ыг z| ( PROS эе UB ases 


2a 
1( dz [ac — B 
reduces to — 2 TK? where K 277 
(constant) 


“Эв ӨӨ лог 


V/4ac — b* 


"шн 


5551 
3 2ах--9 | 
fan t qi 
V 4ac—b? 
Now, if aes b <0, then the integral be- 
comes 


1 dx 
— E b* —4ac 
г) (2+2) (жт) 


Now let us put x + 2 =z, then the above 


where ), = 


h 1 dz 
integral reduces to +; 813 5 


с (constant). 


1 z= 1 
=— lo [Б Al 
2а), 8 ZFA] Уут 
log | зэвсэг 


Jax ++ 


m «x-F8 
I NUM: Lat AE 
(vii) Integrate нэ РЕ dx 
eue | &х+86_ 
The integrand QS iius 


zx [wort ) 
2a « 
ax + bx c 


Qax +. Б) dx 


ait bee 20 Jax bxc 


« (2а8-х | dx 
ams « ах? + bx +c 


2877 аах? + bx + c) + 2aB— bx 
2a ах + bxc 2a 


So | КАЕР dx = 5 


dx des 

ax*+bx+e 

The first integral = log (ax? + bx + c) and 

the second integral can be evaluated as in (vi). 
ee 3 4х 

(viii) Integra 5 PAVPEE, ppm 
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ТОЙУМ Ee OMEN RR наД 
Мад + bxc Ма ALT +5 
1 cd 
Sy 5 *, дас 
ч А/ ( Уан 2а, л 4а% 
if 4ac — D^ > 0, and if 4ac — b? < 0 then the 
integral becomes К 


1 кыл АЕ 
—= b ү: b?—4ac 
VaN (355) 7 ав: 
Both of these two integrals can be reduced to 
the form discussed in (iy) by the simple subs- 


ОДОН Du 
titution x + ee 


gral can be evaluated. 


Hence the given inte- 


5.4 Integration by parts 
Tt is known from differential calculus that if 
u and y, are two differentiable functions of x, 


then 

d du 

dx (ин ) dx 
Now integrating both sides with respect to x, 
we find 


m= rode 


Let us suppose a = y then v = [vax 


Now writing v for rt and (vax for у, we 


find 


farm s [o - A (pa) 2 |ё 


This is the formula for the integration of a 
function which can be written as the product 
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$55] 
of two functions. According to this rule, the 
integral of the product of two functions — first 
function X integral of the second — integral of 
(differential coefficient of the first X integral 
of the second). 
5.5 Illustrative examples 
EXAMPLEI 

Integrate f x log x dx 
Integrating by parts we find 


f log x dx = log x f x? dx 


Ae dx } a og x) 


“= logx (=)- ay xati 5 PS 


n4-1 (n+1) ` 
nti nti 
= log x (2) - 
п+1 ША 5 
EXAMPLE 2 


Integrate | /@—x dx 


Integrating by parts 


DIE з dr 
Ф — x ах = = a eet 
[v ххэ ху ё = 


[d — (à — 32]. dx 


sav aaa | 
м @— x? 


= Cains WE dx 
ciere удна 


-vz-» х? dx -- C 


saris ах = хаа 
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dx 

ob 
derer 

=x, a! — x + a! sin! GE) +e 


Ял vac eet га А + 
«(030 
EXAMPLE 3 
Integrate | СҮТ? 4х 
а-а а 
"et хн © 


Now integrating the first integral Бу parts we 
get 


Pits elt pis ех 
EE хал гэ vue | Gi +С 
5 хех 24 ех ех 
Р ар 9 eH Grn ® 
e ex 
[ену tte 
MET) Ке 


5.6 Standard integrals 


[m | ДЭЭР (: cos bx + b sin 5) 


ё + Б 
ЗЭ 22027608 { bx — tan t] 
мё + bt а 


PROOF 
Integrating by parts we find 


€** cos bx dx = sn be 


a а 
uim E sin bx dx 


§ 5.6] 
Again integrating by parts the integrat on the 
right hand side we find 
e*snbx a 

b 


—cos bx e , (cos bx ae dx 
b шин 


| e* cos bx dx = 


х e" sin bx 
. {е Ьхах= зу т 


Е? 
т ех cos bx = Sos bx е dx 


a? 
or (1+ E ) [e cos bx dx 
ае“ cos bx + be" sin bx 
Tas PEDI 


acos bx + b sin 23 
+ 


Let us suppose а = r cos 6, b = r sin 6, then, 


: | e cos brads =e ( 


r=@+b, 0=tan 4. Putting these values 


in the right hand side of the above integral we 
find 


fe cos be dae 
мё + Б 


со8 | bx — tan ©; 


а 
asin bx — bcos х“) 
ё? + № 


(ii) le sin bx dx=e* ( 


- _ sin { bx — tani 2) 
SEED a 
This can be proved exactly in the same way. 


E LA 
(iii) Warr EET ра 


log (=+ Jere ) 


Integrating by parts 
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x dx 
| /Рхёас-хуУта- |а 


(А) 


1 Bas x + а dx 
Again азаа A 


жах ах 
x str eta в) 


Now adding (A) апа (В) and dividing by 2, 
we find 


а З. E 2 
| v8 Fata = х eta 


| dx 
ух Ча? 
or | ааа = хма e 


í log (x + y x! + a?) 
Vide, section 5.3(iv). 


Gv) лята хма 


log (x + y x! — a’) 
Integrating by parts У 


шилэх, DARIN. x dx 
|v Faden voce le 
З: 2 
з-хуя-8- (22 T a 


шхухэ-а- ова 
| ах 
Ee 
shifting IY х? — Ф dx to the left hand side 


and then dividing by 2 we get 


Sta a а* 


\/г=2а= 2 5 
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log (x + / xi — а) 
(By Section 5.3 (iv) ) 


Exercise 5.1 
Integrate the following: 
х ах. 
x*4-1 


n 
2. | (x+ 1) G? + 2x +3) Зах 


THX dy 4 | (+1) 
vis VEE dete un 
dx 
5. Se ace 6. SS 
€ ев ЛЭ А/ 2ax — x 


x —х+1 ide 
T +1 


CALCULUS 


10. 
11. 


12, 


13, 


14. 


dx 
SS ee 9, ш 
бр dob da 


| tan™x dx 


J e* sin 3x cos x dx 


logx (083) j^ 
(5 1 P 


sint WX dy 
х+а 


| cos 2x log (1 + tan x) dx 


‚ [Ex 51 


6 Definite Integrals 


So FAR we have considered integration as the 
inverse of differentiation. Now we shall con- 
sider the operation of integration as the limit 
of some summation. In fact the subject of In- 
tegral Calculus originated from the necessity of 
calculating area under curves and later it was 
found that it can be considered as the inverse 
operation of differentiation. 


6.1 Area under any curve bounded by the 
two ordinates and x-axis 

Let us suppose that the equation to the con- 
tinuous curve PO be y = f(x). This curve is 
continuous in the interval (ab) b >a.. AC 
and BD be the two ordinates corresponding 


Aj Аз As 


Fig, 6.1 


to the abscissa x =a and х= Б. OA=a 
and OB=b. So AB=b—a. The length 


b —a has been divided into n equal parts, ` 


each of length A, such that b — a = nh or b = 
a + nh- Аз, As Av... Ana аге the (n— 1) 
points which divide the length b — a into n 


equal intervals. The abscissae of these points 
are a+ h, a+ 2h, .......-. a4-(n — Dh. From 
these points, (n — 1) ordinates are erected so 
as to meet the curve PO at (n — 1) points. 
Let us complete the set of inner rectangles 
АССА and the outer rectangles. Let 
8 denote the area enclosed between the curve 
y = f(x), the two ordinates x =a, x = b and 
the x-axis. Let S, and S, denote the sum of 
the areas of the inner and outer rectangles res- 
pectively. Then 5, «S < 5. Now Sı = sum 
of the areas of the inner rectangles 

= hf(a) + hf(a + h) + hf(a + 2h) 


DA кк, + hf(a + (п — 1h) 
ni 
ion ) f (a-- mhi) 
m=0 
Similarly 


S, = sum of the areas of the outer rectangles 
= (а +h) + Һа + 2h) 

+ hf(a + 3h) + v.04 

SpA Oo + hf(a + nh) 


-h fla mh) — hf(a) + hf(b) 
m=0 
Now, let us suppose that the number of sub- 
divisions increases indefinitely. Then, as a 
consequence, the length of the sub-intervals 
h will diminish indefinitely. Thus as п—> оо, 
Л--0. 
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Therefore, 


п—1 


Sol h 
eres Ка + mh) 


m=0 
n--1 
and S,—>lt h у f (a-- mh) 
h-0 
m=0 
as f(a) and f(b) are finite quantities. 


Again, we have always 
LSLS 
п—1 
25-17 f (a-- mh) 
h>0 


m=0 


The limit of the sum 


п— 1 
ith у f (a+mh) 
h>0 

m=0 


Ч b 
is denoted by the integral | f(x) dx. a and b 
a 


are known as the lower and upper limits of 
integration. Thus we find that the integral 


b 
( f(x) dx represents the area under the curve 


y = f(x) bounded by the two ordinates x = а 
and x — b and the x-axis. Here the function 
f(x) has to be integrated with respect to x 
within the limit a to b. This integral is called 


a definite integral. 
We have seen in the last article that a defi- 


nite integral can always be expressed as the 
-limit of a sum. So it can be evaluated just 
by determining the limit of the corresponding 
summation. This method of evaluating a defi- 
nite integral is called evaluating from the first 
principles or evaluating by the method of sum- 
mation. 
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6.2 Illustrative examples 


EXAMPLE 1 


b 
Evaluate from the first principles 3 e^dx. 
b ны! 
From definition | e"dx — lt h ) 
а h>0 
m=0 
f(a + mh), 


where nh = b — a. 


b x 
So | еёес4х-ї h [= + е-(а+һ) g7 (a* ah) 
a h>0 ^ 


di secre] 
DE E [ 1H-e7h-- e 23.4 e 7 | 
= Ite ЗООГ: Л 
boo (te ) oem 


=It e|1—e t- | h 


h>0 1—есһ 
-(ет8-ел5)х | =e-a—eb 


EXAMPLE 2 


1 
Evaluate from the first principles | xdx 
0 


1 n—1 
xdx=It h у BS 
f, EN f(mh), where nh = 1. 
m=0 
-її h[h-42h-3h4......... -— 
БЭЛ [ 14 + G— 1] 
= dt n(n-ly. 
һо a 


lt nh(nh-h) lt 141 
жив. wi Jade: id h 1 (Ans). 


EXAMPLE 3 
Evaluate by the method of summation 


$63] DEFINITE 


1 
[ot Oa 


1 n-i 
Now IIS + B)dx= i : fanh), 
т=0 


where nh = 1. 


=i he [jore omen 
tiie tal — D AY T 8 ] 
= LA (1222-3? 


Trees 1} 


22 ил KKE n(n — Der = a 

=i [ (пв  nh(nh — 0 От — № 1 
- [v x1 -»0-n»] : 
=p+ -4 (Ans) 


6.3 Fundamental theorem of integral calcu- 
lus 

Now, we shall give the statement of the fun- 
damental theorem of integral calculus. This 
theorem actually correlates the two apparently 
dissimilar definitions of integration. From the 
statement of the theorem it is evident that the 
two definitions. of integration are identical. 

Ii f(x) is integrable in (a b), b>a and 
if there exists a function 9(x) such that 9x) = 


b 
f(a) in (a b) then | f(a) dx = «(b) — #0). 
a 


We have seen in the last article that integral 
of f(x) with respect to x Within limits a to b, 


b n=l 
ke. | Јо)ах = It ny ene With 
a h>0 2 


m=vU 
this definition in mind, we find that the above 
theorem establishes a connection between in- 


9-1 


INTEGRALS [566 
tegration as a particular kind of summation 
and integration as the inverse operation of dif- 
ferentiation. Thus the two definitions of inte- 
gration are identical. 


64 Working rule for evaluation of definite 
integral 


The fundamental theorem of integral calcu- 
lus makes the problem ‘of evaluating a definite 
integral much easier. If we are to integrate a 
function f(x) within limits a to b, we should 
first of all determine the value of the indefinite 
integral f f(x)dx by the usual methods. 

Suppose | f(x) dx = «(x) + C 
where C is the arbitrary constant of integra- 

b b 
tion. Thenf 163713 = Ц + c] — value of 
a a 
(«699 + C] for x — b minus the value of 
(90) + C] for x a = 90) 40-00)-С 
o(b) — o(a). We note that in definite integral 
the arbitrary constant of integration does not 


appear. 


6.5 Change of limits of a definite integral 

We have seen that if we are to evaluate a 
definite integral we must determine the value 
of the corresponding indefinite integral first. 
While evaluating an indefinite integral we may 
have to use the method of substitution. Very 
often it becomes rather inconvenient to trans- 
form the result back into the original variable 
and then substitute the limits. This is avoid- 
ed by changing the limits of the given integral 
suitably corresponding to the change in the 
variable, 


6.6 Illustrative examples 
ЁхАМРЫЕ1 
а 4 
Integrate | / di — xi ds. 
0 
Put x = asing dx = acoso dọ 
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Again, when x = 0, ¢ = 0 and when x =a, 
p= 
27 


п 


а юх 
So, [yea coss do 
0 0 


4 т 
= m [1 + cos 29] 49 


T 
rat sin20]2 4 / n \ ла! 
Mer) 4 


ЕхАМРїЕ2 
g us 
Integrate | Coran tad 
0 (I4 x) 


1 
Put tan^'x = z then Z Tx 


Again when x — 0, z — 0 and when x — a, 
z = tan (0) 
So the integral becomes 


pm pent 
em de =| m 
0 0 


piven innta utes -1 | 
m m т 


EXAMPLES 
Show that 


b 
l dx b 
|, 25 = itm (2) ном 


Let üs first evaluate ри xdx by parts. Then 


INTEGRAL CALCULUS 


| Ex. 6.1 
b» dx ax еле 
-ювх|2--1(| 5) x 


= (ойлу = кке 


paz 
х 


‚ So, (lone de = (log x)’ 


ог, | 885 4 здору 
5 | logxdx = | H(logx | = 4log [ — 
Wi peg, [ [ган 
log (ab) 


Exercise 6.1 
1. Evaluate from the first principles the values 


of the following integrals: 


b 5 
(i) |, edx (ii) \ "ER 


1 1 
(iii) | x* dx (iv) | (ах? + b) dx 
0 0 


2. Evaluate the following integrals: 


1 Т 2а 
(i) f, us Gi) |, 12045524: 


т 
= Ve 
(iii) | sinx sin 2х ах (iv) | эй log x dx 
1 
(у) Show that 
т 
UA их Qu Бор! 
f. sin x + cos x 4 


Tee 
1+ 
=c’ 


dx =0 


e» | 


Ex. 6.1] - ` DEFINITE INTEGRALS — | Ex. 6.1 


T 3. Find the values of: 
EG rj шл т? 
(vii) |, x sin 3x dx = 27 BUS E 297) 
(i) IFF qx (ii) | dx 
3v Г-х j etl 
any (4 sin@d@ 7 adi nb he d 
(dit |, "row D E 1551 
(iii) dx 20543 dy 
> P |, VJ Зах — x 23 J3*xtl 
(ix) Г, sint соўу dp = 2 
Т *xdx LE КАРИА: $ ; 
(x) |, Jirar Му. (v) | Ja- Tx #12 
f 3 
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7 Дорїїс оп of Integral Calculus 
(Quadrature) 


71 Areas of plane curves 

We have seen before that the area bounded 
by any curve y = f(x), the two ordinates x = a, 
x = b and the x-axis is given by the definite 


b b 
integral | f(x) dx or | ydx. Similarly the 
а а 
area bounded by some curve x = ((у) and the 
two abscissae (say) y = c, y = d and the y-axis 
is given by the integral 


d d 
| xdy= | Ф0) dy 
с С 


7.2 Illustrative examples 


EXAMPLEI 


Find the area of a circle whose equation is 
v+y=a. 
The radius of the circle is а and the centre 
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o is the origin. The area of the circle= + 


a 
4 x Area of a quadrant = 4 хахах | 
0 


Put x = asin 0 then dx = асов040, 


: So the area E 


m 
2 
-4| 
0 


7T 
Py 

@ cos? 40 = 4a? | соѕ:0 40 
0 


п 


2 
ue (1 + cos 26) 49 
А т, 
a2 [0 + 327 2 -24(4|-аа. 


EXAMPLE2 

Find the area of a hyperbola xy = с? bound- 
ed by the x-axis and the ordinates x — a and 
х= Ь. 


b (о? b 
Area = | др de= c? [=] 


а а | 


=e" f ов» — ioga } = č log (2) 
а t 


EXAMPLE 3 

Find the area of the segment cut off from 
y! = 4x by the line у = 2x. 

y’ = 4х is a parabola whose vertex is the 
origin. y=2x is a straight line passing 


$721 
through the origin. 


A 


Fig. 7.2 


point A can be determined by solving these two 
equations. 

Bliminating y out of these two equations we 
find, 

xi—x-—0 

Or хх-102-0 
Hence x=O0orx=1 

x = 0 corresponds the origin 0. So the x- 
coordinate of the point of intersection of the 
parabola and the straight line is 1. The area 
bounded by the parabola and the given straight 
line = Area bounded by the parabola, the ordi- 
nate x — 1 and the x-axis—Area bounded by 
the straight line y — 2x, the ordinate x = 1 
and the x-axis. 

Hence the required area 


1 ба 1 
-f asd - T 2x dx 
. 40 0 


EXAMPLE 4 
Find the area bounded by the curves y! = 


APPLICATION OF INTEGRAL CALCULUS 


Let these two meet at 
the point 4. Then the coordinates of the 


1572 


Дах and x? = 4ay. : 
y = 4ах and х2 = 4ау are the two para- 


' 


Y 

Fig. 7.3 
bolas. Let us suppose they intersect at the 
point A. The x-coordinate of the point of 


intersection can be obtained eliminating y 
from the two given equations. Eliminating y 
we find 


27 x? 8 x* 
AS 2) 16a* 
or x! = 64a'x 
or (х3 — 64a) = 0 
So either x = 0 or = 64а? or x = 4a. 
x — 0, corresponds the origin. Hence the x- 


coordinate of the point A is 4a. Therefore the 
required area 


Е: 4а 
“| aa sd - | X5 dx 
0 0 4a 


i 4a í д 4а 
m бил? 
- 5 yz(3), - x (3) 
ETE 
3 3 
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Exercise 7.1 
1. Obtain the areas bounded by the curve, 
the x-axis and the specified ordinates in the 
following cases: 
() y=logx,x=atox=b 
у= P ge, 
x= /@-b5 tox=a 
x 
А/а-х 


2. Find the area bounded by one arc of the 
sine curve y = sin x and the x-axis, 


x=Otox=a 


(ii) y = 


70 
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3. Find by integration the area of the triangle 
bounded by the line y = 9x, the x-axis and the 
ordinate x = 4. 


é x? у? 
4. Find the area of the ellipse P tg =1. 


5. Find the area bounded by the curve у= 2° 
and the line y = x. 
6. Find the area, above the x-axis and includ- 
ed between the parabola y? = 4ax and the cir- 
cle x* + y! = 2ax. 
7. Show that the entire area of the curve 

xi yi is i 


ma? 


ee 


DIFFERENTIAL EQUATIONS 


8 First Order Differential Equations 


8.1 Introduction and classification 

We have already studied ordinary algebraic 
equations which may be linear or non-linear 
(quadratic) in nature. Solution of simultaneous 
equations in several variables is also well known 
to us. Here we shall discuss the solution of 
another kind of equation which involves the 
variables as well as their derivatives called 
differential equations. These equations are 
found to occur in al] branches ой science and 
technology and it has been observed that the 
ultimate solution of almost all physical prob- 
lems rests on the solution of some differential 
equation. Let us consider a few examples be- 
fore we proceed to give the formal definition. 


O dx 3-9 +48) =0 


(i) 0 -y+ + (Шу yar nay суйс 
ое um 
tiv) x -14(28) 


аз 
(v) 23 5 СА + 4y = sinx 


а? а 
(vi) x? 58 5523 tty = 
a 2 
(vii) (ae) as 2 жоу-й 


These are all examples of differential equa- 
tions, Careful consideration of the above equa- 
tions suggests the following definition: 

A differential equation is an equation that 
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involves the differentials or the differential co- 
efficient of the dependent variable with regard ` 
to the independent variable and the variable 
themselves. 

Again, if we compare the first four diffe- 
rential equations of the above set with the last 
three of the same set we find that the first 
four involve the first derivatives only whereas 
the last three contain second derivatives. There- 
fore (i), (ii), (iii), (iv) are called first order 
differential equations and (v), (vi), (vii) are cal- 
led second order differential equations. 

Thus we find that the order of a differential 
equation is the order of the highest derivative 
occurring in it. Now let us see how to distin- 
guish linear (first degree) and non-linear diffe- 
rential equations. If in a differential equa- 
tion, the degree of the differential coefficient 
is one then it is called a linear or first degree 
differential equation. Examples (i), (ii), (iii), 
(у), (vi) are linear differential equations. Tf 
the degree of the differential coefficient is more 
than one then the corresponding differential 
equation is called non-linear (iv), (vii), ete. are 
examples of non-linear differential equations. 

All these equations discussed above are 
ordinary differential equations as they involve 
only two variables one dependent and the 
other independent. 


REMARKS 

A differential equation is called partial if 
there are two or more independent variables 
and it involves partial derivatives of the depen- 
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dent variable with respect to the Hiiépendent 
variables. 

In this book we shall restrict ourselves only 
to the solution of ordinary first and second or- 
der linear differential equations. 


82 Formation and solution of differential 
equations 

Let us consider the relation у = е. Diffe- 
rentiating both sides with respect to x we find 
Фу — ae, 


dx 
dy Qu 

two we get rta This is a first order 

differential equation. y = e" is called the 

primitive of the differential equation. Again, 


since y — e** satisfies the first order differen- 
tial equation. 


Now eliminating езх from these 


It is a solution of the equation. If we subs- 
titute y = Се“ where C is any constant, in the 


differential equation 2 — ay — 0 it is also 


satisfied. This shows that y = Ce" is also a 
solution. Now writing for C any particular 
value 2, — 4, $, etc. we get a large number 
of relations all of which satisfy the differential 
equation -2” — ay = 0. This shows that a 
differential equation can have an infinite num- 
ber of solutions. These solutions are called 
particular solutions of the differential equation 
as these are obtained by putting particular 
values to the arbitrary constant C. Thus the 
general solution of the first order differential 
equation is у = Ce'*, 

Let us again consider the relation z= 
‘At +B where A, B are any two arbitrary 
constants. Differentiating the above relation 
twice with respect to г we get the second 
order differential equation. 


d?z 
E e 
Now putting any particular value whatsoever 
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for the two arbitrary constants 4 and B we 
get infinite number of relations, all of which 


й 77757752 
satisfy the differential equation s uU 


These are the particular solutions of the equa- 
tion. The general solution of the differential 
d?z 
a 2 
tains two arbitrary constants. This can be ex- 
tended to a differential equation of nth order 
and it can be shown that the general solution 
of sth order differential equation contains 7 
arbitrary constants. 


equation — = 0 15 z= At + B, which con- 


8.3 Geomeírical significance of the differen- 
tial equations 

We have seen that a differential equation can 
have an infinite number of solutions. If we 
plot all these solutions, we shall get infinite 
number of curves having some common pro- 
perty as is evident from their graphs. Since 
these solutions are obtained from the same 
differential equation, the common characteris- 
tic is represented by the differential equation 
itself. This is the geometrical significance of 
the differential equation. 


8.4 Solution of the first order differential 
equations by the method of separation of 
variables 

Any first order differential equation can be 
written in the form 

Јах + ody = 0 
where f and ф are functions of the two vari- 
ables x and y or constants. If this differential 
equation can be written in the form Pdx + 
Qdy — 0, where P and Q are functions of x 
and y respectively then it can be integrated 
easily and the general solution of the differen- 
ца! equation 
f(x, y) dx + 9(x, y) dy = 0 
can be obtained. Hence integrating, the gene- 
ral solution to the differential equation is given 
by 
PK 1 (x) + QxC y) = = 


whereP,(x) =f P(x) dx, Qi) = Е, Q6) dy 


$8.5] 


and C is the arbitrary constant. This method 
of solving the given differential equation 
fdx + ody — 0 after rewriting the same in the 
form P(x) dx + O(y) dy = 0 is called solution 
by the method of separation of variables. 


8.5 Illustrative examples 


EXAMPLE 1 
a dy САА, 
Solve x di +y 
Separating the two variables, the above diffe- 
rential equation can be written as 
dx dy 
2380 
32 gn y-1 
Now, integrating, we find 
-4 + log (у — 1) = loga 


where the arbitrary constant C is written in 
the form loga, a being a constant. 


t an 
So, — log [777 


Or, 


EXAMPLE 2 
Solve СА 41155657 
ах 
To solve this differential equation by the 
method of separation of variables, let us put 
x—y=z Using the above transformation 
the differential equation becomes 


uz; ee 
Tom e 
Or, ах == 


Now, the general solution can be obtained by 
integrating both sides and adding the arbitrary 


constant C. 
So we find 


20:02 
x42 es 


To integrate the right hand side let us put 
2—e£e-—u 
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[385 
dz ди 
New 1:55-| ata 
E Торн: 
S \{ dem } 


и 
-2 
EST log (u—2)- log u ] =4log (5) 


МАО е 
"hg o8 (53 ) 


Reverting to the original variables we get the 
general solution of the differential equation as 


Grr: 
:x + C= flog { sS] 
EXAMPLE 3 


y-x d» 2 а. 
Solve de a (ich) 


Separating the two variables, the given diffe- 
rential equation can be written in the form 
DAX WAL Ne BODES.) 
xta yl —ay) 
Now integrating we find 


log (x + a) + log C = 
X1 — ay) 


a prp UU. 
Eg | yay) W ES ? 


= log y — log (1 — ay) 
So, log (x + a) + log C = log y — log(1 — ay) 


Or, logC(x + а) = log 2 


Or Cx 4 3-15. 
So the general solution of the differential 


equation is s 
у= C(x a) — ау) 


EXA MPLE 4 
Solve xidy + у(х + y) dx = 0 
This differential equation can be written in 
the form ATUS quern А 
ах x 


Here we find that the numerator and the deno- 


15. 
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minator of the term on the right hand side are 
homogeneous in x and y of degree 2. Now let 
us put y — vx. With this substitution the diffe- 
rential equation becomes 


d dx 


y? + 2v x 


Or, ilio 54519 v=- 
Integrating both sides we get the solution as 


ae 


$log T — logx + loge (where loge is 


the integration constant). 
Or, lo V —J = 10; Се] 
Ч у+2х Ox 


Or, 


» =— 
у-Е2Х/ x 
Ог, хусу 


NR: 5 


This differential equation can be written as 
dy... y ух-ух 
25-06 eui SE Se I 
Here too we find that the numerator and the 
denominator of the term on the right hand 
side of the given differential equation are homo- 
geneous functions in x and y of degree 3. So 
let us put y — vx. Differentiating with respect 
to x we find 
dy. 
dx 
So the given differential equation becomes 


x dv 
v+ TE 


xdv _ vě — уж? 

4 “ах p 

көзи 

- Or, х0 =v 
dv dx 
ыг ys —2y x 

Or, -9|8 = & 
v х 


Now integrating both sides and replacing v by 


76 


EQUATIONS [58.5 
У and adding the arbitrary constant C we 


x 
find the general solution as 


log =>) ion logx +C 
y 
Or, log [I =C. 
хуу 
Or, NIZE o 
xVy 

e° = а (say) (another constant) 

The general. solution 

ARS у= Y= 2x 

REMARK 


This type of differential equations are called 
homogeneous differential equations. To solve 
these equations we must substitute y — vx first 
and then separate the variables. 


EXAMPLE 6 
Solve (2x — 2y + 5) dy 
—(x-—y+3)dx=0 
This equation can be written in the form 


С а 
dx 2х -— 2у + 5 
To solve this differential equation, let us put 
x—-yt3-z 
Differentiating with respect to x we find 
dz. ql dy 
dx dx 
So the given differential equation becomes 
dz зешн 
dx 2z-1 
dz :-1 
O5 de 7 xc] 
or, Qr Dar = ах 
rn Tom 
— 
Now, Жыз both sides we find 
E PES Нэг =x+C 


Or 2z + log(z — 1) = x +C. 
Now replacing z by x — y +3 we find 


$8.5] 
2x—y-c3)-log (х—у+2=х+С 


EXAMPLE 
dy 16x —2y —1 
dx Эх + Зу-6 
To solve this differential equation let us intro- 
duce the new variables ё, n defined by the 
relations 
x=é+h and y=nt+k 

where Л and К are constants. _ 
The differential equation in terms of the new 
variables becomes 

dy 2 6€—2n + 6h —2k — 7 

d£ 2£4-35 + 2h + 3k — 6 
Let us choose the constants Л and К in such 
a way that 6л —2k —7 -—0 and 2h + 3k 
— 6 = 0. Solving these two equations, we 
have h 2$, kK=1. 
So the equation becomes 

du _ 6& —2n 

db 22 X35 
This is a homogeneous differential equation. 
To solve this equation let us put n = v£. 
Differentiating with Pay to£ we find 

da. 

d -yL4É dE 
Putting these values in the above differential 
equation we find 

dé || 11 (6v-c4)dv 

Ё 2 [3v* + 4v — 6] 

This on integration gives 
log a + logé = — 4 log (3v? + 4v — 6) 
where log a is the integration constant. 


Or, loga£- log (3v? + 4v — 9? 


Or аё= (и 4 4p — 6) * 
Now putting the values of £ and v in term of 
ne ү, у же ил the solution as 


DUST : 


Solve 
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af 2071) | 1: 
2x —3 
Exercise 8.1 


1. Solve the following differential equations: 


@ yl Ау ео 
(0) A oh yr = @ 


-У = ser e 


Gii) 
(iv) sec? x tan y dx + sec’ y tan x dy = 0 
(v) sin e =xt+y 


(vii) O° — 2yx?) dx + Oxy’ — x) dy = 0 
1 M pet н. 2200) 

Deak SIS" 

(x) xdy — ydx = y PF y dx 


(3) дог tan Z 


(viii) 


9х1 By = 6 


(xi) z 7 Bx + ay = В 

(xii) (2x + Зу — 8 dx = (x + y — 3)dy 
хас оду; ал уут 3, 

(xii) “х 1=х+у 

5 ду. x+y 
UE 2325 


(ху) Qx + 3y — 52 +(3х + 23 -5)-0 


REMARK 

Solution of first order differential equations 
by various other methods such as multiplying 
by the integrating factor and exact equations, 
etc. have not been discussed here, 


9. Second Order: Differential Equations 7 


THE моѕт general second order differential 
equation is of the form 


ФУ + P, 0) & .PGy-Xx) (0) 


“дай Р, P, and ЖЭ are either functions of the 
independent variable x or are constants. Here, 
we shall restrict ourselves only to second order 
differential equations with constant coefficients 
(P, P, etc. are constants) and when there is 
no ferm on the right hand side. 


| 9.1 Solution of second order differential equa- 
tions with constant coefficients 
Let us start with the differential equation of 


2 
УР, By Q) 


where P,, P, are constants. Obviously we 
have taken X — 0. Let us assume y — e"* to 
be a solution of equation (2) Then this 
should satisfy it. Substituting in the differen- 
tial equation we find 
(m? + Pym + Pe = 0 

As e™ £0, т? + Pim + Р. = 0 (3) 
This equation is called the auxiliary equation. 
Since it is a quadratic equation in m it should 
have two roots m, and т, (say. Then y = 
e?i* and y-—ePs*are two particular solutions 
of the second. order differential equation. It 
can be seen easily that y=ce™1*and y= 
c,e™2, where c, and c, are any two arbitrary 
constants, are also solutions. As the general 
solution of a second order differential equation 
should contain two arbitrary constants y — 
¢,e™1*-+4-e,c™2*is taken as the general solution 
of the second order differentia] equation (2), 
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when the two roots m and m, of the quadra- 
tic equation in m are real and distinctly diffe- 
rent. 

If the two roots of the auxiliary equation 
are equal, ie. m, = m, then the general solu- 
tion of the differential equation cannot be ob- 
tained by the above rule. Since m = m,, the 
solution becomes 
y = сүетзх*--с,е®ї®* = (су сз) mI = сет 
Thus we see that the solution у = c.™,*is no 
longer the general solution as it involves only 
one arbitrary constant. 

Now let us work out the general solution 
when the two roots of auxiliary equations are 
equal. s 

Since the roots are equal we can take т, — 
та = а. Then the sum and the product of 
the roots become m, + m, = 2a and mi ть = 
a. So we can rewrite the second order diffe- 
rential equation (2) in the form 


(4) 
Let us assume y = e**(x) be a trial solution 
of equation (4). Putting y = e**v(x) in equa- 
tion (4) we find 


a 


Its solution is ge by 

у(х) = сах + с, 
where c, and c, are two arbitrary constants. 
Therefore the general solution of the second 
order differential equation (2) when the two 
roots of the auxiliary equations are equal is 
given by 
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= (ax + c) e** 
Lastly, to determine the general solution of 
the second order differential equation when the 
roots of the auxiliary equation are not real we 
proceed as follows. 

If the two roots m, and m, are not real, 
they will be complex in nature. Moreover, 
we know that complex roots occur in pairs. 
So if m =a +18 then m —«— і В. а and 
В are real and i — 4/ — 1. In this case the 
general solution of the differential equation (2) is 

у= спен) c, eib) 

— e ( сес егіёх } 
=e {с(до5 B x + isin B x) + 
c,(cos B x — isin B x)} 
=e ( (с, + с) cos B x + йа, — c) sin B x} 
which we can write as 

y = e** [A cos B x + B sin B x]. 
where А = c; +c and В = Й — с) are the 
two arbitrary constants. 


9.2 Illustrative examples 
EXAMPLE is 


S 45 4 


Let y =e de a iid of the above equa- 
tion. 

Then (m? + 5m + 4) е" = 

As е" 52 0), т? + 5т +4 = 0” 

The two roots of this equation are — 1 and 
— 4. 

.. the general solution is y = сех + сет“. 


Solve a+ 4у = 0 


EXAMPLE 2 
Solve 25 


dy 26 

Ф 2 Дх. + e 0 
Let y = ех be a solution of the equation. 
Then (m? + 2m + 1)e™ = 0 
As e"* 5 0, т? + 2m - 1— 0 
The two roots of the auxiliary equation 
т? + 2m+1=0 are equal The roots are 
— 1 — 1. So the general solution is 

l5 y= Gxt ayes 
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EXAMPLE 3 

aip. 
DI 4 Dayn 
Let y = e™ be a trial solution of the equation. 
Then (m? — 4m + 13) е" = 
As е" 52 0, т? — 4m + 13 = 0 
Here, the auxiliary equation т? — 4m + 13 = 
0 has got imaginary roots. The roots are 
2 +?3. So the general solution is 

y = e™ {А cos3x + B sin 3x} 

where A and B are arbitrary constants. 


Solve 


EXAMPLE 4 


а. ae 


Solve y=0 when х= 0), 


y=4; whnx=”,y=0 


ша 


Let y — e"* be a trial solution of the equa- 
tion. Then 

e"(m? + 1) = 0. 
As e™ 40, m* -- 1—0 

у m=i 
So the general solution is 

y=Acosx+Bsinx 

where A and B are arbitrary constants. 
When x = 0, у= 4 


So А = 4, 
Again, when x = 23 y=0 
So B=0. 


Thus we find that A= 4 and В = 0. Putt- 
ing these values in the genera] solution y — 
A cos x + Bsin x we get 

y-—4cosx 
This is the solution of the differentia] equa- 
tion under prescribed boundary conditions. 


EXAMPLE 5 
Show that if 1 920 +g0=0and if 0—-« and 


dt? 
2 = 0, when ¢ = 0 then 


La MT 


Let 0 = е" be a trial solution. Then the 
auxiliary equation is т? + 5) =0. 


Ex. 9.1] 


HN 
сэ 


So the general solution of the differential equa- 


tion ОР 
Ө = л £ t + Bain А/# t 


where A and B are the two arbitrary cons- 
tants 

Given, when t= 0, 0 = « 
So «=A 
Now differentiating the general solution with 
regard to t we find 


T- -AN/ £ sin у= ав NE 


=0Oatr=0 


So 0=B dep 
As A/ =. в=о 


Hence the solution under the given conditions 
is given by 
=e AE 
1 


Exercise 9.1 


1. Solve the following equations: 


Q $2 432 42=0 
@ 4% + (e) + aby= 0 


(ii) = E zs 0 
(iv) 42 -*2——-0 


2 
(у) 5 Nox 9 +2у=0 


(vi) -24-4су-0 
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ну d*y dy TE 

(vii) di + ze +y=0 

d'y _4 dy Ёл 

үз 4 T 2y = 
ү d?z dz E 
(ix) d -2 ЛЖ + 4 = 

455 ds zs 

(x) TE 3 pi +s=0 
2. Solve under the given conditions: 
(i) EE +4 9 — 12у 20; when у= 0 


and ФУ =1 at z=0 
ay d # = 
@ 4342 


=0, when х = 0, y=0 


{дуун 2 
and dx =2atx=0 


2 
(iii) ах + 12x = 0, when t — 0 and 


Нил A 
ч рг 8x—a 
(iv) a +2% 4 y=0, when x=0,u=3 
ЫГ du _ 
and x=0, ae 5 
Exercise 9.2 


1. Solve the following differential equations: 
G) (e + Dy dy = (у + De* dx 
xi ped y "Y Na 
(i) 9 dxi + 12 ae +4y=0 
(iii) (xy? + x) dx + (yx? + y) dy =0 
2 
(iv) 6 D ure + 10у=0 


(у) x sin (Z )e- {sin (= 


) ==} ах 


(vi) (2х + у + дах + (4x + 2y — 1) dy = 0. 
2. Solve the following differential equations 
under the "UU conditions : 


D +6 4 te + 9y =0, when x = 0, 
Эр. when х = 1, у= 2 


» 


Ex. 9.2] SECOND ORDER DIFFERENTIAL EQUATIONS [ Ex. 9.2 


(i) a +6 À эс ооны di where 1, а are constants. 


dy 
у= 0, when x= od ua. Dee ral АЛЖ 


3. Solve oe E 2х + 0л +)у=0 5. Solve dix 4k # + ux =0 
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10 Preliminary Ideas 


з шшш ым —— 


10.1 Basic concepts 

It would be better to clarify at the begin- 
ning certain basic concepts in the study of 
mechanics, such as: 

(i) Matter: Matter loosely speaking is 
something that occupies Space. It cannot be 
so correctly defined as space in mathematical 
terms. We speak of matter as something that 
has certain attributes such as it offers resis- 
tance, it undergoes extension, etc. Matter 
exists in three stages—solid, liquid and gas. 
In mechanics, we are primarily concerned with 
solids which are termed as bodies or more spe- 
cifically rigid bodies. 

(ii) Body: A body is a finite portion of 
matter the quantity of which is the mass of 
the body. 

(iii) Particle: A particle is an infinitesimal 
portion of matter. It possesses mass but has 
no dimension. It is actually a point-mass. 
For this reason, a particle is represented by а 
geometrical point in mechanics. 

(iv) Rigid Body: A body is an agglome- 
ration of an infinite number of particles. It 
is called ‘rigid’ when the distance between any 
two of its particles remains invariable under 
all circumstances. The idea of a rigid body 
is an ideal one. It does not occur in reality. 
However, for all practical purposes, we shall 
use the term ‘rigid body’ in its true sense. 

(v) Units: Every physical or measurable 
quantity has some unit which is expressed in 
terms of three fundamental units—length, mass 
and time which are denoted respectively by 
L, M and T. For example, volume has a 


unit 12 and velocity has a ший LT". 

We generally use two systems of units—the 
C.G.S. (or French or metric) system and the 
Е.Р.5. (or British) system. In the C.G.S. (cen- 
timetre-gram-second) system, the units for 
length, mass and time are respectively centi- 
metre, gram and second. In the F.P.S, system, 
length, mass and time are respectively expres- 
sed in foot, pound and second. 

(vi) Scalars and Vectors: Physical quan- 
tities such as mass, temperature, density, etc. 
are measured by numbers referred to some 
chosen unit These numbers are called 
scalars. 

Quantities like displacement, velocity, acce- 
leration and force which require for their com- 
plete specification a direction as well as a 
scalar, are called vectors. A vector is repre- 
sented geometrically by a directed line seg- 
ment as shown in Fig. 10.1. 

parr ere RU CTI Р 
Fig. 10.1 

Here the line segment AB, directed from 

A to B, represents the vector AB which is 


> > 

denoted by the symbol AB. AB has the 
length or magnitude | AB] and the direction 
from A to B as indicated by the arrow. 

(уй) Mechanics: The subject which deals 
with the action of forces on bodies or particles 
is known as mechanics. Action forces on a 
body may lead to either a state of rest or a 
state of motion of the body. The subject 


85 


$103] | МЕСНАМ108 


which deals with the state of rest of bodies 
under the action forces is called Statics. The 
subject dealing with the motion of bodies un- 
der action of forces is known as Dynamics. 


Dynamics is divided into two parts—Kine- ` 


matics and Kinetics. Kinematics deals with 
the geometry of motion apart from the forces 
which produce it. On the other hand, Kine- 
tics deals with the effect of forces on the 
motion of bodies. 

We shall concentrate our attention on the 
motion of particles, 


10.2 Some vector quantities used frequently 
in Mechanics 
| The physical quantities which are frequent- 
ly used in mechanics are displacement, velo- 
city, acceleration, force, tension and thrust. 
We define these terms as given below: 

() Displacement: Let us suppose that a 


Fig; 10.2 


particle moves from position 4 to position 
B. The particle may move from A to B along 
any curved path joining 4 to B or along the 
straight line from A to B. Whatever path it 
may follow in moving from А to B, AB is 
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called its displacement. The displacement is 
fhus a vector quantity possessing (a) a mag- 
nitude—the length of the line segment AB, 
(b) a direction—along AB and (c) a sense— 
from A to B. 

(ii) Velocity: The rate of change of dis- 
placement of a particle as it moves from one 
position to another is known as its velocity. 

(iii) Acceleration: The rate of change of 
velocity of a moving particle is called its ac- 
celeration. 

In both (ii) and (iii), the rate of change is 
calculated with respect to time. We shall find 
out later expressions for velocity and accelera- 
tion of a moving particle when it moves along 
a straight line or on a plane, 

(iv) Force: A force is that which changes 
ог tends to change the state of rest or of uni- 
form motion.of a body (or a particle) on a 
straight line. 

This is the qualitative definition of force. 
For practical purposes, the quantitative defi- 
nition of the force is important. As we shall 
see later, both the qualitative and quantitative 
aspects of force are derived from Newton's 
laws of Motion. 

(v) Tension: It is a kind of force that 
develops along a string when a body is pul- 
led or supported by that string. It also goes 
by the name pull. 

(vi) Thrust: When a body is pushed by a 
rod, a kind of force develops along the rod. 
This force is known as thrust or push., 


DYNAMICS 


11 Kinematics : Velocity 


11.1 Speed and velocity 
We shall consider a particle in motion. Let 
the particle describe distances 5, Sz... at 


times 15 f. А... The ratios 31- , 2. ,,,,, 
fo dg 
D SS are called the average speed of the par- 
ticle at times fj, %......... respectively. 
When == ++. = (вау) и, the parti- 
1 2 


cle is said to be moving with a uniform 
speed и. We measure the uniform speed by 
the distance described in unit time. 

Speed is, therefore, the rate of describing 
distance, 

As we have defined earlier, the velocity of 
a moving particle is the rate of change of its 
displacement. If d be its displacement in time 


f; 4 is called the average velocity. The velo- 
city is said to be uniform when fis a cons- 


tant whatever interval of time we may take 
for observation. The velocity is, therefore, a 
vector quantity possessing a magnitude as well 
as a direction (the direction of its displace- 
ment). 

A displacement equal to unit distance des- 
cribed in unit time is the unit velocity. The 
unit of velocity is (i) cm. per sec. (cm./sec.) 
in the „C.G.S. system and (ii) foot per sec. 
(ft./sec.) in the F.P.S. system. 

The dimension of velocity is LT. 

When the particle moves along a straight 
line, its uniform ‘speed and uniform velocity 


12-П 


are the same. These two quantities are diffe- 
rent when it moves along a curved path. For 
example, when the particle moves in a circle, 
its velocity is not uniform, although its speed 
(ie. the rate of describing the circle) may be 
uniform because its velocity at any point on 
the circle being in the tangential direction 
there, continually changes direction. 

Let a pariicle move from A to B in time 
t, B to C in time t where AB = s, BC = s, 
АС =d and 2 ABC = 90°. 


c 
d 
52 
4 
хэм © B 
Fig. 11.1 


Taking f£, + 4 = t, the speed of the particle 


517-52 ,, 51-55 
ty +t, t 


of the particle at time duran VA шэн 


at time t= and the velocity 


We should note that speed is a scalar quan- 
tity while velocity is a vector quantity. 


11.2 Geometrical representation of velocity 

Velocity being a vector quantity, it can be 
represented by a directed line segment. Let 
a point P (ie, a particle at P) move with a 
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velocity of 35 ft./sec. along line РО in a 
direction from P to Q. Taking a line segment 
of length 1 inch to represent 7 ft./sec., we 


M ——— —— 
P A Q 


Fig. 11.2 


cut off the portion PA of length 5 inches from 
PQ. Then the line segment PA, directed from 
P to A, represents the velocity of 35 ft./sec. 
in both magnitude and direction. We may 


> 
say that PA represents the velocity in this case. 


11.3 Composition and resolution of veloci- 
ties 

It may happen that a moving point simulta- 
meously possesses velocities in different direc- 
tions. For example, when a man walks on 
the floor of a running bus, his velocity depends 
on (i) the velocity of the bus and (ii) the rate 
at which he himself walks. Velocity of the 
man is, therefore, obtained by combining these 
two velocities, This process of combining 
Several velocities into a single one is known 
as the composition of velocities. The single 
velocity obtained after combining several velo- 
cities is called the resultant of those separate 
velocities. We may, therefore, define the 
resultant velocity as follows: i 


If a moving point possesses, at the same 
time, two or more velocities vi, vs, ...... 
and if a single velocity 4 can be found 
whose effect is the same as that of the 
velocities vi, У....... , this single velocity 
и is called the resultant of the other velo- 
cities and v,, у»...... are called the com- 
ponents of u. 


When a point possesses simultaneously two 
velocities in different directions, their resul- 
tant may be obtained by means of the follow- 
ing law: 
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Parallelogram of velocities: If two velo- 
cities of a moving point be represented 
in magnitude and direction by the two 
sides of a parallelogram drawn from one 
of its angular points, their resultant is 
represented both in magnitude and direc- 
tion by, the diagonal of the parallelogram 
passing through that angular point. 


Formal proof of this fundamental rule of 
composition of velocities is not necessary for 
our purpose. We shall use it as a working 
principle. Graphical illustration of this prin- 
ciple is given below: 


c D 


м, 


А if В 
Fig. 11.3 


Let a point A possess simultaneously two 
ivelocities и and v which are represented, in 
both magnitude and direction, by the two ad- 
jacent sides АВ and AC respectively of the 
parallelogram ABDC. 

Then the diagonal AD represents, in both 
magnitude and direction, the resultant velocity 
w of и and v. Here и and v are compo- 
nents of w. The process of deriving the com- 
ponent velocities и and v by breaking up the 
velocity w is known as resolution of velocities. 


11.4 To find the resultant of two velocities 

Let the moving point A possess simulta- 
neously two velocities w and v which are re- 
presented, in both magnitude and direction, 
by AB and AC respectively. We complete 
the parallelogram ABDC. By the parallelo- 
gram of velocities, the diagonal AD represents 
the resultant velocity w in both magnitude and 
direction. We shall find: out the magnitude 
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and direction of w in terms of u and, v. 
DE is drawn perpendicular to АВ (or AB 
produced). 


Fig. 11.5 
Let 4 ВАС = а and Z BAD = Ө. 


CASE І: 
11.4), we have 
DE = BD sina = vsin а 
and BE = BD cosa = v cos a. 
. AE = AB + BE =u + v cos a. 
Now, AD? = AE! + DE! 
Or, и? = (и + v cos 2)? + (v sin a) 
= u? + 2uv cos а + v? (cos! а + sin? а) 
= и? + 2uv cosa + v! 
[7 соѕ? о + sin? a = 1] 
2 w= y/u + 2uv cosa + v! (1) 
This gives the magnitude of the resultant 
velocity w. 


If « be an acute angle (Fig. 


: £ DE © vsin& 
MEA. AE и+усоѕа 
д ey vsina 2 
2270 = tan (куш) (2) 


This gives the direction of w. 
Case II: If-« be an obtuse angle (Fig. 
11.5), we have 
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DE = BD sin (x — о) = v sina 
and EB = BD cos (a — «) = — v cosa. 
AE=AB—EB=u 
—(—vcosa)=u+vcose 
7 AD! = АЕ + DE? gives as before, 
w= A/ и + у? + 2uv cosa. 
‘Also, 0 is the same as in (2). 


COROLLARIES 
1 If а= 0, we have w=u +v from (1) 
and if а = ял, we have w = и — v from (1). 
Hence the resultant of two simultaneous 
velocities along the same line is their algebraic 
sum. 
2. When о = 90°, 11-14 y* from (1). 
3. When и = v, we have from (1) 
w! = и? + 20 cosa + и? 
= 2u? + 2и cos а 
= 2и (1 + cos a) 


a 
= 4 cos? E 


a 
w —2uc08 = 
2 

usin а 
Also, 0 = tan"1—— — — — 
и + ucosa 

E SR sin а 
= fan T cosa 


2 sin-+ cos — 


canino o "y —tan- * tan : 


2 сов = 


En 


Thus the resultant of two equal simultaneous 


velocities u inclined at an angle « is 2u соз-у- 
and it acts in a direction bisecting the angle 
‘between them. 


11.5 Illustrative examples 


EXAMPLE 1 
A tram-car is moving along а road at the 


rate of 15 miles per hour; in what direction 
‘must a body be projected from it with a velo- 
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city of 27 ft./sec., so that its resultant motion 
may be at right angles to the tram-car ? 
Find also the resultant velocity of the body. 


Fig. 11.6 


1 mile per hour 


22 
— lx1700x3 ft 
3600 ; 
1900 
15 


[sec. 


-8 ft./sec. 
15 m.p.h. =(15х1; ft./sec. = 22 ft./sec. 


Let AB represent the velocity of the tram- 
car and AC that of the body. We complete 
the parallelogram ABDC so that AD repre- 

7 sents the resultant velocity of the body and 
is perpendicular to AB. 

We have from the right-angled triangle 


ABD, 

AD’ = BD! — АВ = AC — AB! = 27: — 22° 
= 729 — 484 
= 245 


AD-—4/245— 14/5. 
The resultant velocity of the body is 
74/5 ft./sec. 
If Z CAD = 0, we have from ACAD, 
ITE 
27 
Now Z ВАС = 2 BAD 2 CAD =90° +0 


sin BAC = sin (90° + 6) = cos 9 = ae 
^ £BAC = sin ( a) 
27 
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Hence the body must be projected at an 
angle sin НЭЭ ) with the direction of 
motion of the tram-car. 


EXAMPLE 2 

A man rows directly across a flowing river 
in time 4, and rows an equal distance down 
the stream in time і. If и be the speed of 
the man in still water and v that of the stream, 


show that fi: = u +v: и у. 
c D 
u 
90° . 
A e B 


Fig. 11.7 


Let AB (taken along the bank) represent 
the speed.v of the stream and AC represent 
the speed u of the man; AC is inclined to 
AB at such an angle that the diagonal AD 
of the parallelogram ABDC is perpendicular 
to AB. By parallelogram of velocities, 4D 
represents the resultant velocity of the man. 
AD being perpendicular to AB, we find that 
the man rows directly across the river. 

AD = \/ AC! — CD? = J/ W — vis the 
resultant velocity of the man. 

If d be the breadth of the river, we have 

35 4 
tSr 

Ми? у? ' 

Again, resultant velocity of the man down 
the stream is (u + у). 

1, = time taken to row a distance d down- 


d 
stream = xp 
A ау Wut» Айр, 
ty d/(u + xa Миу Мау 
а= уи +у: uy 


Hence the result. 


22 1-22 
5 mph. = 5 X 15 ft./sec, = 3 ft./sec. 


5 mph. =3 x ^ ft./sec. = 22 ft sec. 


Let OA (along the bank of the river) re- ' 


present the speed?2 ft./sec. of the stream and 


OB represent the speed of the man. 

(i) When the man crosses the river by the 
shortest path, the direction of his resultant 
motion is perpendicular to OA. Hence OB 
should be inclined to OA at such an angle 
that the diagonal OC of the parallelogram 
'OACB is perpendicular to OA [Fig. 11.8(a)]. 
Now, OC —4/ ОВ? — ВС? 

Dey EP 7 22 PR 
v GG) - (8) 


22 Vi- 
9 25 


The resultant velocity of the man = ыг 
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EXAMPLE 3 ft./sec. 
A man rows across a flowing river with a Hence the time taken to cross the river 
. breadth of 880 yards and a speed of 5 m.p.h., 10 
while the stream flows at the rate of 3 m.p.h. _ 8803 сес BHUX3XIS с 450 sec. 
[Find the time taken by him to cross the river 88. g8 
if he wishes to cross it (i) by the shortest path 15 
and (ii) in the shortest time. = 7} minutes. 
——T—— TE 
} i 
і 1 
ї ! 
1 LI 
1 ! 
' в А 
H c 
в c 
EGAN хач e ZA 
о А о А р 
(a) Fig, 11.8 (5) 


(ii) Let the man start at any angle « with 
OA. We complete the parallelogram OACB 
and draw CD perpendicular to OA produced 


[Fig. 11.8(b)]. The figure represents the situa- 
tion in unit time. The man actually crosses 


the portion CD of the breadth of the river in 
unit time. 
Time taken to cross the river is 


Here Т will be least when sin « is greatest, i.e. 
when « = 90°. 

Hence the man himself should start rowing 
in a direction perpendicular to the current if 
he wishes to cross the river in shortest time. 
'Then the time taken is 

880 


-—— 5-8 0 == 
Т. ЯС secs. (*. sin 90° =1) 
40 


880 x 3 : 
ера = "A " 
Secs 48 secs. 20 secs. 


3 = 2 minutes 


EXAMPLE 4 
A destroyer steaming north at the rate of 
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15 m.p.h. observes a sea-plane carrier due east 
of itself at a distance of 10 miles, the latter 
steaming due west at the rate of 20 m.p.h. 
After what time are they at the least distance 
from one another and what is the least dis- 
tance ? 


5 
Fig. 11.9 


At the initial moment, let O be the position 
юЁ the destroyer when the sea-plane carrier 18 
at A so that OA = 10 miles. 

At any time ¢ (hours), let P and Q be the 
positions of the destroyer and the sea-plane 
carrier respectively where PO =d miles. 

2, OP=15t miles and AQ = 20t miles, 
<. OQ = (10 — 20) miles. 
Now 4 = PO’ = OP? + ОО? 
= 225f + (10 — 20 
= 625° — 400¢ + 100 
= (6258 — 4007 + 64) + 36 
= (25t — 82 + 6° 


7. d will be least when 257 — 8 = 0 


| [Xp pui Мы кы 
ie. when t= 55 hour 19- minutes 
and then d — 6 miles. 


«. The destroyer and the carrier are at the 
least distance of 6 miles after 194 minutes. 


Exercise 11.1 
1. A thief, being chased, runs a distance of 
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3 km. westwards at the rate of 12 km. per 
hour and then runs northwards a distance of 
4 km. at the rate of 16 km. per hour. What 
are the average speed and the average velo- 
city of the thief for the whole journey ? 

2. An insect crawls along a straight line with 
a velocity of 3 cm./sec. After 3 seconds, 
wind gives the insect an additional velocity 
of 4 cm./sec. at right angles to its original 
direction of motion. Find its distance from 
the starting point 2 seconds after this. 

3, Find the greatest and least resultants of 
two velocities whose magnitudes are 12 cm./ 
sec. and 8 cm./sec. respectively. 

4. A particle possesses two equal velocities in 
two directions. Find the angle between them 
when the square of their resultant is equal to 
three times their product. 

5. A point has equal velocities in two given 
directions. If one of these velocities be halv- 
ed, the angle which the resultant makes with 
the other is halved also. Find the angle be- 
tween the given directions. 

6. A. particle possesses three simultaneous 
velocities 7, 5 and 8 cm./sec. acting in diffe- 
rent directions and it is noticed that the par- 
ticle does not move. Find the angle between 
the latter pair of velocities. 

7. Assuming that the bat strikes a cricket 
ball at an angle of 120^, find the velocity that 
must be communicated by the bat to the cri- 
cket ball travelling horizontally in the line of 
wickets at 50 ft./sec., so as to make it travel 
at right angles to its original path. 

8. A thief when detected, jumps out of a 
running train at right angles to its direction 
with a velocity of 5 ft./sec. If the velocity 
of the train be 30 m.p.h., find in which direc- 
tion the thief falls. 

9. A swimmer swims directly across a river 
450 ft. wide in 3 minutes when there is no 
current and in 5 minutes when there is cur- 
rent. Find the velocity of the current. 

10. A man wishes to row across a river to 
an exactly opposite point on the other bank ; 
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if he can row his boat with thrice the velocity 
of the current, find at what inclination to the 
current he must keep the boat pointed. 

11. A swimmer can swim in still water at the 
rate of 4 m.ph. He wishes to cross a river 
flowing along a straight course at the rate of 
2 m.p.h., so as to reach the directly opposite 
point on the other bank. In what direction 
should he attempt to swim ? 

If he wishes to cross the river in the shor- 
test time, in what direction should he swim ? 
12. A stream runs with a velocity of 13 
m.p.h Find in what direction a swimmer, 
whose velocity is 23 m.p.h., should start in 
order to cross the stream by the shortest path. 

What direction should be taken in order to 
cross the stream in the shortest time ? 

13. An aeroplane travelling in still air at the 
rate of 125 m.p.h., starts from an airport P to 
reach another airport О due north of it, 300 
miles away. There is a wind blowing due 
west at the rate of 35 m.p.h., but when half 
the distance has been covered, the velocity 
of the wind increases to 75 m.p.h., and the 
aeroplane adjusts its head accordingly so that 
it continues its course along РО as before, 
and reaches О. Find the time taken over the 
flight, 

14. A boatman starts rowing across a stream 
3004/3 ft. wide, always pointing his boat 
upstream at an angle of 60° with the bank. 
Find the time taken by him to cross the stream 
if he rows with a velocity of 12 ft. per sec. 
and the current flows at the rate of 4 ft./sec. 


How far down the stream will the boat 
reach the opposite bank below the point at 
which it was originally directed ? 


11.6 То resolve a given velocity into two per- 
pendicular components 

Let us resolve a given velocity w into two 
components along the directions OX and OY 
where 2 XOY = 90°, 

Let the given velocity w be represented by 
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OC in both magnitude and direction, and let 
it make an angle 0 with OX. Let us complete 
Y 


4 x 
Fig. 11.10 


the parallelogram OACB with OC as diago- 
nal and sides along OX and OY. Then OA 
and OB represent the components of w along 
OX and OY respectively. 
From triangle OAC, we have 
OA = OC cos AOC = w cos 0, 
OB = AC = OC sin АОС = w sin 6. 
Hence we conclude that a velocity w is 
mathematically equivalent to a. velocity w cos 0 
in a direction making an angle 0 with it, 
together with a velocity w sin 0 at right angles 
to the direction of w cos 0. 


REMARKS 
1. Let the angle 0 in Fig. 11.10 be obtuse 
as shown in the Fig. 11.11. 


Fig. 11.11 


Here the components of у are 
OA = OC cos AOC = w cos (x — 0) 
р = —wcos0 along OX’ 
and OB = AC = OC sin AOC ) 
= wsin(x — 0) = у зїп 0 along OY. 
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But OA = — wcos 0 along OX’ 

| -wcosÓ along ОХ 
Hence the component of w along OX is w cos 6 
Whether @ is obtuse or acute, 

2. This mode of resolution of a given velo- 
city into two perpendicular components is very 
important and is widely used in dynamics. 
The perpendicular components are often 
designated as resolved parts, 


11.7 To find the resultant of several simul- 
taneous coplanar velocities of a particle 

Let a point O possess simultaneously the 
coplanar velocities vi у,,...... in directions 
making angles 6, 6,..... respectively with a 
Y 


Fig. 11.12 


fixed line OX in the plane of the velocities. 
Let us take a line OY at right angles to OX 
at О, 

The components of Vi, у»,...... along OX are 
Vi COS 0, Va COS Ós,...... respectively, while the 
components of у, v,...along OY are у, sin б, 
Ya Sin 6s,...... respectively. 

Hence the velocities are equivalent to 

(i) а single total component у, cos 6, 

+ v2 Cos 0, +...along OX 

single total component v; sin 6, 
+ vasin 0, +...along OY 

If V be the resultant of the velocities mak- 

ing an angle 0 with OX, we have 

V cos 0 = vicos 6; + vs cos 62 
3 +... =Zy, cos 0, 

and V sin 0 = v, sin 0; + v, sin 6, 
Toc Хүүш, 

Squaring (1) and. (2) and adding, 
V? = (v, cos Ө, + v cos 0, + yx) 

+ (vi sin бу + vy sin 6.4...) 


and (ii) a 


(1) 
Q) 
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= Хур +2 Zwwcos(0.- 6) 
so that V = E vë + 2 Xvivscos (fa ~ 0) 
8) 
Here the positive sign of the square root is 
taken to denote the magnitude of V. The 
direction of V is determined by the signs of 
cos 0, sin @ in (1) and (2). 
Dividing (2) by (1), we get 
= vsin 6; 
6=tan? 2 BA 
5 Zw cos 6, 8) 
which gives the direction of the resultant velo- 
city V. 


EXAMPLE 

A particle possesses the simultaneous velo- 
cities 1, 2, 34/3 and 4 ft./sec, towards the 
east, 60^ north of east, 30? north of west and 
60° south of east respectively. Find the dis- 
placement of the particle 10 secs. after start. 


Fig. 11.13 


Let u, v be the components of the resultant 
velocity w towards east and north respective- 


ly, and let w act at an angle 0 north of east. 
Then u =w cos 0, v = w sin 0 (1) 
and also, u= 1 + 2 cos 60° — 3/3 cos 30° 
+ 4 cos 60° 
-141-44-2--14 (2) 
v= 0 + 2sin 60° + 34/3 sin30° 
— 4sin 60° 
=М3+2У2-203-03. чу 
[The first velocity has no component along 
the north. The second is equivalent to com- 
ponents 2 соѕ 60° and 2sin 60° towards east 
and north respectively. 
The third velocity has components 


and 
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3 ,/ 3 соѕ 30° and 34/3 sin 30° along 
west and north. 
ie. —34/3c0s30? and 34/3 іп 30° along 
east and north. 

The fourth velocity has components 
4cos 60° and 4sin60° along east and 
south, 
ie. 4cos 60° and — 4sin 60° along east and 
north ] 
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Ву (1), (2) and (3), we have 
м = шй фу t+ 3=1;o0rlwl =1 
and tan 6 = zT —4/3- tan 120°; 


or, 0 = 120° 
Hence the resultant velocity is 1 ft./sec, at an 
angle 120° with the east, ie. towards 30° 
west of north. 
Displacement of the particle after 10 secs. 
= 10 ft. towards 30° west of north. 


11.8 Triangle of velocities 
If a moving point possesses simultaneously 
two velocities represented in magnitude, 
direction and sense by the two sides of a 
triangle taken in order, their resultant is 
represented by the third side taken in op- 
posite order. 


Let AB and AD represent the simultaneous 
velocities of the point A. The parallelogram 
‘ABCD is completed. By parallelogram of 
velocities, AC represents the resultant of the 
velocities AB and AD, ie. of AB and BC. 
But the order of the resultant velocity AC is 
Opposite to the order in which AB and BC 
are considered.. Hence the proposition. 


D c 


Fig. 11.14 


18-1 


VELOCITY | Ex. 112 


Using vector notations, the proposition may 
be written as AB -- BC — AC. 


Exercise 11.2 


1. Find the components of a velocity и 
along two directions inclined at angles of 30^ 
and 45? respectively with the direction of и. 
2. A moving point possesses a velocity of 
10 cm./sec. in a direction inclined at an angle 
of 30° to the horizontal. Find. the resolved 
parts of its velocity in a horizontal and verti- 
tical direction respectively. 

3. Find a horizontal velocity and a velocity 
inclined at an angle of 60? with the vertical 
whose resultant shall be a given velocity 7 
ft,/sec. in the vertical direction. 

4. A particle has three simultaneous velo- 
cities 5, 3 and 4 ft./sec. The angle between 
the first and the second is 90° while the direc- 
tion of the third bisects the angle between the 
former two. Find the magnitude and direc- 
tion of a fourth velocity which must be im- 
parted to it so that it may remain at rest. 
5.. A point possesses three simultaneous velo- 
cities in one plane, whose magnitudes are 2, 
24/2 and 1 ft./sec. respectively ; the first is 
horizontal, the second acts at 45° to the hori- 
zon, and the third is vertical ; find their result- 
ant, 

6. A point has three coplanar velocities 5u, 
10u and 13u, the angle between any two of 
their directions being 120°. Find the magni- 
tude and direction of their resultant. 

7. A point possesses five simultaneous velo- 
cities 10, 20, 30, 40 and 50 ft./sec. respec- 
tively. The first three are respectively towards 
E. N. E. and S. S. W. The fourth is 15° W. 
of N. and the fifth 30* E. of S. Find tlie 
displacement of the particle after 5 secs. after 
start. 

8. A point possesses simultaneously velocities 
represented by и, 2и, 3,/3u and 4и; the 
angles between the first and second, the second 
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and third, the third and fourth are respective- 
ly 60°, 90° and 150° ; show that the resultant 
velocity is и in a direction inclined at ап angle 
of 120° to that of the first velocity. 

9. A particle possesses simultaneously three 
velocities и, v, w in directions inclined at 
angles «, 8, ү with one another ; show that the 
resultant velocity is(u? + v? + w? 2uv cos a 
i+ 2vw cos В + 2wu cos y Ж. 

10. A point has velocities represented by OA 
and OB. Show that its resultant velocity may 
be represented Бу 207 where G is the mid- 
point of AB. 

11. The sides АВ and AC of a triangle ABC 
are bisected in D and E. Show that the resul- 
tant of velocities represented by BE and DC 
is represented in magnitude and direction by 
$ BC. 


119 Relative motion 

Whenever we speak of velocity of a moving 
point 4, we mean the rate of change of its posi- 
tion with reference to some point O which is 
regarded as fixed. The motion of A, in this 
case, is said to be absolute. In fact no motion 
Observed by us is absolute because the earth 
herself is moving round the sun. However, 
we treat the motion as absolute when it is 
taken with reference to some frame of refe- 
тепсе fixed on the earth. Now if the reference 
point O also moves, it would be necessary to 
know the motion of O with reference to some 
other point (fixed). In this case, the motion 
of A observed from O is not absolute. 

A man sitting on a running traim sees the 
trees, houses, etc. outside as running past the 
train in the opposite direction while the train 
itself seems to be stationary, The objects out- 
side the moving train are actually fixed and 
their motion observed by the man is their rela- 
tive motion with respect to the train. 


11.10 Relative velocity 
The rate of change of Position of a moving 
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point 4 with respect to some other moving 
point B is called the relative velocity of A 
with respect to B. 


We shall learn in the following paragraph 
how to determine the relative velocity of a 
moving point with respect to some other шоу- 
ing point. 


11.11 To determine the relative velocity of a 
moving point B with respect to some other 
moving point 4 


B Q 


A L P M 


Fig, 11.15 

CASEI: Let the moving points A and B 
move with velocities V, and Vy respectively 
in parallel directions 4M and BQ. Initially, 
they start from 4 and B; and let P, Q be 
their positions at the end of unit time. 

^ Va=AP and V, = ВО (1) 

Now, the difference in distance between the 
moving points after unit time 


= РМ 
=AM = АР = 
=AL+LM — АР 
= AL + BO — AP 


=AL t Vy —V, by (1) 
-. Change in relative displacement of B with 
Iespect to A after unit time = PM — AL 
mV. И. 
Rate of change of relative displacement 
of B with respect to А = Vic. 
Hence the relative velocity of В with respect 
to A is 
Vy, Vs- Va (2) 
CASEII: Let the point B move in a direc- 


tion which is parallel and Opposite to that of 
А. 
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Replacing Ууру — V, we get 
Vg, =— (Va Va) (3) 


БЭРЭН ТЕСТ у Huge 
А 
Уд 
Fig. 11.16 
CASE III: Let both the points A and В 


move with equal velocities in the same direc- 
tion. In this case, we find V,,'=0 putting 
V, = Ёз in (2. Hence B will appear to A 
to be at rest and their relative velocity with 
respect to each other is nil. 

CasEIV: Let A and B both move with 
the same velocity in opposite directions. 

Putting V, = — V in (3), 
we have Vz, = —2V, = —2Vg (4) 
Hence B will appear to 4 to be moving with 
twice its speed in the opposite direction, and 
vice versa. 

CASEV: Let B move in a direction which 
is inclined to the direction of motion of A at 
Some angle 0. 


Fig. 11.17 


Let А and B move with velocities V 4 and 
V, respectively in directions AC and BD 
where BD is inclined to the direction of AC 
at an angle 6. 
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Now V; can be resolved into two compo- 
nents: 
(i) Vg cos parallel to AC 
and (ii) Vysin Ө perpendicular to AC. 
The components of: V. are 
(iii) V, -along AC and Gv). 0 perpendicu- 
lar to АС. 

Taking (i) and (iii), we may think of A and 
B moving with velocities V, and V y cos @ res- 
pectively in the same direction AC. 

Component of relative velocity В with 
respect to A along AC =V» соѕ0 — V, by 
Case I. 

Similarly taking (ii) and (iv), component of 
relative velocity of В with respect to A = V s. 
sind — 0 = V, sin by Case I. 

Hence, if the relative velocity V ,4 makes an 
angle a with the direction AC, we have 

Vg4 cosa = Vacos 0 — V, (5) 
and Vy, sina 21:11 (6) 
Squaring and adding (5) and (6), we get 


Vsa =/Ў„*—2Ў„ Vacos0-k Vs? (7) 
The direction of Vz, is given by 
= fani Ўв sin 9 
9 5 Vy cos — V, (8) 
REMARK 4 


We find that Vg, = Vy - Vii is the result- 
ant of Vy and the reversed V4. ‘But 24:15 at 
rest when V, is reversed. Hence the relative 
velocity of B with respect to A is obtained: by 


bringing А to rest. 


COROLLARIES 

Let three points 4, B, C move simultaneous- 
ly in the same direction with velocities V4; 
V, and Vo respectively. Then the relative 
velocity of C with respect to A is 


Voa = Уо ИА 
= (Vs Va) (Va V4) 
=Vont Vus 


Hence the relative зоон of C with respect 
to A is obtained by compounding the relative 
yelocities of C with respect to B and B with 
respect to 4. 
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EXAMPLE 

Two particles move with speeds и and v 
respectively in opposite sense along the cir- 
cumference of a circle. In what positions will 
their relative veolcity be greatest and least, 
and what will be its values then ? 

What would happen if they move in the 
same sense ? 


Fig. 11.18 


Let the two particles move on the circum- 
ference of the circle of centre O and let A, B 
be their positions at any time г where 
4 АОВ = 0. The velocities и and у at the 
instant t act along the tangents ATP and ВТО 
respectively. 

Since 4 OAT = 7 OBT = 90°, we have 
2 PTB = 2 AOB=6, 

The relative velocity of A with respect to 
B, ie. У дъ is the resultant of u along TP and 
v along ТВ (ie. the reversed v). 

Van = / t? + у? F 2uy cos 0 (1) 

Now V, is greatest when cos 0 is greatest, 
ie, с050 = 1, or 6 = 0°; ie. when the par- 
ticles meet each other. 

-. Greatest value of V.,,=u+y i 
“Эй ewig OL e АВ +v [putting 
Again, Va, is least when соз Ө is least, ie. 
соз @ = — 1, or, 6 = л, ie. when the particles 
are diametrically opposite. 
Least value of V ,, = 
Je d y! —2uy =u ~y, 
If the particles move in the same sense, y 
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acts along QTB and therefore, reversed v acts 
along TO. Now Z PTQ = 180° — 6. 
V 457 V @ + у? + 2иу cos (180° — 0) 
= и + y! — 2uy cos 0 

Неге Ух» is greatest when соѕ 0 is least, i.c. 
when 6 = л and И дъ is least when cosó is 
greatest, ie. when 0 — 0^. Hence the relative 
velocity is greatest and equal to и +v when 
the particles are diametrically opposite, and it 
is least (ie. u~ v) when the particles meet. 


11.12 To determine the true velocity when 
the relative velocity is known 


ч м 


P А в Ya 9 
Ya 
Asie a Nearer REA 
Fig. 11.19 


We are given the relative velocity V 4, of a 
point B with respect to 4; we have to find 
out the true velocity Vy of B. Let the true 
velocity V4 of A be represented by АС and 
the relative velocity*V p4 by BM. BP is drawn 
equal and parallel to AC in the opposite sense. 
The parallelogram BPMN is completed with 
BM as diagonal and BP аз a side. The other 
‘side BN then represents the true velocity Vy 
of B, because BN compounded with BP (the 
reversed V ,) gives Vii. 

Let PB be now produced to Q such that 
ВО = AC. Then ВО represents V 4 in magni- 
tude and direction. It is obvious that BMNQ 
is a parallelogram with BN as its diagonal. 
By parallelogram of velocities, the velocity re- 
Presented by BN is the resultant of the velo- 
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cities represented by ВО and BM, ie. V is 
the resultant of V, and Vra. 
Hence the true velocity of B is obtained by 
compounding the relative velocity of B with 
respect to A and the true velocity of A. In 
' vector notation, 
Vy "Vn Vast V, 


EXAMPLE 

A. steamer is travelling due east at the rate 
of и miles an hour. А second steamer is tra- 
velling at 24 miles an hour in a direction. 0 
north of east, and appears to be travelling 
north-east to a passenger on the first steamer. 
Prove that 0 = 3 sin! 3. 


Fig. 11.20 


Let the velocity u of the first steamer be 
represented by OA and. the velocity 2u of the 
second steamer be represented by OB where 
4 АОВ = 0. Let OC represent the apparent 
(relative) velocity-of the second steamer where 
4 AOC = 45°... By Section 11.12, OB is the 
diagonal of the parallelogram OABC. 

Now 4 ОАВ = 180° 
— 4 ВАЕ = 180° — 45° = 135° 
and Z ОВА = Z ВОС = 45° — 0. 
By. trigonometry, we have from A ОАВ 


їп ОВА _ sinOAB 


OA OB 
й sin (45° — 6) _ sin(a — 45°) 
u 2u 
sin(45* —6 |, uw .. 
29 sin 45° a on 
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sin 45? cos 6 — cos 45^ sin 0 

* I ARS AN uq 
sin 45 

or cos0 —sinó— 5 

Squaring this relation, we get 
L—sin2021 

or, sin20=1—}=} 

or, 26 = sin} 

= 4 sing 


or, 


Exercise 11.3 


1. A ship is sailing due east at 8 m.p.h. and . 
the wind is blowing from the north-west at 
84/2 m.ph. Show that, to an observer on 
the ship, wind appears to come from the north 
at 8 m p.h. 

2. A person travels due east at the rate of 
4 m.p.h. and the wind blows from the north- 
west at the rate of 4,/2 m.p.h. Find in mag- 
nitude and direction the velocity of the wind 
relative to the person. 

What happens if the person doubles his 
speed without altering his direction of motion ? 
3. A railway train, moving at the raté of 
30 тір. is struck Буга stone, moving hori- 
zontally and at right angles to the train with 
a velocity of 33 ft./sec; Find the magnitude 
and direction of the velocity with which the 
stone appears to meet the train. 

4. One boat is sailing north at the rate of 
12 m.p.h. and another boat is sailing north- 
west at the rate of 12,/2 mph. Find in 
magnitude and direction the velocity of the 
second boat relative to the first. 

5. A train is travelling north at 60 m.p.h. and 
the wind is blowing from the south-west at 
20 шир. Find the direction of the trail of 
the smoke of the engine. 

` [Assume that the smoke loses the velocity 
of the train as soon as it leaves the funnel and 
moves with the velocity of the wind.] 

6. A school boy holding en umbrella runs 
with a velocity equal to that of the rain fal- 
ling vertically, in consequence of which the 


101 


. Find the true direction 
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tain strikes him in the face. At what angle 
should he hold the umbrella in order to pro- 
tect him best ? 
7. A north wind is blowing at the rate of 8 
m.p.h. To a cyclist it appears to be an east 
wind of 8 m.p.h. Find the velocity of the 
cyclist in direction and magnitude. £ 
8. To a cyclist travelling at 10 m.p.h, due 
east, the wind appears to come from the north- 
east; but when he travels north-east at the 
Same speed it appears to come from the north, 
and velocity of the 
wind. : 
9. To a passenger of a train moving at 45 
m.p.h. through rain falling vertically, the direc- 
tion of the drops appears to make an angle 
tan (4) with the vertical; find the velocity 
of the rain. 
10. To a motor-car Passenger travelling due 
south at 30 m.p.h. the wind appears to blow 
from the west. When the motor-car speed is 
reduced to 15 m.p.h., the wind appears to 
come from the north-west. Find the true 
velocity and direction of the wind. 
ll. To a man walking at the rate of 2 m.p.h. 
the rain appears to fall vertically ; when he 
increases his speed to 4 m.p.h. it appears to 
meet him at an angle of 45°: find the real 
direction and speed of the rain. 
12.. To a man walking at the rate of 3 m.p.h. 
the rain appears to fall vertically ; find the 
real direction of the rain, given that its appa- 
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rent velocity is 3 ,/ 3 m.p.h. 

13. A person going eastward with a speed 
of 4 mph. finds that the wind appears to 
blow directly from the north. He doubles his 
speed and the wind seems to come from the 
north-east ; find the direction of the wind and 
its velocity. 

14. A ship steams due west at the rate of 15 
m.p.h. relative to the current which is flowing 
at the rate of 6 m.p.h. due south. What is 
the velocity relative to the ship, of a train 
going due north at the rate of 30 m.p.h. ? 
15. Ata given instant two cars are at distan- 
ces 300 and 400 yds. from the point of inter- 
section O of two straight roads crossing at 
right angle and are approaching O at uniform 
speeds of 20 and 40 ft./sec. respectively. Find 
the shortest distance between the cars and the 
time taken to reach this position. 

16. Two roads cross at an angle of 60°. Two 
persons, one on each road walking at the same 
speed, are approaching the crossing (acute 
angle), their simultaneous distances being 100 
yds. and 200 yds, respectively. Find their dis- 
tances from the crossing at the instant when 
they are nearest to one another. 

17. One ship, sailing east with a speed of 15 
m.p.h. passes a certain point at noon; and a 
second ship sailing north at the same speed, 
passes the same point at 1.30 P.M. At what 
time are they closest together and what is the 
distance then between them ? 


12 Acceleration 


WE HAVE seen in the previous chapter that 
the displacement of a moving particle changes 
with time and the time-rate of change of dis- 
placement has been defined as the velocity of 
the particle. 

The velocity of a particle may also change 
in the course of its motion. The quantity 
characterising the rate of change of velocity 
of a particle is called the acceleration of the 
particle, 

Acceleration being the rate of change of 
velocity which is a vector quantity, is itself a 
vector quantity. Hence we represent accele- 
ration geometrically by a directed line seg- 
ment the length of which stands for the mag- 
nitude of the acceleration. 

If the velocity of a moving particle increases, 
the motion is said to be accelerated; if the 
velocity decreases, the motion is said to be 
retarded or decelerated. In other words, ac- 
celeration is positive in case of an accelerated 
motion and it is negative in case of a retarded 
motion. Negative acceleration of a particle is 
frequently termed as retardation or decelera- 
tion. 

The acceleration of a particle is said to be 
uniform if its velocity undergoes equal changes 
in the same direction in equal intervals of 
time, however small these time intervals may 
be. It is measured by the change in velocity 
in unit time. 

When the acceleration of a particle is not 
uniform, ie. when it changes in magnitude or 
direction or both, we say that the acceleration 


of the particle is variable ; and we measure it 
at any time by the final change of velocity in 
a unit of time, if during that time the particle 
continues to move with the same acceleration 
as at the instant under consideration. 

The units of acceleration are ft./sec’ in the 
F.P.S system and cm./sec. in the C.G.S. sys: 
tem, its dimension being LT". 

If a particle possesses several simultaneous 
accelerations in different directions and if their 
combined effect be the same as if the particle 
moves with a single acceleration in a definite 
direction, this latter acceleration is called the 
resultant of the given simultaneous accelera- 
tions which, in their turn, are called the com- 
ponent accelerations of the single resultant. As 
in the previous chapter, the method of com- 
position of two given accelerations is provided 
by what is known as the parallelogram of ac- 
celerations. 


If a particle possesses simultaneously two 
uniform accelerations which are represented 
in magnitude and direction by the two ad- 
jacent sides of a parallelogram drawn from 
a point, then these accelerations can be com- 
pounded into a single uniform acceleration 
which is represented in magnitude and direc- 
tion by the diagonal of the parallelogram 
passing through that point. This is known 
as the parallelogram of acceleration. | 


12.1 Velocity and acceleration of a particle 
in rectilinear motion 
We shall now discuss the motion of a par- 
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ticle along a straight line, otherwise called the 
rectilinear motion of the particle. 

Let us consider a particle P moving in a 
straight line. A point O on that line is taken 
as the origin of a coordinate system and the 
axis OX (the x-axis) is taken along the line. 
The position of the particle on the axis will be 
specified by its x coordinate, equal to the dis- 


—PX 


o P P, 2 


Fig. 12.1 


tance OP taken with the appropriate sign. The 
displacement of the particle P carries it through 
(positions P;, Р....... ‚ Le. the value of x changes 
continuously. The position of the particle on 
its path at any given instant is specified by the 
relationship 

x = ft) (1) 
Equation (1) gives the general equation of 
rectilinear motion. 

It should be noted that the quantity x in 
equation (1) specifies the position of a moving 
particle, not the distance travelled by it. Thus, 
if a particle moving from О reaches position 
P, (see Fig. 12.1) and then reverses its motion 
and returns to P, its coordinate by that time 
will be x = OP, but the distance travelled by 
it will be d= OP, + P,P so that xz d. 


о 
т Sears haere ee 


Fig 122 


Let Р, Р, be the positions of the particle mov- 
ing on OX at times t, f, respectively, its dis- 
placement in the time interval A 1 = f, — t be- 
ing Ax= n — x (see Fig. 12.2. The ave- 
rage velocity of the particle is a vector quan- 


tity vay of which the numerical value is 


(2) 
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Here те has the same direction as the displace- 
ment of the particle, i.e. from P to P, 

The less the interval of time At=%,—1t 
for which the average velocity is calculated, the 
more accurately will the quantity vay charac- 
terise the motion of the particle. In order to 
obtain a characteristic of motion which would 
be independent of the time interval At, the 
concept of instantaneous velocity of a particle 
is introduced. 

The instantaneous velocity of a particle at 


> 
a time-£ is the quantity v towards which the 


> 
average velocity у,; tends when the time in- 
terval A t—>0. The numerical value of v is, 
therefore, given by. 


v= lim AX dx 


At>o At dt 6) 


Hence the numerical value of the instanta- 
neous velocity of a particle moving on a 
straight line is equal to the first derivative 
of its coordinate x with respect to time t. 


The sign of v is the same as the sign of A x. 
If v — 0, the motion of the particle is in the 


. : > 
direction of x increasing (the vector v is in 
the direction of the positive x-axis). If v < 0, 
motion of the particle is in the direction of 


x decreasing (the vector vds in the direction 
of the negative x-axis). 

The velocity of a particle may undergo 
changes in the course of its motion. The time 
rate of change of velocity of a particle is called 
the acceleration of the particle. 

Let us first introduce the concept of average 
acceleration. Let v and v, be the velocities 
of a particle moving on OX at times t and t, 
respectively. The average acceleration of the 
particle in the time interval A t= f, — t is 


e 
а vector quantity fay of which the numerical 


41841 
value is given by 
à Nest eC Fak 4 
fe tit At @ 
where A у is the increment in the value of v 
in the time interval At. 


26 

fav is in the positive direction of the x-axis 
when fx, > 0 and in the negative direction 
when far < 0. 


29 

The instantaneous acceleration f of a parti- 

cle for any given time 7 is defined as the limit 
> 

towards which the average acceleration fay tends 


when the time interval A t—>0. The nume- 


> 
rical value of f is given by 
Av_dy 


f-lim —--. 
Ata) At dt 


Using (3), we have 
wv эх, (5) 


Hence the numerical value of the instan- 
taneous acceleration of a particle is, in rec- 
tilinear motion, equal to the first derivative 


of the velocity, or the second derivative: of . 


the coordinate x of the particle with res- 
pect to time. 


H 2 
Again, a" 2v v 2 vf. 5 (6) 


) We find from (6) that if v, f have the same 
sign (both positive or both negative), then 


dv? a * 
V > 0 and v? is increasing. Hence the mag- 


> 22, 
nitude of у (= + / v) is increasing when у, f 


have the same sign. If v, f have opposite signs, 


the magnitude of ў is decreasing. Thus, the 
rectilinear motion of a particle 18: accelerated 
when the velocity and acceleration’ vectors are 
in the same direction ; it is retarded when the 
velocity and acceleration vectors are of oppo- 
site sense, ; 
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We may rewrite (5) іп the form 1 
dy ф dx dy 
ECL LLL E " 
{С a ade Бах 00 
‚2 
or, f^ i Lies (75) 


122 Rectilinear motion of a particle with 
uniform acceleration 

The rectilinear motion of a particle is des- 
cribed fully when we can determine the dis- 
tance, the velocity and the acceleration of the 
particle at any instant. Hence we ‘must have 
some relations among these quantities. The 
required relations are as follows: 


If a particle moves along a straight lin: 
with a uniform acceleration f, and if u and 
v be the initial and final velocities during 
an interval of time ¢ and x be the distance 
described in time t, then , 


(@ у= и ft, 
(ii) x = ut + 4ft, 
(iii) v? = и + 2fx. 
The proofs of these formulae are given below: 
PROOF OF (i) 


Let a particle move along a straight line 
with uniform acceleration f and let it start 


` from the position x = 0 at t= 0 with a velo- 


city u. The velocity v of the particle at any 
time is given by 
dv 


VITSE or dv — fdt 
Integrating with respect to f, we get 
v=fttA a) 


where A is an arbitrary constant. 
The initial condition. is 


v =u when.t = 0. (02) 
Using (2), we have from (1), A = u. 
Thus (1) becomes у =u + ft (i) 


PROOF OF (ii) 
The velocity v of the particle at any time 
t is 
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AARTE i 12 vdt 
Oi Cia и AT) rage As in the time interval from 
ог, dx = udt + ft dt. [А i 
1 


Integrating, we get 
x — ut + fà +B (3) 
where B is an arbitrary constant. 
The initial condition is 


x-—0att-0. (4) 
Using (4), we have from (3), B — 0. 
x — ut +30. Gi 


PROOF or (iii) 


We have vas 


ог, vdv = fdx. 
This gives on integration 


у? 
$5 —7ÍxtD (5) 


where D is an arbitrary constant. 
The initial condition is 
v=u when х= 0 (at time £ — 0). (6) 


2 
By (6), we get from (5, D = 5-. 


(5) becomes =н 


so that v? = и? + 2fx. (й) 


COROLLARY 
1. Using (ii) above, we can determine the 
distance described by the particle in any parti- 
cular second. Thus, if x, denotes the distance 
described by the particle in the fth second, we 
have 
x. = distance described in secs. 
— distance described in (t — 1) secs. 
—uttifü—(u(t—ncMG— 17} 
or x =u + 3] (2t — 1) (iv) 
2. It can also be shown that if acceleration 
be constant, average velocity in any interval 
of time is equal to the average of velocities at 
the beginning and end of the interval. 
The average velocity (strictly the time ave- 
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t; to А) is 
distance covered 
time taken 

We shall prove the result for the time in- 
terval (0, 2). Let у= и when t —0 and v 
= y, when f = f. If x, be the distance des- 
cribed by the particle in time f, we have 

X = ut, + 4ft? by (ii) above, 

and v, =u + ft, by (i) above. 


Average velocity — i u dt 
—-udctio-u) 
= “+r 
2 


initial velocity + final velocity 
or? 
REMARK 

If the particle starts from rest (ie. u = 0), 
the above relations (i)-(iii) become 


y — ft, 
х= Ур, 
y! = 2fx. 


12.3 Illustrative examples 


EXAMPLEI 

A particle starts with an initial velocity и 
and passes successively over the two-halves of 
a given distance with accelerations f and ў 
respectively. Show that the final velocity is 
the same as if the whole distance is covered 
with uniform acceleration 1 (f + f). 

Let 2x be the total distance, v, the velocity 
after a distance x is covered with acceleration 
f, and v, the velocity at the end of the journey. 

V. v = + 2fx. (1) 
"The initial velocity for the second-half of the 
journey is equal to the final velocity of the 
first-half, ie. v, 
v? = v! 2fx 
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=u? + 2fx + 2fx by (1) 

шай-2.1(-0).2х. 0) 
If the total distance were described with a 
constant acceleration f. we would have 


v4! = и? + 2f.2x. (3) 
Comparing (2) with (3), we find 
Һ= 30+). 


Hence the final velocity is the same as if 
the whole distance is covered with uniform 
acceleration fo. : 


EXAMPLE 2 

A train stopping at two stations 2 miles 
apart takes 4 minutes on the journey from one 
of the stations to the other. Assuming that 
its motion is first that of uniform acceleration 
x and then that of uniform retardation y, prove 


1 1 
that = яр DS 4, a mile and a minute be- 
ing the unit of distance and time respectively. 


d 2-d 
A B ae 
Fig. 12.3 
Let the stations be A and C. We suppose 
that the train moves with uniform acceleration 
x from A to B, and then it moves with uniform 
retardation y from B to C where AB = d miles 
so that BC = (2 — d) miles. 
If v be the velocity of the train at B, we 
have 


у=м (1) 
y! = 2xd (2) 
ошу-у(4-01) 
or, v—y(4—1) 8) 
and у = 2у Q — d), (4) 


t being time (in minutes) taken by the train to 

move from A to B. Here relations (1) and (2) 

correspond to the motion from A to B, and 

(3), (4) stand for the motion from B to C. 
From (1) & (3), we have 


1 13772 EA EU Ы 
ИЕ у) =tt4 t=4 (5) 
Again, (2) and (4) give 
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»*,.1 1 
(= +) = 2-4-2 
z(= y) б, © 
Dividing (6) by (5), we get 


Y 


2 2 
15 y 
222254 
Hence (5) becomes = + 5 


Thus the result is proved. 


so that v = 1, 


EXAMPLE 3 

A man sees a bus 100 yds. away starting 
from rest with constant acceleration. He then 
runs after it with constant speed and just cat- 
ches it in one minute. Determine the speed 
of the man and the acceleration of the bus. 

If the man’s speed is 8 ft./sec., find in yards 
the nearest he can get to the bus. 

Let the man run at v ft./sec. and the bus 
accelerates at f ft./sec?. Then in f secs. the 
man has run a distance vt and the bus has 
moved a distance iff. The bus is then ahead 
of the man by a distance d ft. where 

d = Aft + 300 — vt 


4 (е 2 2 4-300 


-4(8-2 pp =) +300 


f(t 5) `+30- 2 
= (7-7 27 

Now d is positive for ай values оѓ ¢ if 
300 — » 20, ог v? < 600f and then the 
man will never catch the bus. 

The man will just catch the bus in one 


minute if t=. = 60 and у = 600f, d being 


y 
then zero. 

In this case, у° = 3600f? = 600/ 

ог, 600f (6f —1)=0 
which gives /-:4(2 f750) 
so that v = 60f = 10. 

Hence the man runs with a speed of 10 ft./ 
sec. and the acceleration of the bus is then 
4 ft./sec*. 
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ЇЇ v=8, we have 300 — ЭГ -0300- 
8? : 
8 
Hence the man can never catch the bus. In 
this case, d is least when t = F and then 


aa SENNO. 
2f 
Thus the least distance by which the bus is 
‘ahead of the man is 108 ft. = 36 yds. 


EXAMPLE 4 
Two particles start together and move from 
the same point A along the same line AB. 
Р has a uniform velocity of 20 ft./sec. and О 
a uniform acceleration of 4 ft./sec? and no 
initial velocity. Find when and where they 
meet again. Before they meet again, find 
when the distance between the two will be 
maximum and what would be maximum dis- 
tance. . 
Let us suppose that the particles Р and О 
meet at C after t secs. 
АС = distance described by P in t secs. 


= 20t 
and AC = distance described by О in / secs. 
= 1.40 = 2Р. 
20 = 2€, ог 21(10— ) = 0 зо that 


1= 0, 10, t=0 gives the starting time. 
-. The particles meet after 10 secs at C where 
AC = 20.10 ft. = 200 ft. 
Let x be the distance between P and O at 
any time ¢ before they meet again. 
Then x = 20t — 2 = — 2 (02 — 101) 
= —2(0 — 10t + 25 — 25) 
= 50 —2(t — 5), 

x wil be maximum when (t— 5y is 
minimum ie. when t — 5 = 0 or (555 secs, 
and then x — 50 ft. 

EXAMPLE 5 

A particle starting from rest moves with 
, uniform acceleration. At what time will it 
be in a position to move as much distance, 
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in the next second, as it has already covered ? 

Let the required time be f secs. Then the 
distance 4 covered by the particle in 1 secs. is 
equal to the distance covered in the (t + Dth 
second. : 

2) а=} (1) 
and 4-1/(20-1-14,. (2) 
f being the uniform acceleration of the parti- 
cle. 
Ву (1) & (2), ff = 3f Qt + 1) 
or, Ё-2-1-0 
which gives pay EE vi tali? 
Since f¢ cannot be negative, the value 
1=1— {/ 2 is not taken into account. 
The required time = (1 + 4/ 2) secs. 
= 2.414 secs approximately. 
EXAMPLE 6 

A bullet moving with a velocity of 1600 
ft./sec. has its velocity reduced to one-half 
after penetrating one inch into a target. As- 
suming the resistance to be uniform, how far 
will it penetrate before its velocity is destroy- 
ed ? 

Let f б. /ѕес? be the retardation of the mo- 
tion of the bullet due to the resistance of the 
wall, supposed uniform. 

By the given condition, 
800 = 1600! — 2 x fx 
or, f= 6(1600* — 800?) (1) 

Let x ft be the total distance penetrated 

through the wall. 
Then 0 = 1600? — 2fx 

or, 2fx = 1600 (2) 
Dividing (2) by (1), we get 

16002 
6 (16002—8002) 

1600? 

12 (1600+ 800) (1600— 800) 

2 2 
+ = _ 1600x1690 _ 1 

12x 9400x890 — 9 
5 3 


2х = 


х= 


512.8] 
sai ENE aL iE 

+ ху ft. 3 inches. 
Hence the bullet penetrates $ inches through 

the wall before its velocity is destroyed. 


EXAMPLE 7 

A. particle starts from the origin with velo- 
city 4 m./sec. at time / = 0 and moves with 
an acceleration which decreases at a constant 
rate from 6 т. /ѕес? at t = 0 to zero at 1— 2. 
Find the distance covered in the two seconds. 

Let v be the velocity and f be the accelera- 
tion of the particle at any time f. 


By the given condition 2 =—k(k>0). 


On integration with respect to /, we get 
f=A-—kt (i) 
where A is the constant of integration. 
Since f — 6 at t=0, we have from (1), 
4 = 6. 


(1) becomes f — 2t = 6 — kt. (2) 
Again, f = 0 when t — 2. 
^ k=3 from (2). 
Hence (2) becomes м =6 —3t 


which gives on integration with respect to t, 
v=6t—$ +B, B being a constant. 
We are given that у = 4 at t = 0. 

В = 4 and we have 


= 6t—gh+4 3) 


where x is the distance described by the par- 


ticle in time 7. 
Integrating (3) again, we get 
x=3P-—4e+4+C 
where C is constant. 
The initial condition is x= 0 at t= 0 
so thatC=0. _ 
So x =3P — 484+ 4 
When ¢=2, х-3.2-4.2-42 
=12—4+8=16 
Distance described in the two seconds is 
16 metre. 
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EXAMPLE 8 

If f= — kv (where k is a positive cons- 
tant), and if x = 0, v = и when t=0, show 
that x tends to a limiting value as t—>oo, 
and that in any interval the decrease in velo- 
city is proportional to the distance covered. 
d = f= – (> 0) 
Separating the variables and integrating, we 
get 

log vy = — kt + log A (A being a const.) 

or, у = Ает“. 

Since v = и when t = 0), we have и = A. 


уз а. zum. (1) 

Separating the variables and integrating 

again, we have x — 80 + В, В being а 
constant. 


Since x = 0 at t=0, we get В = ү. 


Hence x= r3 (1 — e™). (2) 
As t—> œ, e™—>0 since K 70, and there- 
fore х7 by (2). 


Thus x tends to the limiting value ya 


i> ©, 


Again, the decrease in velocity in time f 
=u-—v=u-—ue™ by (1) 


zu(l-:e") 
=kx by (2) 
1.6. ее: 


Thus the decrease in velocity in any interval 
of time is proportional to the distance cover- 
ed. 


. Exercise 12.1 


l. A body starting from rest moves with an 
acceleration of 5 cm./sec?; in what time will 
it acquire a velocity of 25 cm./sec., and what 
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distance does it traverse in that time ? 
2. A body starting from rest and moving 
with uniform acceleration describes 133 feet 
in the tenth second. Find its acceleration. 
3. Find the distance described by a particle 
in the 10th second of its motion, if its initial 
velocity be 60 ft. per second and retardation 
‘be 2 ft. per second per second. 

4. A particle moving with uniform accelera- 
tion passes over 19 ft. in the fourth second 
and 27 ft. in the sixth second of its motion. 
Find the initial velocity and acceleration. 

5. A point, moving with uniform accelera- 
tion, describes 25 ft. in the half second which 
elapses after the first second of its motion, and 
198 feet in the eleventh second of its motion ; 
find the acceleration of the point and its ini- 
tial velocity. 

6. 'The speed of a train is reduced from 40 
miles an hour to 10 miles per hour, whilst it 
travels a distance of 150 yards ; if the retarda- 
tion be uniform, find how much further it will 
travel before coming to rest. 

7. A bullet fired into a target loses half its 
velocity after penetrating 3 inches. How much 
further will it penetrate ? 

8. A particle, moving in a straight line with 
uniform acceleration, passes over 25 ft. in the 
5th sec. and 33 ft. in the 7th sec. of its motion. 
Find its initial velocity and acceleration. 

9. A particle starting with a given velocity 
moves for 3 secs. with constant acceleration, 
during which time it describes 81 ft. ; the ac- 
eleration then ceases and during the next 3 
secs., it describes 72 ft. Find its initial velo- 
city and acceleration. 

10. A bullet passes through a wall 9.6 inches 
thick and its velocity changes from 1200 to 
800 ft./sec. thereby. Find the time required 
by the bullet to pass through the wall, and the 
velocity when half the wall is penetrated. 

11. A train stops at two stations 4 miles 
apart and takes 8 minutes on the journey from 
one station to the other. If its motion is first 
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that of uniform acceleration x and then that 
of uniform retardation y, find the relation be- 
tween x and y. 

12. A train travels from a station X to a 
station Y in 45 minutes. At a point Z, some- 
where between X and Y, it attains its maxi- 
mum velocity of 45 m.p.h. If it travels with 
uniform acceleration from X to Z and uniform 
retardation Z to Y, find the distance between 
X and Y, it being supposed that the train starts 
from rest at X and comes to rest at Y. 

13. A particle moving along a straight line 
with uniform acceleration describes 7 ft. dur- 
ing the 5th sec. of its motion, and. ultimately 
comes to rest after sometime. If it describes 
arth of the whole distance during the last 
second of its motion, find how long it was in 
motion and also its initial velocity. 

14. If a,b,c be the spaces described in the 
pth, qth and rth seconds by a body starting 
with-a given velocity u and moving with uni- 
form acceleration f, show that а(4-0)- 
b(r—p) +c(p—q) =0. 

15. Prove that for a particle moving with uni- 
form acceleration f in a straight line, f — 
2 (7 ‚гү (t+ f) where s is the space 
described in 7 seconds, and s’ during the next 
ť seconds. 

16. A train travels from rest at one station 
to rest at another (in the same straight line) 
distant d ft. Tt moves for the first part of the 
distance with an acceleration of a ft. per sec' 
and for the remainder with a retardation of 
b ft. per sec. Show that it will accomplish 


E s 2 (a--b) 4 } 
th ———— 4 
e journey in V f zm secs 


17. A point moving under uniform accelera- 
tion describes successive equal distances in 


times А, t» 1. Show that rl + 2 
ty ta fs 
СЕПЗ A ae 
һ+ъ+ђ 
18. Two particles start at the same instant 
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from a point A and move in the same direc- 
tion along a straight line AB. The first has 
a uniform velocity of 40 ft./sec. while the 
second starts with an initial velocity of 16 ft./ 
sec. and has a uniform acceleration of 6 ft./ 
вес, Find the time that elapses before the 
two particles meet again. 

19. A particle moves with an acceleration 
which is inversely proportional to its velocity, 
and starts from the origin with speed и cm./ 
sec, After 3 seconds its speed is 2u. Find 
the distance covered in the 3 secs. 

20. A point starts from the origin at time 
t = 0 with velocity 8 m./sec. Its acceleration, 
which is initially — 4 m./sec', increases steadi- 
ly with the time at such a rate that at a cer- 
tain instant the velocity and the acceleration 
are both momentarily zero. Show that at this 
instant the distance covered is 3* m. 

21. A point moves so that the graph of v 
against x is a straight line cutting the x-axis 
at х= 100. At time 1-0, x=0 and 
v = 50 cm./sec. Find v and x in terms of 
t and show that it would take an infinite time 
for the point to reach x — 100. 

22. A point starts moving with velocity u at 
time ? = 0. Its average velocity in any inter- 
val of time starting at t = 0 and ending at 
t= t is 3 (и + 2v), where v is its velocity at 
time ї. Show that its acceleration is propor- 
tional to 173. 

03. A tram runs along a straight track. 
After starting, the distance travelled by the 
tram is proportional to the cube of time. 
During the first minute the tram travelled 90 
metres. Find the velocity and acceleration for 
t=0 and t= 5 secs. 

24. The landing speed of an aircraft is 100 
km./h. Determine its deceleration at landing 
on the track of / = 100 m. length if the dece- 
leration is constant, 

25. A particle is moving in a straight line, 
and is observed to be at a distance a from a 
marked point initially, to be at a distance b 
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after an interval of n sec., to be at a distance 
€ after 2n sec., and at a distance d after 3n 

sec. If the acceleration be uniform, prove 
that d — a — 3(c — b) and that the accelera- 
2o. €ra—2b 

tion is — p 

Find also the initial velocity. 


124 Falling bodies 

It is well known that the speed of a heavy 
body falling towards the earth, increases as it 
falls or that it moves with an acceleration. 

Natural philosophers of the sixteenth cen- 
tury and earlier believed that a body falls to- 
wards the earth with a speed proportional to 
its weight so that two bodies of different weights 
would not fall in the same manner. Ї was 
Galileo (1564-1642) who carried out an experi- 
ment, for the first time, on the motion of fall- 
ing bodies. He established that 


a body falling freely (that is, air resistance 
is neglected) towards the earth's surface, 
moves in a straight line and its distance be- 
low the starting point is proportional to the 
square of the time during which it has been 
falling. 


Thus if the body falls through a distance 
in time /, we have ; 
x = kt’, k being a constant. 
Hence the velocity at time t is 


dx 
Tp = 2kt 
and the acceleration then is 
d*x = 2k, 
dt® 5 


both being directed vertically downwards. 
Thus all bodies falling freely near the earth’s 
surface at any given place have the same ac- 
celeration acting vertically downwards. 

This acceleration is known as acceleration 
due to gravity and is denoted by g. The 
magnitude of g varies with position on the 
earth’s surface and also with elevation above. 
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the sea level. Unless otherwise stated, we 
shall take g = 32 ft./sec? or 981 cm/sec’. 

The motion of any falling body being uni- 
formly accelerated and rectilinear, all the for- 
mulae established in Section 12.2 hold good 
here also. 


12.4(a) Vertical motion of a particle falling 
freely under gravity 

Let a particle fall (from rest) freely under 
gravity from a point O at a height h — OA 
above the earth's surface. The point O is 
taken as the origin and the downward vertical 
line through O is taken as the positive x-axis. 


o 


“| 


A Earths 
surface 
Fig. 12.4 


Let the particle attain a velocity у when it 
has fallen through a distance x(= OP) in time 
t. Putting u =0 and f =g in the formulae 
of Section 12.2, we have 


v= gt, а) 
x= 168, 0) 
y! = 2gx. (3) 


Putting x = h in (2) and (3), we get 
Т = time of falling to the earth’s surface 


2h 
- I 4 
Nu е 
апа V = velocity with which the particle falls 
to the earth = + 4/ 2gh. (5) 
[The positive sign of the square root is taken 


because v is directed in the positive x-direc- 
tion.] 
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12,445) Motion of a particle moving verti- 
cally upwards 

]t is our common experience that when a 
body is projected vertically upwards with some 
velocity, its speed gradually decreases, it comés 
to rest (when the greatest height is attained) for 
an instant and then falls with the acceleration 
due to gravity. During the upward motion, it 
has the downward acceleration due to gra- 
vity, or a retardation g. 

Let us suppose that a particle is projected 
with an initial velocity и, vertically upwards 
from a point O on the earth's surface. The 
upward vertical line through О is {акеп as the 
positive x-axis, O being the origin. The par- 


^ 


o 
Fig. 125 - 


ticle experiences a retardation or negative ac- 
celeration g, We shall assume, for simplicity, 
that g is constant, ie. we shall neglect the 
variation of g with height, and also the resis- 
tance of the atmosphere. 

If v be the velocity attained by the particle 
at P when it has gone up through a height x 
in time /, the equations relating to motion in 
a straight line with constant acceleration (Sec- 
tion 12.2) give 


v=u— gt, (1) 
х= ut — 00, (2) 
vi = и? — 2gx. (3) 


Tt is clear from (1) that (i) v — 0 as long as 
u—gt»0ort-« zand (i) v = 0 when t= 
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В 2 
ay Again (3) gives x = when v = 0, Thus, 
g 2g 

if H(= OA) be the greatest height attained in 
time Т, we have 


T, = time of flight upwards = (4) 
и? 
and H = 227 (5) 
Sie 
We find from (2) that x — 0 when t=0 or 


[d Here f — 0 is the time of start and 


{кч 


t= = gives the time after which the particle 


comes back to the starting point O. Putting 
2u 


hl in (D, we have y= — и. Hence 
T — total time of flight (from A to O and 
back to O) = a (6) 


and V = velocity with which the . particle 
comes back to the earth 
=k. (7) 


REMARKS 


1. We find from (1) that v < 0 when го» ie 


and that v increases numerically as / increases. 
'This shows that, after reaching the highest 
point, the particle begins to descend and its 
speed increases. 
Putting x = 0 in (3), we have v = + u. 
The -- sign gives the velocity on starting 
and the — sign the velocity on returning to 
the point of projection. 
From (4) and (6), we find T = 27. 
Hence the time of flight is twice the time of 
rise. 
1 so, Т, = time of fall (from A to 0) 
=Т—Т = tu uu, 
g 8 8 
ence time of rise = time of fall. 
2. Equation (2) may be rearranged as 
gt? — 2ut + 2x — 0. 
This being a quadratic equation in f, it has 
two roots, namely 
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222 2и +f 40 —4g2x | U t a/u’ — 29x 
л 2g g 
Edd ul — 2gx 
8 8 


These roots are real only if u? >> 2gx. Let us 
rl Sp 
write n = NE 28Х үүн y 
8 g g 
Vut 29x 
8 
Here т being the time to attain the greatest 


height, t, (<=) represents the time in 
g 
going up to some point P at a height x above 
the ground and 1 (>=) represents the 
8 


time after which the particle passes through 
P on the way down. 

It is to be noted further that 1, t; become 
и 2 
2g. > 
than the greatest height attained by the parti- 
cle. 

Again, we have from (3) 

у= y/u -2gx 


imaginary when x > ie. x is greater 


2 8 
Here also v is real only if x < 2: The + 
sign represents the velocity at P on the way 
up and the — sign that on the way down. 
3. In order to determine the time taken to 
reach a point below the point of projection, 
it is not necessary to find the time up and 
down to the point of projection and then the 
time to the point below. We simply substi- 
tute the distance below the point of projection 
for x in (2), giving it a negative sign. This 
is illustrated in Example 2 worked out below. 


12.5 Illustrative examples 


EXAMPLEI 
A body falls from rest. Find (i) how far 
it will fall in 10 secs.; (ii) how long it takes 
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to fall 100 ft. and (iii) its velocity after falling 
100 ft. 
(i) d = distance fallen through in 10 secs. 


Yap. cae 
= 58 = x 88 x 100ft. —1600 ft. 


(ii) Let t be the time to fall 100 ft. 

Then 100. x 32 x # = 16? 
Dee 
The negative 


or, Ё = 35, 2, 
2. Required time = $ secs. 
value is obviously inadmissible. 
(1) Let v be the velocity of the body after 

it has fallen through a distance of 100 ft. 
Then v? = 22x = 2 x 32 x 100 = 6400 

22-ул 80 
2. The velocity of the body is 80 ft./sec. 
after it falls through 100 ft. 


EXAMPLE 2 
A ball is thrown vertically upwards with 
a speed of 128 ft. per sec. Find where it is 
after 5 secs., and the total distance it has ac- 
tually travelled. If it falls past the point of 
projection into a well of depth 120 ft., find 
when it strikes the bottom. 
Time of rise to the greatest height 
ЙГ _ 128 
5732 
The ball then descends with initial velocity 
zero for (5 — 4) sec. or 1 sec. to reach the 
required point. 7 
Now, distance fallen through in 1 sec. 
=4er=}x 32x Pit = 16 ft. 
Also, the greatest height attained by the Бай 
: 2 


secs. =4 secs. 


и? 128x " 
= бе, БЕРТГЕ ft. — 256 ft. 
2. The ball has actually travelled, in 5 secs., 
a distance (256 + 16) ft. or 272 ít., and then 
it is at height of (256 — 16) ft. or 240 ft. above 
the point of projection. 

Let t be the time after which it strikes the 
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bottom of the well. 
Using x= ut — 30 
and putting x = — 120, и = 128, g = 32, 
we get 
— 120 = 1281 — 16 
or, 160 — 128t — 120 = 0 
ог, 28-16-15-0 
_ 16 44/256 + 120 16 + 19.38 
EA 4 emm 
approx. 
= 88 or — 0.8 


Since t cannot be negative, the body strikes 
the bottom of the well after nearly 8.8 secs. 
EXAMPLE3J 

A. particle is projected vertically upwards 
with a velocity of u ft./sec., and after t secs. 
another particle is projected upwards with the 
same velocity from the same point. Prove 
that the particles will meet after a lapse of 
Gra) secs, from the instant of projec- 
tion of the first particle. 
of their meeting point. 

Let the two particles meet at a height h ft. 
after a lapse of / secs. from the instant of 
projection of the first particle. 
Then h= uti — 4gt? (1) 
and h-—u(t'—1)-— ig(r —1ty Q) 


By (1) & Q,ae — 4 ad — ш - 
Peur un an 
ог, 811 =1(и + 320) 


Find also the height 


га ta 
g 2 
Putting this value of Г in (1), we get 
h-r (v- st ) 
wie 


Cr uso t UU Ире 
(uy Co m) 
-Gto 20—561. 4и —g*i* 

4 2g 
Hence T particles meet at a height of 


EU after a lapse of Ё 57 secs. 


Ех.1221 


from the instant of projection of the first par- 
ticle. 


Exercise 12.2 


1. A particle is projected vertically upwards 
from a point О with velocity 60 ft./sec. At 
what times will it be (1) 44 ft, above, (ii) 16 ft. 
below O ? 
2. A particle is projected vertically upwards 
with a velocity of 40 ft./sec. Find (i) when 
its velocity will be 55 ft./sec. and (ii) when it 
will be 25 ft. above the point of projection. 
3. A body is projected vertically upwards 
with a velocity of 80 ft./sec. Find how long 
it takes to return to the point of projection. 
4. A body is projected vertically upwards 
. with a velocity of 96 ft./sec. Find (i) how 
long it takes to reach its highest point; (ii) 
the distance it ascends during the 3rd sec. of 
its motion. 
5. A particle falling from rest moves through 
240 ft. during the last second before its strikes 
the ground. Find the height from which it 
falls. 
6. A body falls freely from the top of a 
tower, and during the last second it falls th 
of the whole distance. Find the height of the 
tower. 
7. A body is projected vertically downwards 
from the top of a tower with a velocity of 40 
ft./sec., and it takes 3 secs. to reach the ground. 
What is the height of the tower? 
8. The greatest height attained by a particle 
projected vertically upwards is 225 ft; find 
how soon after projection the particle wili be 
at a height of 176 ft. 
9. A body which fell from rest was observ- 
ed to fall through 256 ft. in 2 secs. For how 
long had it been falling before it was observ- 
ed? 
10. A particle is projected upwards, from the 
ground, and after sometime it is seen at a 
height of 21 ft. falling downwards with a 
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velocity of 16 ft./sec. How long before this 
was it moving upwards through the same 
point and what was its velocity then? Find 
also the time from js start to the highest 
point. 

11. A particle is projected vertically upwards. 
Prove that it will be at 3 of its greatest height 
at times which are in the ratio 1:3. 

12. If a stone falls past a window 8 ft. high 
in half a sec., find the height from which it 
fell. 

13. A particle is projected vertically upwards 
with speed 128 ft./sec. from a point О; it 
passes successively through two horizontal 
screens at heights of 10 ft. and 20 ft. respec- 
tively above O. If the speed of the particle 
be halved on passing through a screen, find 
the greatest height above O that the particle 
attains. If the speed is also halved on pass- 
ing through such screen on the downward 
journey, find its speed on coming back to O. 

14. A sandbag is dropped from ап airship 
which is 1400 ft. above the ground and is 
rising vertically at the rate of 20 ft./sec. Find 
the time the sandbag takes to reach the 
ground. 

15. A stone dropped into a well ойне the 
water with a velocity of 80 ft./sec. and the 
sound of its striking the water is heard in 
2% secs. after it is let fall. Find the velocity 
of Ош 

16. A stone is dropped into a well, and the 
sound of the splash is heard in 7,7; secs. If 
the velocity of sound be 1120 ft./sec., find the 
depth of the well. 

17. A stone is dropped from a height.of 50 
ft. above the ground. At the same time, a 
ball is projected upwards from the ground 
with a velocity of 40 ft./sec. in the same ver- 
tical line. Show that they will meet midway, 
and find the time of meeting. 

18. A body is projected vertically upwards 
with an initial velocity of 80 ft./sec. Find 
the height to which the body rises. 
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Another body is projected vertically up- 
wards 2 secs. after the first with an initial 
velocity of 64 ft./sec. Find when the two 
bodies are at the same height, and find also the 
velocity of each body at this instant : 
19. A particle is projected vertically up- 
wards from a point O with an initial speed 
pf 80 ft./sec. During what interval of time 
is the particle more than 96 ft. above A ? 

With what velocity must a second particle 
be projected vertically upwards from A at the 
beginning of that interval in order that the 
‘particle should meet at the end of that inter- 
val ? 

20. A body is dropped from the top of a 
tower 144 ft. high, and just at the moment, 
another body is projected vertically upwards 
along the same line from the foot of the tower 
with a velocity just sufficient to carry it to 
256 ft. What time elapses before they meet ? 
21. A particle thrown vertically upwards 
takes ¢ secs. to rise to a height л and 1^ secs. 
is the time taken to reach the ground again. 
Show that h = 1917. 

22. A particle projected vertically upwards 
is in the same position after п — 1 sec. as it 
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is after п sec. Find the starting velocity and 
the greatest height above the starting point. 
23. A rocket ascending vertically from the 
ground with an initial velocity of. ,/ 2gy ft./ 
sec. explodes when it reaches the greatest 
height and the interval between the sound 
reaching the place of starting and a place x 


ft. distant from it is 4 of a second. Show 


that the velocity of the sound is n(/ х? + у“ 
— y) ft./sec, 

24. A particle is projected vertically up- 
wards with a velocity of и ft./sec., and f secs. 
afterwards, another particle is projected verti- 
cally upwards with the same initial velocity. 
Prove that their velocities when meeting will 
be each jet. 

25. A balloon rises from rest on the ground 
with constant acceleration 1g. А stone is 
dropped when the balloon has risen to a height 
H ft. Find the time taken by the stone to 
Teach the ground. If a second stone is drop- 
ped г secs, after the first one, find the distance 
between the stones ¢ secs. after the second 
stone is dropped, assuming that the first stone 
has not reached the ground at that time. 
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WE have so far discussed motions of ‘particles 
without considering the causes of such mo- 
tions. In the present chapter we intend to 
examine the causes of motion of a body. The 
causes of motion of a body are embodied in 
three basic laws enunciated by Sir Issac New- 
ton and published in his famous book Princi- 
pia in 1686. These laws are known as the 
laws of motion and they admit of no strict 
proof, experimental or otherwise. They are 
the basic postulates or assumptions on which 
the science of Newtonian Dynamics is based, 
and like other scientific laws, they are justi- 
fied only in so far as they lead to results in 
agreement with the observations made. The 
results obtained from these laws and the pre- 
dictions made in Dynamical Astronomy are 
found to agree with the observations remark- 
ably well, and thus provide excellent confirma- 
tion of these fundamental laws. 


131 Newton’s Laws of Motion 

First Law: Every body continues to re- 
main in its state of rest or of uniform motion 
along a straight line unless it is compelled to 
change that state by external impressed forces. 

Second Law: The rate of change of mo- 
mentum of a body is proportional to the 
resultant external force acting on it and takes 
place in a direction in which the force acts. 

Third Law: To every action there is al- 
ways an equal and opposite reaction. 


13.2 The first law of motion 
The first law gives essentially the definition 


of a force. It states that a body cannot 
change its state of rest or of uniform motion 
(rectilinear) by its own effort and for any 
kind of change of its existing state, an exter- 
nal agent is necessary ; this is what we call a 
force. Hence, a force is that which produces 
or tends to produce a change in the existing 
state of rest of a body, or of its uniform motion 
in a straight line. If the body be not com- 
pelled to change its existing state by a force, 
it continues to remain in its existing state. 
This property of a body to retain its existing 
state is known as inertia. 


13.3 The second law of motion 

We have found that the first law of motion 
gives the qualitative definition of a force. The 
second law helps us to obtain the quantitative 
measurement of a force. We should first de 
fine the momentum of a moving body. 

The momentum of a body is the product 
of its mass m (supposed to be a constant) and 
its velocity v at any time t. 

Now, we have from the first part of the 
second law, 


d 
D (ту) 
where P is the force acting on the body at 
time 1: 1 
ie. P% m a (supposing m to be a constant); 


ie. P = mf 
where f is the acceleration of the body at time 


1; 
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їе, P = Kmf, K being a constant to be deter- 
mined. - 


To determine K, let us introduce the idea 
of a unit force. 

A unit force produces a unit acceleration 
acting on a unit mass. Thus P=1 when 
т = 1 апа } = 1. Hence К = 1 and we have 

Р = mf. 
Неге Р and f being both vector quantities, 
the rate of change of momentum (ie. mf) 
takes place in the direction in which the force 
P acts. 


dec 
This fact leads us to an important physical 
concept which is as follows: 


If a number of forces act simultaneously in 
different directions on a body having a cer- 
tain initial velocity, each force produces an 
acceleration in the direction in which it acts, 
irrespective of the influences of the other. 


This is known as the Principle of Physical 
Independence of Forces. 


REMARKS 

The second law coupled with the parallelo- 
gram law of accelerations leads us to the paral- 
lelogram law of forces. 

Let the forces Р, and Р, acting on a body 
of mass m produce in it accelerations fi and 
fa respectively. 

Then P, = mf, and Р, = mf. The resultant 


9 C 


P= m fa 
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R of P, and Р, is the resultant mf of mf, and 
mf, The resultant of mf, and mf, сап be ob- 
tained by using the parallelogram law of ac- 
celerations as shown diagramatically. 

We thus conclude: 


If a particle be subjected to two forces re- 
presented in magnitude and direction by 
two given straight lines drawn from a given 
angular point, the forces are equivalent to 
a single force represented in magnitude and 
direction by the diagonal through that angu- 
lar point of the parallelogram whose adja- 
cent sides are the straight lines representing 
the forces. 


This is known as the Parallelogram Law of 
Forces, 


13.4 Absolute units of force 

The unit of a force which, acting on a unit 
mass, produces a unit acceleration in it is cal- 
led the absolute unit of force. 

The absolute unit of force in the F.P.S. sys- 
tem is called poundal which is defined as fol- 
lows : 


The force which acting on a mass of one 
pound produces in it an acceleration of 1 
ft. /sec.* is called a poundal. 


The unit of force in the C.G.S. system is 
known as dyne which is defined ав: 


A dyne is a force which acting on a mass 
of 1 gram produces in it an acceleration of 
1 cm./sec*. 


We now deduce the relation between a 
poundal and a dyne. 
Since 1 ft. = 30.4 cms (approx.) 
and 1 Ib. = 453.6 gms, 
1 poundal = 30.4 x 453.6 dynes 
= 13800 dynes (approx.) 


§ 13.5 j 


13.5 Gravitational units of force 

The force with which a unit mass is attract- 
ed by the earth (or gravity) is denoted by g. 
Hence the force with which a body of mass m 
is attracted by the earth is mg; it is known 
as the weight of the body and is denoted by 
W so that W — mg. It follows that g repre- 
sents an acceleration and it is called accelera- 
tion due to gravity. 

We have g = 32 ft./sec? (approx. in the 
Е.Р.5. system and g = 981 cms./sec.* (approx.) 
in the C.G.S. system. 

Hence weight of a mass of 1 Ib. = 32 poun- 

dals (approx.) 
and weight of a mass of 1 gm, = 981 dynes 
(approx.) 
The weight of a mass of 1 lb. is often termed 
as 1 lb.-weight and the weight of a mass of 
1 gm. as 1 gm.-weight Неге ]b.-weight 
and gm.-weight are called gravitational, units 
of force. Thus the magnitude of a force in 
gravitational units may be obtained by divid- 
ing its magnitude (i) in poundals by 32 in the 
F.P.S. system and (ii) in dynes by 981 in the 
C.G.S. system. 


13.6 The third law of motion 

The third law, known as the Law of Action 
and Reaction, determines, the character of 
mechanical interaction between material bodies. 
In the case of two particles, the law states : 
Two particles exert on each other forces equal 
in magnitude and acting in opposite directions 
along the straight line connecting the two par- 
ticles. The law implies that whenever a body 
exerts a force on another body, the latter 
exerts at once an equal and opposite force on 
the former. The force exerted by the former 
body is termed as action and that exerted by 
the latter is called reaction. This law of ac- 
tion and reaction holds whether the first body 
is in contact with the second body or they at- 
tract or repulse each other from some distance. 
When a book is kept on a table, the weight 
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of the book acts on the table and the table 
exerts on the book a force (reaction) which is 
equal and opposite to the weight of the book. 


13.7 To find out the pressure of a body rest- 
ing on a moving horizontal plane 

Let a body of mass m rest on a horizontal 
plane which is moving vertically upwards or 
downwards. 

Case I: The plane is moving vertically up- 
wards with an acceleration f. 

By the third law of motion, the pressure 
exerted by the body on the plane is equa] and 
opposite to the reaction of the plane on it. 
Let R be the reaction of the plane on the 


m F 

Fig. 13.2 
body. The downward force of gravity on 
the body is its weight mg. Hence the resul- 
tant upward force causing the motion is R— 
mg. By the second law of motion, we now 

have 7 

К — mg = mf 

or А = m(g + f). (1) 

Hence the pressure exerted by the body on 
the plane is F = m(g + f) downwards when 
the plane is moving vertically upwards with 
an acceleration f. 

Case II: The plane is moving vertically 
downwards with an acceleration f. 

The resultant force on the body being now 
downwards, the reaction R is less than the 
weight mg. The resultant downward force 
which causes the body to descend vertically 
with the acceleration f is mg — R. By the 
second law of motion, 

mg — R — mj 
ог, R-m(g-— f). (2) 

Hence the pressure exerted by the body on 

the plane is F = m(g — f) downwards when 
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the plane is moving vertically downwards with 
an acceleration f. 


COROLLARY Ў 
When the plane is at rest or moves upwards 
or downwards (vertically) with a uniform velo- 
city, we have f — 0 and therefore, R = mg. 
Hence the pressure exerted by the body on 
the plane is just equal to the weight of the 
body. х 


REMARKS i 
1. Formulae (1) and (2) fully comply with 
our everyday experience that (i) a man on a 
rising lift feels himself heavier than his actual 
weight and (ii) a man on a descending lift feels 
himself lighter than his actual weight. 
: 2. If the plane rises vertically upwards with 
gradually diminishing velocity, we have f <9 
upwards so that the pressure F = mg + f) 
«mg. 
Similarly, when the plane descends verti- 
cally downwards with a gradually diminishing 
velocity, we have f <0 downwards and then 
F= mg — f) » mg. 


13.8 Illustrative examples 


EXAMPLE 1 
A force equal to the weight of 1000 grammes 
acts on a mass of 200 grammes for half a 
(minute. Find the velocity acquired by the 
mass, 
Here the force acting on the mass = 1000 g 
dynes where g = 981 cm/sec? 
The acceleration produced in the mass is 
pias oe ст / ес? = 5g cm/sec.? 
The velocity acquired by the mass after 
half a minute = ft =5 x 981 x 30 cms. /sec. 
= 147150. cm/sec. 


EXAMPLE2 
A mass of 4 Ibs, falls 200 ft. from rest and 
is then brought to rest by penetrating 2 feet 
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into some mud. Find the average thrust of 
the mud on it. j 

Let v be the velocity of the mass just before 
penetrating into the mud. 

Then v*- 2gx = 2 x 32 x 200 = 12800. 
Let the average thrust of the mud on the mass 
be R poundals which acts upwards. The 
weight of the mass is 4g poundals = 128 poun- 
dals and it acts downwards, 

Now the acceleration opposite to the direc- 


tion of motion is ке TED, [sec.* 


0 = 12800 — 2x RBS. 3 


8 
ог, К = (12800 + 128) poundals = 12928 
poundals 


ET Ibs. wt. = 404 Ibs. wt. 


EXAMPLE 3 

A train runs from rest for 1 mile down an 
incline of 1 in 100. If the resistance be equal 
to 8 Ibs. wt. per ton, how far will the train 
be carried along the horizontal level at the foot 
of the incline ? 

Let m be the mass of the train and « be the 
inclination of the incline with the horizon. 


ХЭЛБЭЛ 
Then sina = (00: 


Since the train is moving down the incline, 
the component of its weight down the incline, 
le. mg sina, helps its motion while the resis- 
tance due to friction, etc. is a retarding force. 
The force helping the motion on the in- 
cline à 


mx32 _ 8m 
100 poundals 555: poundals 
and the retarding force 
4 
iuam. g poundals — 8m X32 oundals 
2240 2240 S 
280 
70 
35 
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The total force causing the motion 
4m oF 36m 

35 175 
The gonna of the train on the in- 


cline is гэр GE 8. бүс", | vf- За 


The ids v with which it reaches the 
foot of the incline is given by 


2x36x1760x3 
багт UR 


[^ x= 1 mile = 1760 x 3 ft.) 
When the train moves on level road, there 
is only the retarding force. 
If d be the distance covered on the hori- 
zontal plane, then 


poundals. 


2x 36 x 1760x 3 _ 
175 


2x4xd 
ыры, = ИРА, 
0 — у ~ 24 35 
7 
АКБОТО КАА ft.=1é 
XBX AXA 


88 
5 


4- miles. 


EXAMPLB 4 

A man weighing 12 stones is descending in 
a lift with acceleration 8 ft./sec’. Find the 
thrust of his feet on the lift. Calculate the 
same when he is ascending with the same ac- 
celeration. What would happen to this thrust 
if the chain of the lift broke (i) during descent, 
(ii) during ascent ? 

Let R be the thrust of the man on the lift 
which is descending. Here R acts .down- 
wards. The reaction of the floor of the lift 
jon the man is also R acting upwards. 

R=m(g—f) 
= 12 x 14 (32 — 8) poundals 
Т1 stone = 14 165.] 


3 
20120127 


t 5 
TEX 83 stones wt 
18 
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=9 stones wt. 
Hence the thrust of the man on the descend- 
ing lift — 9 stones wt. 
Similarly, if R, be the thrust of the man on 
the lift when it is ascending with the same 
acceleration, we have 


R, = m(g + f) = 12 x 14(32 + 8) poundals 


3 5 
42x14x40 
14x32 
4 


stones wt. 


= 15 stones wt. 


Hence the thrust of the man on the ascending 
lift = 15 stones wt. 

As soon as the chain of the lift breaks, the 
lift moves as a free body whose acceleration 
is g acting downwards. 

12x 14 X 32 — R = 12 х 14 x 32 
[^ mg — R= mg} 
R=0 


: Similarly; К, = 0 


Ехегсіѕе 13.1 


1. Find the force expressed (i) in poundals, 
(11) in terms of the weight of a pound, that will 
produce in a mass of 20 pounds an accelera- 
tion of 10 ft./sec*. 

2. A constant force acts upon a mass of 8 
lbs. during 4 seconds from rest and then 
ceases ; in the next 4 seconds it is found that 
the mass describes 64 feet. Find the magni- 
tude of the force. 

3. A mass of 10 pounds is placed on a 
smooth horizontal plane and is actéd on by 
а force equal to the weight of 3 pounds ; find 
the distance described by it in 10 seconds. 
4. A mass of m pounds, being acted on by a 
constant force of P poundals for t seconds, 
moves a distance x ft. from rest. Show that 


the velocity acquired by the mass is (2Px/m) +. 


TSE: A. heavy truck of mass 16 tons is stand- 


ing at rest on a smooth line of rails. A horse 
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now pulls at it steadily in the direction of the 
line of rails with a force equal to the weight 
of 1 cwt. How far wiil it move in 1 minute ? 
6. A body of mass 3 lbs. is falling under 
gravity at the rate of 100 ft./sec. What is 
the uniform force that will stop it (i) in 2 
secs., (ii) in 2 ft.? 

7. A particle of mass 20 Ibs. falls 25 ft. from 
rest and is then brought to rest by penetrating 
6 inches into some mud. Find the average 
thrust of the mud on the particle. 

8. A train whose mass is 300 tons moves at 
the rate of 60 m.p.h.; after steam is shut off 
it is brought to rest by the brakes in 50 yards. 
Find the force exerted on the train, assuming 
it to be uniform. 

9. A force equal to the weight of 10 gms. 
acts on a mass of 27 gms. for 1 second. Find 
the velocity of the mass and the distance it 
has travelled over. At the end of the first 
second the force ceases to act. How far will 
the body travel in the next minute ? 

10. A railway trian whose mass is 100 tons, 
moving at the rate of 60 m.p.h. in a straight 
line is brought to rest in 10 secs. by the ap- 
plication of a uniform force. Find how far 
the train moves during the time for which the 
force is applied, and calculate the magnitude 
of the force. 

11. A cannon-ball of mass 1000 gms. is dis- 
charged with a velocity of 45000 cms./sec. 
from a cannon the length of whose barrel is 
200 cms. Show that the mean force exerted 
on the ball during the explosion is 5.0625 Х 
10* dynes. 

12. A bullet weighing half-an-ounce leaves 
the muzzle of a rifle-barrel 2 ft. long with a 
velocity of 2000 ft./sec. Find the force act- 
ing on the bullet in the barrel, assuming it to 
be uniform; and also the time taken by the 
bullet to traverse the barrel. 

13. A bullet moving at the rate of 200 ft./ 
sec. is fired into a trunk of wood into which 
it penetrates 9 inches ; if a bullet moving with 
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the same velocity were fired into a similar 
piece of wood 5 inches thick, with what velo- 
city would it emerge, supposing the resistance 
to be uniform ? : 

14. A shot of mass 100 Ibs. moving at the 
rate of 1600 ft./sec. strikes a fixed target. 
How far will the short penetrate the target, as- 
suming that it offers an average resistance of 
the weight of 12000 tons? 

15. A train travelling on a level road at 
the rate of 15 m.p.h. comes to the foot of an 
incline of 1 in 160 and steam is then turned 
off. How far will the train go up the incline 
before it comes to rest, if the resistance due 
to friction etc. be 14 lbs. wt. per ton? 

16. A railway train exclusive of engine weighs 
435 tons, and starting along a level line from 
rest attains a speed of 40 m.p.h. in 7 minutes. 
Calculate the average pull between the engine 
and the train, taking the resistance to be 15 


' lbs. wt. per ton. 


17. A scale pan, on which rests a mass of 50 
gms. is drawn upwards with a constant acce- 
leration, and the reaction between the mass 
and the pan is found to be 50,000 dynes. Find 
the acceleration of the scale pan. 

18. A thief jumps off the terrace of a build- 
ing with a heavy suitcase on his head, and 
falls vertically. What would be the pressure 
of the suitcase on his head while he is falling ? 
19. A man of mass 10 stone stands on a lift 
which moves with a uniform acceleration of 
12 ft./sec* Find the reaction of the floor 
when the lift is (i) ascending, (ii) descending. 
20. A thin glass plate can just support a 
weight of 27 lbs. A body is placed on it and 
the plate is raised with the body on it with a 
gradually increasing acceleration. It is found 
that the plate breaks when the acceleration is 
4 ft./sec. Find the mass of the body. 

21. A mass of 10 Ibs. rests on a horizontal 
plane which is made to ascend (i) with a cons- 
tant velocity of 5 ft./sec. ; (ii) with a constant 
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acceleration of 5 ft./sec". Find in each case 
the reaction of the plane. 

22. Ina lift, accelerated upwards at a certain 
rate, a spring balance indicates a mass to have 
a weight of 10 Ibs. When the lift is accele- 
rated downwards at twice the rate, the mass 
appears to be 7 Ib, in weight. Find the actual 


weight of the mass, and the upward accelera- 
tion of the lift. 

23. A body whose true weight was 13 oz. 
appeared to weigh 12 oz. when weighed by 
means of a spring balance in a moving lift. 
What was the acceleration of the lift at the 
instant of weighing ? 


14 Simple Harmonic Motion 


141 Equation of motion of a particle mov- 
ing in a straight line 


x 4 x 0 
—————————— 
Fig, 14.1 


Let a particle of mass m move along a 
straight line OX starting from O (either from 
rest or with some initial velocity) under a 
given force F along OX. Let x (= OP) be the 
displacement and v the velocity of the parti- 
cle at any time t. 

By Newton's Second Law of motion, the 
equation of motion of the particle is 


diene dy dv т 4 А 
Pon s, TUR emp omnis ar +» (А) 


We shall now apply the equation of motion 
to investigate what is called a Simple Har- 
monic Motion. We begin with two problems. 


14.2 Problem 1 

A particle starts from rest at А in a straight 
line OA and moves with an acceleration which 
is always directed towards O and varies as 
the distance from O. Discuss the motion. 


7 х 5 : 
wo Ee 
Fig. 14.2 


Let P be the position of the particle at any 
time t from start at А, where OP — x and 
OA = а. 


E 


The equation of motion of the particle is 


2 
Gia = ~ we (x20, u>0) 1 (1) 
d'x 


[For х2 0, == acceleration in the x-in- 


creasing direction OA 
= — (acceleration towards 


0) 
= — (ОР) = — wx, 
Do d*x 3 qe : 
or x « 0, qi» = acceleration in the direc- 
tion РА 


= „РО = a(— х) = — ux] 
Equation (1) can be written as 


1 dv? 
ОЛИ ТУАНУ 2) 


where v =& denotes the velocity at P. 


Since the particle starts from rest at A, we 
have the initial conditions 

y =4= 0 when x — a at t=0. (3) 
Integrating (2), у = — и? + C. 
Using (3), we have C = ua. 

У = u (0 — x) (4) 

and v=- = — үл, d 98, (5) 
[The '—ive' sign is taken for the square root 
because the velocity is clearly negative so long 
as OP is positive and P is moving towards O.] 


Integrating (5), — | AS = St fdt-+K. 


Let us put х = acos 6 so that dx = — asin 
40. 
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a sin 6 
= cos! (2) 
: ay 
Applying (3), К = cos"! (1) = 0. 
M u t = cost (5) 
or, x =acos./ut (6) 
Then v= = —a,/usin / nt. 0) 
Here (4) gives the velocity of the particle 
at any position x while (7) determines it at 


any time f. Relation (6) helps us to deter- 
mine its position at any time, 


Then Мек 


14.2(a) . Discussion of the motion 

We find from (5) that the particle reaches 
О with the velocity v, = —a,/ [Putting 
x = 0 in (5)]. 

The velocity of the particle at O being non- 
zero, it passes through O on the other side, 
and immediately the acceleration alters its 
direction and tends to diminish the velocity. 
"Тһе velocity is destroyed on the left side of 
О at the same rate at which it was produced 
on the right side of O. 

We find from (5) that v 2 0 at x= + a. 
The particle, therefore, comes to rest at A’ 
where OA — OA' — a. 

It is evident from (5) that v becomes ima- 
ginary for x2- a and х < — a. Hence there 
is no motion outside the interval (— a, a). 

As the acceleration is non-zero (although 
у= 0) at x= + а, the particle stops only for 
a moment at A and A’. Hence, after reach- 
ing A’, the particle retraces its path, passes 
through O and comes again to instantaneous 
rest at A. 

The whole motion of the particle is thus an 
oscillation from A to A’ and back, continual- 
ly repeated over and over again. 

Putting x = 0 in (6), we get cos / ut = 0 

т 
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Time taken by the patticle to move 
from A to O (or from A’ to O) — ut m 
Time period of a complete oscillation 
from A to A’ and back, is given by 
2n 
D 2 ve n : 

Time period may also be calculated by ob- 
serving that (6) and (7) remain unaltered if £ 
is replaced by t + 2ni 3 

Vp 
integer. That is, the particle is moving 
through the same position with the same velo- 
27 п 
VE 
the motion is a periodic oscillation of period 
29р 
Va 
REMARKS 

1. Time period T is independent of the dis- 
tance OA =a, i.e. independent of the point 
of start. . 

The maximum displacement of the particle 
on either side of O is a, and this is called the 
amplitude of oscillation. The reciprocal of 
time period, i.e. the number of oscillations рег 


Vu 


unit of time, namely" 2 А 


n being a positive 


city at times t + as at time t. Hence 


V 


is called the fre- 


quency of oscillation. 

2. In Problem I, the conditions at t= 0, 
otherwise known аз initial conditions, are 
x-a, & = 0. In the next problem, we shall 
consider another set of initial conditions and 
see what it leads upto. 


14.3 Problem II 

A particle moves in a straight line OA un- 
der an attractive force towards O. The attrac- 
tive force varies directly as the distance from 
О and the particle is initially projected with 
a velocity u away from 0. Discuss the mo- 
tion. 
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Let P be the position of the particle at any 
time г where OP = x, OA =a. 
The equation of motion of the particle is 
dx 
"dn (0 
[The equation of motion holds on the right 
as well as on the left of O, as explained in 
Problem I above.] 
The initial conditions are 
y=# =u when x — a at t = 0. (2) 
To solve (1), we assume a trial solution 
x = Ае", A and m being constants. 
Substituting this value of x in (1), we have 
Ae™(m? +) = 0; or, m — р? = P 
TRY E 
х= дет t+ Ве VF 


= — их (x20, „>0). 


= А, (cos / n t+ isin y u 0) 
+ B, (cos / n t — isina/ n 0) 
Г e7’ = cos + isin 6] 
= (4, — B) cos /ut 
T i(4; — В) зїп ut 
: = Ccos и + Р віп 4/ v t, say, (3) 
where С and D are constants to be determin- 
ed. 


о уейв Суз fut + 


D/ucos/ut. (4) 
By (2) and (3), we get C — a while (2) and 


(4) give D yp =u; or, D= e i 
х= асоз/ n t+ sin t (5) 


and v= #=/p (— asin /pt+ Ён E 


cos ./ n t. (6) 
Squaring (5) and (6), and then adding to- 
gether, we get 
yip = а?+ Шош (say) b* 
p D 
or, v= р (b — х). (9) 


Again, writing a= Боов ъ—7— 
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= — bsine, we get from (5) and (6) 

x= bcos (yut + s) (5) 
аш = у= = Буп (Ги s). (6) 


Here (6) gives the velocity of the particle at 
any time while (7) gives it at any position. 
(5) gives the position of the particle at any 
time. 
14.3(а) Discussion of the motion 

The motion defined by the equation (1) 
and conditions (2) is: 

() an oscillation about the centre O where 

x=0 
(ii) between the limits x= + b 


(iii) of period 2т which is independent of 
27 


5, the maximum displacement of the par- 
ticle from O on either side. 

For, sin (\/ п t + c) and cos (fut +e) are 

periodic functions of period 2x. If f is re- 


placed by t + = , we see from (5^) and (6) 


that they remain unchanged when n is a posi- 
tive integer. This implies that the particle is 
moving through the same position with the same 
velocity at times t+ uS t+ ay t+ frg 
27) Ур 27 
ай, as at time /. Thus the motion is a perio- 
2n 
273 
It follows from (7) that v is imaginary out- 
side the interval (— b, b) and is zero at 
x= +b. As the acceleration is non-zero at 
x= + b, these positions are positions of ins- 
tantaneous rest only. Also there is. no motion 
outside (— b, b). It is obvious that the pe- 


dic oscillation of period 


3 2r 
riod Wir does not change if we change b by 
changing a and keeping и fixed. 


REMARKS 
We find that the general solution of the 
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equation of a simple harmonic motion, name- 
у d?x 
аг" 
beos(\/nt е) ог bcos(nt +s) under any 
initial conditions ; and T = 2л ortn gives 
ур n 
the period of oscillation. We are now ina 
position to define S.H.M as follows: 
Definition of Simple Harmonic motion (S.H.M.) 
If a particle moves in a straight line OA 
in such a manner that its acceleration is 
always directed towards a fixed point O on 
it, and is at any instant proportional to its 
distance from O, then the motion of the 
particle is defined to be simple harmonic. 


= —yx or — mx, is given by x= 


14.4 Iiustrative examples 
EXAMPLE 1 

A particle is moving with simple harmonic 
motion and while making an excursion from 
one position of rest to another, its distances 
from the middle point of its path at three con- 
secutive seconds are observed to be Хь Xs and 
Xe 

Prove that the time of a comp'ete oscilla- 

27 
cos (X, xs 
( 2х3 ) 

Let 2a be the distance between the two 
positions of rest of the particle and let their 
midpoint be taken as the origin. 

The distance of the particle from O at any 
time гіз given by x = acos,/# t and the time 


tion is 


of a complete oscillation is 7 = 25 ee 


Problem I]. 
22 m= асоз(у/ u 0, 
х= acos { /#@ + I}, 
Xs = acos | Sut + 2)}. 
s. x +з = а(с08(/80) 
+ cos {a/e (t + 2} 
= 2acos ( / i (t + 1)J cos / » 
= 2x COS y/ H 
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г, со = 1+2; 
е Sve ра А 
ог, мне cot (HER) 
2 


Ti Шук Es E LU NE 
53 4 p COS * (X, d- Xs 
( 2x, ) 
EXAMPLE 
A point executes S.H.M. such that in two 
of its positions the velocities are u and у, and 
the corresponding accelerations are f, and fy 
Show that the distance between the positions 
M а 
АРЕНА 
Prove also that the amplitude of motion is 
(03-42) (7,595-7,49, 
71-17 5 : 
If ‘a’ be the amplitude of the S.H.M. given 
з 
by f= ал тэн ay 
then V1 = p (d — x) Q) 
where V= E is the velocity at any time. 
Let V =u when xx 
and V =v when x= x» 
Then fi= — wx and f, = — (n; (3) 
and ш = (0 х0), ин (0 0). (9) 
From (4), v ~ ш = p Qi! ~ x7) ; 
= p (x ~ ху) (ж x) 
= — (fi +1) ~x) by (3) 
= (fi + f) Ga ~ х). 
2. This distance between the two positions 
4 po y Sot 
iren m тат 
Again, v! — u = (x? — xi) and f! — f? 
= (x -x) 


ара 
On dividing, к=. © 


Now и? = раї — p = "t 
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2 : 
on doo цоор O o Z(x-u* L) 
В, , h fr 
y (5), we have from (6) Tue oat 2) 


pas ( ides E) cu -і) + fè gi 


12-12 Wis u? 
2-1) 61-01 
05-30) 
amplitude ac 102774) (fr 7 игдуй 
fè KY, fè 
EXAMPLE 3 


A particle P moves in a | straight line OCP 
being attracted by a force ти. PC always 
directed towards C, while C moves along OC 
with constant acceleration f. If initially C 
was at rest at the origin O, and P was at a 
distance d from О and moving with velocity 
V, prove that the distance of P from О at any 
time ¢ is 

(+4 ) соз A t 
i. mar "X f im 
72 4 


талт 
0 € ? 


Fig. 143 


Let OP = х, OC =x, at any time t. 
'The equation of motion of P is 


эж 
m a = = mu (x — x) 
о, | х а) а) 
‘Equation of motion of C is 
def 0) 
di? 
where x, Jf". (3) 


Now (1)-(2) gives 


ae (х) = в) -/ 


= – ш (x7 L) 


' ог, x= (d+ 2) cos Uer + Ta 


The general solution of this equation is 
х-а+ Ê= Acos yii + Bsinyüt (4) 
where Æ and B are constants to be determin- 
ed. Differentiating (4) with respect to t, 

dx _dx 3 

SECURE - A Ay sin yet + BE 

cos./ nt. — 45) 
Now the initial conditions are 
x=d, x= 0; de уа Ёл: =Oatr=0. (6) 
Ву (6), we have from i 
aoc 


m 
Ву (6), we have from (5), V = B y/p 


Substituting these values of 4 and B in (4), 
we get 
Wh wd 1 Pe 
x—2x4 F = (4+ 4 Noor А 
siny n1 
y 


sin / it -4 +х 

2 f LES 
(4+ 2) cos y/u t + View 
sin st + by 09) 


This gives the distance of P from 0 at any 
time. 


EXAMPLE 4 

A particle rests in equilibrium under the at- 
traction of two centres of forces which attract 
directly as the distance, their attractions p 
unit mass at unit distance being u and W; 
the particle is slightly displaced towards one of 
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them. Show that the time of a small oscilla- 


tion is 


Fig. 14.4 


Let the particle be in equilibrium at the posi- 
tion N under the attraction of two centres of 
forces O and O'. 

Let ON =d and O'N = d'. 
Since there is equilibrium at N, ud = p’d’. (1) 

Let the particle be slightly displaced to- 
wards (say) О” by a distance x = NP in time f. 

Then the equation of motion is given by 


4°. 
E = — OP + WOP 


авс 
=p +d) + (4-3) 
= — px — шх yud + wd 
=— (p+ ш) х, by (1). 0) 

When x>0, the right hand side of (2) is 
negative, showing thereby that the accelera- 
tion is directed towards N. : 

When x <0 (ie. P is on the left of N), the 
right hand side of (2) is positive which shows 
that the acceleration is, here also, directed to- 
wards N. 

Hence (2) is the equation of motion of the 
particle when it is displaced towards either 
О or O’, Equation (2) shows that the motion 
of the particle is simple harmonic of time pe- 


Exercise 14.1 


1. A particle is moving in a straight line and 
its velocity at a distance x from the origin is 
KA/d —»x. Find the acceleration and nature 
of the motion. 

2. At what distance from the centre will the 
velocity in a S.H.M. be half of the maximum 
velocity ? 


17-П 
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3. V, and Vs are the velocities of a particle 
moving in S.H.M. at distances X; and X, res- 
pectively from the centre. Show that the pe- 
riod of оѕсШайоп is 2a ((X, 2—XJJK(—V)). 
4. At the end of three successive seconds the 
distances of a point moving with S.H.M. from 
the mean position measured in the same direc- 
tion are 1, 5, 5. Show that period of com- 


plete oscillation is 2" where cos 0 =i Р 


5. A body performing S.H.M. in a straight 
line OPQ has its velocity zero when at points 
P and Q whose distances from O are x and 
y respectively, and has velocity и when half- 
way between them. Show that the time of 
a complete oscillation is «(y — lu. 

6. The position of a particle moving in a 
straight line is given by x = acos nt + b sin nf. 


Prove that it executes S.H.M. of period T 


and amplitude 4/ d^ + b’. 
7. Prove that, in S.H.M., if f is the accelera- 
tion and у the velocity at any moment and T 
is the periodic time, then f/T* + 4x*v* is cons- 
tant. 

Find the numerical value of this constant for 
a motion whose periodic time is 2 secs. and 
in which the amplitude is 2 ft. 
8. Show that a particle executing S.H.M. re- 
quires one-sixth of its period to move from 
the position of maximum displacement to one 
im which the displacement is half the ampli- 
tude. 
9. A particle which is performing Simple 
Harmonic Motion of period T about a centre 
О passes through a point Р with velocity V in 
the direction OP. Prove that the time which 
elapses before it returns to P is 


Past (2) 


Ar, ОР 
10. A particle moving with 8.Н.М, has co- 
ordinates x,"and x» and velocities v, and у, 
at any two moments. At the moment mid- 
way in time between them its coordinate and 
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velocity are X and V respectively. Show that 
h-—x K nte X 
Уг-Үү px "v V 
and xi + x = 2XV.. 
Al. A particle oscillates with S.H.M. of am- 
plitude а and periodic time T. Find the ex- 
pression of the velocity v (i) in terms of a, T 
and x; (ii) in terms of a, T, t and also prove 


that ЁС, a Ad í 
0 1 


12. A particle P of mass m moves in a 
straight line OX under the action of a force 
ти (distance) directed towards a point A 
which moves with a constant acceleration f 
Show that the motion of P is simple harmonic 


Ca aa 2374) 
of period Үр about-a moving centre which is 


always at a distance Танаа A. 
13. A particle is oscillating in a straight line 


180 
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about a centre of force O, towards which when 
at a distance x the force is mn?x, and a is the 
amplitude of the oscillation; when at a dis- 
e43 


tance from O, the particle receives a 


blow ia the direction of motion which gene- 
rates a velecity na. If this velocity be away 
from O, show that the new amplitude is a 4/3. 
14. A particle starts from rest and moves with 
S.H.M. with a period of 2T. Show that it des- 
cribes } of the distance before it next comes to 
instantaneous rest in 3 of the time T, and at- 
tains half of its maximum velocity in 4 of 
the time T. 

15. Show that in S.H.M. the mean velocity 
(during motion from one end of the path to 


the other) with respect to the distance is T x 
the maximum velocity, and with respect to 


the time is 2 X the maximum velocity. 


15 Two-Dimensional Motion 


15.1 Components of velocity and accelera- 
tion parallel to two rectangular axes 

Let a particle move on a curve in a plane. 
A point O on the plane of the curve is taken 
as the origin, and two mutually perpendicular 
lines OX, OY are taken as the axes of x and 
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y respectively. Referred to this coordinate 
system, let P (x, y) be the position of the par- 
ticle at any time t and Q(x + 2 xy + Ay) 
its position at time t+ At. 

PQ is the displacement of the particle in 
time At. Components of this displacement 
parallel to the х- and у-ахе are PR — Ax 
and QR =A y respectively. 

Let u,v be the components of velocity of 
the particle parallel to OX and OY respec- 


tively. 
Then u= rate of change of displacement 
parallel to OX 
sd eie ое ра а) 


мэд: d 


and у = rate of change of displacement paral- 


lel to OY 
=н ay yg, 
Biot Arey ШОТ e 


Again, let f, and f, be the components of ac- 
celeration of the particle parallel to OX and 


OY respectively. 
Then ў; = rate of change of velocity parallel 

to OX 

а 
tt ce. Bri Ө) 

and f, = rate of change of velocity parallel to 

OY 

dy dy 

Ж а ог), (4) 


15.2 Equations of motion 

Let X, Y be the components parallel to OX, 
OY respectively, of the external force acting 
on the particle at P. If m be the mass of the 
particle, its equations of motion parallel to 
OX and OY respectively are 


dixi А їп 
ny =X, (i) 
and пёр y (i) 


15.2(a) Illustrative examples 


EXAMPLE 1 
The position of a moving particle at time t 
is given by x = acospt, y = asin pt, Find the 
yelocity, acceleration and path of the particle. 
The components of velocity of the particle 
parallel to the x- and y-axes are respectively 
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и —i- — ausin ut and v =ў= ap cos pt. 
Velocity of the particle at any time is 
м/и + у = y gp? (sin? ut + соз“ ut) 
= ap. 
Components of acceleration of the particle 
` parallel to the x- and y-axes are respectively 
‚ ь=#= — ay? cos pt 
and f, =) = — ay? sin ut. 
Acceleration of the particle at any time is 


fH Jf tfr = аё. 
Hence the particle moves with constant velo- 
city and constant acceleration. 

Eliminating time t from x = асоѕиг and 
y=asinpt, we get х? + у? = а which is the 
equation to the path of the particle, 
EXAMPLE 2 

A particle moves on a plane under a force 
having components X, Y per unit of mass 
parallel to rectangular axes (X, Y being func- 
tions of x and y), show that the differential 
equation to the path is 

4. (r-x2) =] -2x. 
dx dx / ! dx* 
The equations of motion of the particle are 


#=X andy =Y. а) 
dy 
ду; с diio 
Now S e 4 (2) 
dt 
аву diy Edy 
dx* aba) 
eor IN 
dt x 
d 2 Ху-) 35 
7 É ) со 
ах E] 
dt 
JS (у= 3. 
4(9-43) 
т- DEF ere 
dy 
(Y-Y © 
bition day 4 Xx 2) by (1) and (2) 
a FH 
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"s [er a) ж] 
val) БО) oe 


dx. x 
-23-2Х. 
Hence the result. 


Exercise 15.1 


1. If the position of a moving point is given 
by х= аё +b and y = ct, find the path. 
2. A particle is moving with constant velo- 
city parallel to the axis of y and a velocity 
proportional to y parallel to the axis of x. 
Prove that it will describe a parabola. 
3. A point moves in a plane, its velocities 
parallel to the axis of x and y being и + ey 
and v + ex respectively. Show that it moves 
in a conic section. 
4. A point moves in a plane in such a way 
that its co-ordinates x, y are given at any time 
t by х = асоѕ 61, у = b sin ôt (0 = constant). 
Show that the path is an ellipse, and find 
the acceleration in terms of the distance from 
the origin ; also determine the direction of the 
acceleration at any time 'f. 
5... If the coordinates (x, y) of a moving point 
are given by 
x = a(cos 0 + 0 sin б), у = а (sin 0 — 6 cos б), 
and 0 increases at a uniform rate w, prove 
that the velocity of the point is аби ; and find 
the inclination of the velocity to the axis of x. 
6. The coordinates of a moving point at time 
t are given by x — at + sin2t), у= a(1— 
cos 20). Prove that its acceleration is constant 
fand find the direction of motion at time t. 
7. A particle moves freely in a semi-circle 
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under a force directed always perpendicularly 
towards the bounding diameter. Show that 
the force varies inversely as the cube of the 
ordinate to the diameter. 

8. A particle describes a parabola under a 
force which is always directed perpendicularly 
towards its axis. Prove that the force must 
be inversely proportional to the cube of the 
ordinate. 


15.3 Motion of a projectile in vacuo 

We shall consider the motion of a particle 
which is projected in a vertical plane in any 
direction, assuming that air offers no resis- 
tance. Here the particle is called a projectile 
and the curve described by it is called the 
path of the projectile or its trajectory. 


Fig. 15.2 


Let a particle of mass m be projected in a 
wertical plane from O with an initial velocity 
u atan angle « to the horizon. We take the 
point O as the origin, and the horizontal and 
the vertical directions-through О as the axes 
of x and y respectively. - 

Let Р(х,у) be the position of the particle 
at any time f. 

Equations of motion of the particle in the 
horizontal and the vertical directions are res- 


Ipectively 

mi=0 and т) = —mg 
on 8-5 (1) 
and у=— (2) 


2. 
The initial conditions are 
х= у 0,3 =ucosa, j= usinaatt = 0. (3) 
Integrating (1), we get *=C. 
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By (3), С = u cosa. 
2. # = ucosa. Э (4) 
Relation (4) shows that the horizontal com- 
ponent of velocity remains constant through- 
out the motion of the particle. 
Integrating (2) 7-5 єс — gt. 
Ву (3), u sina = С. 


so p=usina — gt. (5) 
(5) gives the vertical component of velocity 
at any time. 


Integrating (4) and (5) again, we get 
x=k+utcosa and y = kı + ut sin 2 


— 388. 

"Using (3), we find k=0, k = 0. 
7 x=utcosa (6) 
and y= utsin a — 360. (7) 


Relations (6) and (7) together define the posi- 
tion of the particle at any time t. 


x 
From (6), t = 1 соза’ 
Substituting this value of ¢ in (7), we have 
2 
у= xtana — 5805: (8) 
This gives the equation to the path of the 
particle. Equation (8) may be written as 


2u? costa yi sina , 2u* cosa. ya 


8 cosa g 
or, х? и? sin 2а ,  2u* cos?a 
g 
9$ e a 
or, xi - L9 22 28 хү (5 sin 2a) * 
g 2g 
_ 2u’ costa |, и“ sin? 20 
g 42° 


u’ a = “243. cos*a 
or, (х= == sin 2 tee Sap S 
( 2g 9 р g 


_ и? sin*a 
0 2g ) 


Transferring the origin to the point 


u? in Qu, usina 
2g $ 


2g 
the above equation reduces to the form 
2и? cos*a Y. 

g 


x=- 
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This shows that the trajectory is a parabola 

‘with its axis along the negative y-axis, ie. 

wertically downwards. The length of the latus 
ri з 

5 is 2u* cos? а 


and the coordinates of 
the vertex A are 
a 
( U sin 2а ue sin*a 
2g 


* 2g Л 


The axis being vertical, the directrix of the 
parabolic trajectory is horizontal. 
The maximum height attained by the par- 
ticle is 
LI 
AM - ordinate of the point 4 — "a sin? a. 
If the particle reaches the horizon again at B, 
ОВ is called the range R of the projectile. 
R = ОВ =20M 
= 2 X abscisa of the point A 
9.56 и sin 2 P in 2 
= —-— Sn a= —— SII a, 
2g g 


‘The range will be maximum when sin 24 


3 
= Í or a = апі then Буд = 
Since R remains unaltered when о is re- 


placed by Бос 


the same range there can be two angles of 


) ‚ it is evident that for 


projection namely « and 5 2-8, 


We know from Coordinate Geometry, 
AS = AZ = } X latus rectum 
хүн” cos?a 
2g Ь 
where S is the focus of the trajectory, and Z 
is the point of intersection of its axis and 
directrix. 
As The height of the directrix above the 
point of projection is | 
H=MZ=AM-+ AZ 
tA S ug 
УТЫ a + e a 
из 


2g 
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The height of the focus 5 above OX is 
Tice aay u? 
SM = AM — AS = on run costa 
-- E cos 2a . 
coordinates of the focus S are 


(з 2a, = соз 2) à 


2g 2g 
1f w be the velocity of the projectile at P, then 
wii j? 2 


= 10 cos? a + (wsina — gt)? 
=u? — 2ugt sin а + 9°? 


= 2g [5 - sine c iem | 


—2g[H — yl 
— 2g X depth of the particle below the 
directrix. 
Also, w? = 2gH — 20у = и — 2gy 

or, 4mw* + тру = Ami + mg.0 

or, (Kinetic energy + potentia] energy) at 
time t = sum total of energies at t = 0. 

This proves that the motion of the particle 
obeys the principle of conservation of energy. 
Putting y = 0 in (7), we find 

t (usina — 3gt) = 0 
so that t = 0 or QM 
Here t — 0 gives the time of projection of the 


particle, and ¢ =e is the time to come 
‘back (at B) to the plane of projection. 


The time T кыд 


of flight. 


is known as the time 


15.4 Illustrative examples 


EXAMPLEI : 

A heavy particle is projected from a point 
O at an angle « to the horizon and describes 
a parabola under gravity. If coordinate axes 
are taken horizontally and vertically through 
О, prove that the equation of the parabola is 
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x 
у= xtana (- =) 


where R is the horizontal range. 

If the distance between the two points on 
the parabola which are at the same height h 
above the horizontal is 2a, show that 

() R(R — 4heot a) = 40, 


(ii) R = 2a cot ES when h = a. 
We know that the equation to the parabolic 


path is igh Oe dc eee ae (1) 
: 213 costa 
з 
and the range R = Jn sin 2o. Q) 
From (1), 
s Aet. BAR Oe 
Pierre ( : 2u cosa sina ) 
or, = xt 1-2-9) 
ЕЕ ( и? sin2a 
= xtana ( 1- a) 
LS sinla 
= x tana PCA 
( 15 y tron (3) 


This is another form. of the equation of: the 
parabola. (1). 

(i) Let x be the abscissa of the point corres- 
jponding to a height h, Then (x, h) satisfies 
equation. (1). 

ANE ХУ 
2u* cos*a 

or, gx? — 210 cos a sin ax + 2hu? cos? a = 0. 
This being a quadratic equation in x, it has 
two roots Ху, % This means О (x: h), Qi (хь h) 
are two points on the parabola (1) at the same 


height h. 


m+ X— 


h=xtang— 


2 1 2 
2u? cos ж sin a - sin 2am R 


g 
(4) 
2 сов? 
2hu Эн а, (5) 
By the given condition, x, — X: = 2a, 
(n x — 4 = 4d 


- and л = 
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2 2 
эв Ras Shu = а 443. 6) 
Eom; 2w cosa —R 


g sina ' 
"Using this result, we get from (6), 


R? — 4h cosa. ——— -—4a* 
sina 


or, R(R— 4hcot a) = 4a*. (7) 
Gi) Putting h = a in (7), we get 
R? sing — 4a R cosa — 4d! sina = 0 
— 4acos a + ү/ 16a" cos'a + 16d sin’ a 


R < 
2814 
2a. gcos? $ 
58) к= «coat D. 2 


2sine 8 sin 2. cos 5 


=2a cot > 


Since cosa < 1, the negative sign is rejected, 
for otherwise R will be negative. 


EXAMPLE2 

A particle is projected so as to have:a range 
R on a horizontal plane through the point of 
[projection and the greatest height attained by 


itis H. Prove that the initial velocity of рго» 
jection is 


R үү? 
2g (H+— 
(ren TY 

and that the maximum horizontal range is 
д мы 

Let u be the velocity of projection and a 
the angle of projection. 

The horizontal range is 


R- 2и? sinacosa _ u* sin 2a (1) 
8 8 
The greatest height is 
12 sinta 
H-— (2) 
Rh _ иіп? gu! sin” acos a 
Now 2H+ gg ^ * Serge oe 


186. 
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x. 2 
B w sin’ a 
= uisin’a , и? costa 
8 8 


-— o 
The maximum horizontal range is 


R 


и? 5 
Aer g when sin 2a = 1) 


a 
-2НЫ ар : (3) 


u? 
2gH | 
Dividing (1) Бу (2), i 4 cota; 


From (ii), совес a = 


R 
ог, cota aH 
4 cosec’a = 1 + cota = 1 + R? 
16H? 


u’ 1 2 
XH tege 


2А R’ 

or, w= 2gH+ (+67) : 
jm ДШ Rag 
> u= Us (n) } 

Hence the result, 
EXAMPLE 3 

An aeroplane flying with a constant velocity 
u, at a constant height h, passes directly over 
a gun. When the elevation of the aeroplane 
above the horizontal plane is 0 as seen from 
the gun, the gun is fired point blank at it. 


Fig, 153 
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Show that the shot hits the aeroplane if 
2(V cos @ — u) u tan! 0 = gh, where V is the 
initial velocity of the shot, its path being para- 
bolic. 

Let the gun be fired from O when the aero- 
plane is at B, and let C be the position of 
the aeroplane when the shot hits it. 

The horizontal and the vertical directions 
through O are taken as the axes of x and y 
respectively. ‘Then the position of the shot at 
any time t is given by 

x-Vtcos6 (1) 
and y = Vt sin 0 — 320, (2) 

Let BE and CF be drawn perpendicular to 
the axis of x, Then BE=CF=h and 
2 ВОЁ--0. 

-. OE = ВЕ cot Ó = h cot 0. 
1 the shot hits the aeroplane in time Т after 
it is fired, we get 
OF = VT cos 0 by (1), (3) 
and h = VT sin 0 — 347° by (2). (4) 
From (3), VT cos0 = OF = OE + EF 
=hcoté + uT 
or, (И соѕ0 —u)T = hcotó 
5 т- hcot 0 
m (V cos0 — u) 
Substituting this vajue of T in (4), we get 
224736: h cos 0 
Ал ав? я20(Исо80--1) 
22 gh coto 

2(V cos 0 — uy 

Vcosó _ 1 
Vcos0 — u ] 


= hu 
V cosh —u 


gh? cot?) 
95 (У cos 9— uf 


EU 05 СҮН ҮЙ 
2(V cos 0 — u) tan? 0 
2 (V cos 0 — u) u tan? 6 = gh. 


or, u 


EXAMPLE 4 

Two shots are projected from a gun at the 
top of a hill with the same velocity u at the 
angles of projection а and f respectively. It 
the shots strike the horizontal ground through 


§ 15.4) 
the foot of the hill at the same point, show 
that the height h of the hill above the plane is 
given by 
his 2u'(1 — tan a tan 8) 
g(tana + tan By ` 


A (R,-4) 
Fig. 15.4 


Let the shots be fired from a gun stationed 
at the top O of a hill AO of height л. О is 
taken as the origin, and the horizontal and 
vertical directions through O are taken as the 
axes of x and y respectively. If R be the 
horizontal range for both the shots, the point 
struck by the shots is B (К, — h) on the hori- 
zontal ground through the foot A of the hil]. 

We know that the equation to the path of 
the shots is 

$44 ar 0) 
y= xtand — +. Ta costo 
where 0 is the angle of projection. 
‚ Since the point B lies on the path of each 
shot, we have 


CUR tanh aes ane 18 

h Па ju cosa 0) 
gR* 3 

and —hzRtnB-— созд" (3) 


Subtracting (3) from Q), 
18.11 
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weinen j (sec! a — sec! В) 
т. 20 (апа — tan £) = R{ (1 + ана) 
— (1 4 tan! 8)} 
or, 2 = R (tan a + tan 8) 
22 
Ал g (tana + tan B) 1 
Putting the value of R in (2), wo get 


"^ EK 
=R |z tana ] 
2u* sect a 
pan а + tan B) 
2u* 
7 > (tana + tan B). 
[seca — (аша — tan a tan 8] 


аа лкд, m апааа В] 
Hence Ше result. 
Exercise 15.2 


1. A particle is projected with a velocity of 
960 ft./sec. at an elevation 30°. Find (i) the 
greatest height attained, (ii) the time of flight 
and the range on a horizontal plane through 
the point of projection, (iii) the velocity and 
direction of motion at a height of 528 ft. 
2. A projectile thrown from a point in a 
horizontal plane comes back to the plane in 
4 seconds at a distance of 64 yds. from the 
point of projection. Find the velocity of pro- 
jection in feet per sec. 

3. А particle is projected with a velocity of 
48 ft./sec. Find the maximum range on a 
horizontal plane through the point of projec- 
tion and the two directions of projection to 
give a range of 36 ft. 

4. А shot is fired from a gun on the top of 
a vertical cliff 400 ft. high, with a velocity 
of 768 ft. per sec. at an elevation of 30°. 
Find the horizontal distance from the foot of 
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the cliff of the point where the shot strikes 
the water. 


5. A tennis ball served horizontally from a 


height 6.25 ft. strikes the ground at a point 
60 ft. away from the server. If it just strikes 
the net 40 ft. away from the server, find the 
height -of the net. 

6. Show that a particle starting with a velo- 
city of 100 ft./sec. at an angle tan 2 to the 
horizon will just clear a wall 36 ft. high at 
a horizontal distance of 80 yds. from the 
point of projection. 

7. A cricket ball thrown from a height of 
6 ft. at an angle of 30° with the horizon, with 
a speed of 60 ft./sec.. is caught by another 
fieldsman, at a height of 2 ft. from the ground. 
How far apart were the two men ? 

8. A particle is projected so as to pass 
through two points whose horizontal distances 
from the point of projection are 36 and 72 
ft, and which are at vertical heights 11 and 
14 ft. above the horizontal plane through the 
point of projection. Find the velocity and 
direction of projection. 

9. A bombshell on striking the ground (sup- 
posed to be horizontal) bursts, scattering its 
fragments with velocities of magnitude u in 
different directions ; find the area of the ground 
covered by the fragments, 

10. A projectile started from O at an eleva- 
tion æ, After t seconds its position appeared 
to have an elevation 8 as seen from О. Prove 
that the initial velocity of the projectile was 

gt cos 8 

2sin (a — B) ` 

41. A particle is projected in a direction 
making an angle 0 with the horizon. If it 
passes through the point (x, yı), show that 


tan = A. x and that if it passes 


1 
‘through the point (х, уз) also, then (ап0-- 
Ху ууг-Хү уй 
XX; (x4—31) 
range. 


where R denotes the horizontal 
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12. A. particle is projected with a velocity 
u at an elevation а. After a time f, the direc- 
tion of its path makes an angle 8 with the 
gt 
tana — {ап ' 
Prove also that the direction of motion turns 
usin 0 
gcos (0 — a) 
and that the direction of motion will be at 
right angles to the former direction after a 


horizon. Prove that u cosa = 


through an angle 0 after a time 


time —-cosec a. 


13. Prove that the time of flight 7 and the 
horizontal range R of a projectile are connect- 
ed by the relation gT? = 2R tana where « is 
the angle of projection. 

Show that when the maximum horizontal 
range is 100 miles, the time of flight is about 
3 minutes, and determine the initial velocity 
and the height of the trajectory. 

14. If a particle is projected so as to just 
clear a wall of height h at a horizontal dis- 
tance d from the point of projection O and 
to have a range R on the horizontal plane 
through O, show that the velocity of projection 

See 2234 | dà(R —dy + eR 
iu is given Бута ано do 
15. A particle is projected with an initial 
velocity u. If the greatest height attained by 
the particle be H, prove that the range on the 
horizontal plane through the point of projec- 


и? т 
tion is R= 4 fa (z) } 

2g 4 
16. Shots fired simultaneously from the top 
and bottom of a vertical cliff with elevations 
« and 8 respectively strike an object simulta- 
neously at the same point. Show that if a is 
the horizontal distance of the object from the 
cliff, its height is a (tan 8 — tan a). 
17. Two bodies are projected from the same 
point О in directions making angles ац and a; 
with the horizon and they pass through the 
point A in’ the horizontal plane through О. 
Prove that if ^; and t; be their times of flight 


‘eee 


е gtr) ээг 


© Se Oe s cR REL cte 


| 
l 
| 
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12-12 sin (a — a) 

12 + t? sin (о, + a) ` 
18. A ball is projected from a point on the 
ground distant а from the foot of the vertical 
wall of height b, the velocity of projection be- 
ing u at an angle а to the horizon. Find how 
high above the wall the ball passes it. If the 
ball just clears the wall, prove that the greatest 


from O to A, then 


n р @ tan’ ж 
height reached is 7 (28520251 
19. A Бай is projected so as to clear two 
walls, the first of height a at a distance b 
from the point of projection and the second 
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of height b at a distance a from the point of 
projection. Show that the range on the hori- 


2 
zontal plane is Sei P and that the an- 


gle of projection exceeds tan! 3. „ 
20. It t, and f, are the two times of flight 
with which a given range R on a horizontal 
plane can be reached by a particle projected 
with velocity и, prove that t,t, are the roots 
of the equation gtt — 40Р + 4R* = 0. 
Deduce from above that if the fragments 
of a shell fly at all angles with a speed of 5g 
ft./sec., a man at a distance of 24g ft. from 
the point of explosion is in danger for 2 secs. 
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16 Concurrent Forces 


16.1 Resultant of two concurrent forces 

The resultant R of two given forces P and Q 
acting at a point A is given by the law of 
Parallelogram of Forces which is stated 
below : 


If two forces P and Q acting at a point 
A be represented in magnitude, direction 
and sense by the sides of a parallelogram 
drawn through A, then their resultant К 
is represented in magnitude, direction and 
sense by the diagonal of the parallelogram 
through A [See Fig. 16.1]. 


"0 


Fig. 16.1 


16.2 To find the resultant of two given 
forces acting at a point 

Let two forces P and Q act at an angle 
«(acute or obtuse) at the point А. The 
magnitude of resultant R of P and Q is given 
by the formula 


R= VP? + Q + 2РО cos a (1) 
The direction of R is given by 


Q sin a (2) 


ER t р En 
e ud Р + О cosa 


where 0 is the angle made by the direction 
of R with that of P [See Fig. 16.1]. 


REMARK 

The proof is similar to that in section 11.4 
of Ch. 11, where w, v, w are to be replaced 
by Р, 0, К respectively. 


COROLLARY 

1. We have from (1), R=P+Q when 
a=0and R — P ~Q when а = т. 

Hence the resultant of two given forces 
acting along ihe same line is their algebraic 
sum, 

2. The greatest resultant of P and Q is 
Р + О when a = 0 (i.e. when P, Q act along 
the same line in the same direction) and the 
least resultant is P~ Q when a=7 (ie. 
when P and Q act along the same line in 
opposite directions). 

3. When P = О, we have А = 2P cos За 
from (1) and 0 = fa from (2). Hence the 
resultant of two equal forces P, P acting at an 
angle « is 2P cos and it bisects the angle 
between them. 


16.3 Illustrative examples 


EXAMPLE 1 

Two forces of magnitudes 3P, 2P respec- 
tively have a resultant К. If the first force is 
doubled, the magnitude of the resultant is 
doubled. Find the angle between the forces. 
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Let the forces 3P and 2P act at an angle a. 


Then R? = (3P)? + (2P)* + 2. (3P) . (2P) 
cos а 
= OP? + AP? + 12Р? cos е 
= 13Р? + 12Р? cos а 
= P?(13 +12 cos а) (1) 


Let R, be the resultant of forces 6P, 2P acting 
at the same angle a. 
Then А, = (6P)? + (2P)? + 2(6P) (2P) 
Ч соз « 
= 36P? + АР? + 24Р? cos « 
= P*(40 + 24 cos a) 
By the given condition, R, = 2R 
+. В = 482 
ог, P*(40 + 24 cosa) = 4Р°(13 + 12 cos а) 


(2) 


ог, 40 + 24 cos æ = 52 + 48 cos а 
ог, 24 cos а — 48 cos а = 52 — 40 
or, — 24 cos a= 12 

or, cos a = — 4 = cos 1209 


2. e = 120° 
Hence the angle between the forces 3P, 2P is 
120°. 


ExAMPLE2 
Two forces P+ Q, P — О make an angle 
2« with one another, and their resultant makes 
an angle 0 with the bisector of the angle 
between them. Show that 
P tan à — 0 tan a. 


Let the forces Р+ 0 and P-Q be re- 
presented, in magnitude and direction, by the 
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sides АВ and AC respectively of the parallelo- 
gram ABDC so that their resultant R is re- 
presented by AD. 
AE bisects Z ВАС. 2рАЕ--0 and 
СВАЕ =a, 
Hence Z BAD = a— 0 and L BDA =« + 0 
as shown in Fig. 16.2. 


By applying sine formula to A ABD, 


BDE GANAR 
sn SAD ~ sin BDA 
a Pg 
Э Sin(a— 6) sin (a + 0) 
oe Р-0 sin(@+ 8). 


Р-0 sin(a— 0) 

By componendo and dividendo, we get 
2P _ sin (æ + 0) + sin (e — 0) 

20 ~ sin (a + 0) — sin (æ — 0) 
P  2sinecosó tana 
Q~ 2cosa@ sin 0 ^ tan 6 

P tan 0 — Q tan o. 


Or, 


EXAMPLE 3 
The resultant of two forces P and Q acting 
at a certain angle is X and that of P and R 
acting at the same angle is also X. The resul- 
tant of Q and R acting at the same angle 
is Y. Prove that X = Y ИНР-0-4К-0 
(052 К). 
Let е forces Р and О act at an angle o. 
X being the resultant of P and Q, we have 
X* = Р + Q* -F2PQ cos e 


or, X* — P? – Q? = 2PQ cos a (1) 
Similarly, 

X* — P? — R* —2PR cos a (2) 
and Y? — Q* — Р = 2QR cos a. (3) 


Subtracting (2) from (1), 
R? — 0° -2Р(0 — R) cos a 


оу = (0+ К)(0– К) = 2Р(0 – К) 
cos а 
о, -(048)-2Р cos a [^^ QR] 
cosa = - 9+ (4) 


Ех. 16.1] 
If P+Q+R=0, Q+R=—P and 
hence from (4), 
соз Е е 
2E T зд 
Substituting the value of cos @ in (2) 
and (3), 
X?= Р + R?+ PR 
and Y? = Q? + R? + QR 
Subtracting these relations, 
RYE E O CO 
or, (X+Y)(X-Y)=(P-0) 
СРЕО FER) 
QU cy ИЕ (P— or TOER) 
ыыр? 
Жс Л 


Exercise 16.1 


1. Two forces whose magnitudes are P and 
P2 lbs. wt. act on a particle in directions in- 
clined at an angle of 135° to each other; find 
the magnitude and direction of the resultant. 
2. Find the angle between two equal forces 
P, when their resultant is a third equal force P. 
3. Find the greatest and least resultants of 
two forces whose magnitudes are 12 and 
8 lbs. wt. respectively. 

4, Two equal forces act on a particle; find 
the angle between them when the square of 
their resultant is equal to three times their 
product. 

5. Show that the greater the angle between 
the lines of action of two forces acting at a 
point, the less will be their resultant. 

6. If the direction and magnitude of the 
resultant of two forces inclined at a given 
obtuse angle be known, prove that one of the 
forces is greatest when the other is perpendi- 
cular to the resultant. 

7. Two unequal forces inclined at a certain 
angle act on a particle. Show that the resultant 
is nearer the greater force. 
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8. If the resultant of two forces acting on a 

particle be at right angles to one of them, and - 
its magnitude be one-third of the magnitude of 

the other, show that the ratio of the larger 

force to the smaller is 3 : 22. 

9. The resultant of two forces P and Q 

acting at an angle о is equal to (2 + 1) 


VP*-FQ?; when the forces act at an 
angle (909 — а), the resultant is (Zm — 1) 
JP3 08. Show that tan 0 = "T 1. 


10. If the resultant R of two forces P and О 
inclined to one another at any given angle 
make an angle a with the direction of P, 
show that the resultant of the forces P + R 
and Q acting at the same angle will make an 
angle јо with the direction of P + R. 

11. Two forces P and Q act at an angle a. 
If P and Q be interchanged in position, show 
that the resultant will be зас through ап 
EA 9 tan id 
ТРУ PFO 

12. Two forces х and Q act at an angle a 
and have a resultant R. If the magnitude of 
each force be increased by R, and ¢ be the 
angle which the new resultant makes with К, 
prove that 


angle 0 where tan 3- 


ia y (Р — Q)sina 
P+Q+R+(P+ Qs 
13. The resultant of two forces P and Q 
R. If Q is doubled, R is doubled and when Q 
is reversed, R is again doubled. Show that 
РОК УУ 12. 
14. The line of action of the resultant of 
two forces P and Q divides the angle between 
them in the ratio 1 : 2. Show that the magni- 
tude of their resultant is (P? — Q*)/Q. 
15. The greatest and least magnitudes of the 
resultant of two forces of constant magnitudes 
are F and G. Prove that when the forces act 
at an angle 2a, the resultant is 


VEF? costa + G” ѕіпѓо, 
145 


81641 
16.4 То resolve a given force into two 
perpendicular components 

Let the line of action of the given force R 
make an angle 0 with the direction OX and let 
OY be perpendicular to OX. Let P and Q be 
the resolved parts of R along OX and OY 
respectively, 

Then P = К cos 0 and Q =R sin 0. 


Y 
R 

Q 

90 
Ёс 

0 Р x 

Fig. 16.3 
REMARKS 


1, The proof is similar to that in Section 
11.6, Ch. 11, и, v, w being replaced by Р, Q, R 
respectively. 

2, The component of R along XO is 
— R.cos 0, 


16.5 Theorem 

The algebraic sum of the resolved parts of 
two forces along any direction is equal to the 
resolved part of their resultant in that direction, 


EXAMPLE 

Two forces R and S act at a point along two 
straight lines inclined at an angle 0, and F is 
their resultant. Two other forces R’ and S 
> acting along the same lines have a resultant F”. 
If be the angle between the lines of action 
of F and F’, prove that 
(1 — cos ФІ + cos ф) 
(R*S"* — 2RR'SS' + R^ S*Y(1 — cos 0) 
= 1 + cos 

нара 

Let OA and OB represent the two forces 
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R and 5, and OC their resultant F, so that 
OACB is a parallelogram. 


Fig. 16.4 


Let OA’ and OB’ represent the two forces 
R’ and S, and ОС” their resultant Г’, so that 
OA'C'B' is а parallelograrh. 

Let us take two directions OX and OY 
along and perpendicular to OA respectively, 
Resolving the forces К, 5, F along OX, we have 

F cosa =R + S cos 0 

[cf. Section 165] (1) 
Resolving the forces R, 5, F along OY, we have 
F sina = 5 sin 0. (2) 
Similarly, resolving R’, S*, Р along OX and 
OY, we have 
F’ cos a = К + S' cos 0 (3) 
and J” sin æ = 5 sin 0. (4) 
Here a, а/ are the angles made by F, F' respec- 
tively with the line of action of R (ie. of R’). 
. $7v*—a. 
sin $ = sin (a — a) 
= sin a^ cos a — cos o sin a 
ЕР! sin ф = F' sin a’, 
F cos a— Е! cos a’. F sina 
= S sin 0 (R + 5 cos 0) 
= (К' + $' cos 0) 5 sin 0 
= (RS’ — R'S) sin 0 
y= (RS' — R'S)* ѕіп20 
or, (L= cosg) = (RS! — RISU cost) 


sin 


51661 


/. (1 соз ф)(1+ cos 4) 
z(R*5'* — 2RR'SS' + R'*S*Y(1 — cos 0) 
1 + cos 0) 


Hence the result. 


16.6 To find the resultant of a system of 
coplanar forces acting at a point 

Let the coplanar forces P;, Pa, Ps... acting 
at a point О be inclined at angles ац, ад, аз, .... 
respectively with OX, OY being perpendicular 
to OX. Let the resultant R of the given 
system of forces be inclined at an angle 0 
with OX, 


Fig. 16.5 


We know by Section 16.5 that the algebraic 
sum of the resolved parts of a system of 
concurrent and coplanar forces in any direc- 
tion is equal to the resolved part of their 
resultant in that direction. 

Let X, Y be the resolved parts of the resul- 
tant R along OX and OY respectively. Then, 
resolving the forces along OX and OY, we get 

X = К cos 0 = P, cos a, + Р, cos a + 

Р, cos ay t ... = X, P, cos a, (83) 
and Y = R sin 0 = P, sina, + Р, sin a + 
Р, sin ay +... = E, P, па. (2) 

Squaring (1) and (2) and adding we have 

Кз = Хз + Үз = (2,P, сова)? 

+ (X, P, sin a,)* 
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sothat R= XF ys 9) 
Dividing (2) by (1), tan 0 = Хэ ipm 

so that 0 = tan! $. id 


Relation. (3) gives the magnitude of the re- 
sultant and (4) gives its direction. 


COROLLARY 

1, Conditions for equilibrium: The given 
system of forces is said to be in equilibrium 
when the resultant R = 0, 

Now R= VX'+Y?=0 gives X=0, 
Y=0. 

Hence the algebraic sum of the resolved parts 
of the forces along any two perpendicular 
directions should vanish separately when the 
forces are in equilibrium. This is the neces- 
sary condition for equilibrium, 

Conversely, X= 0, У = 0 means R=0. 

Hence the conditions X = Y = 0 are suffi- 
cient, 


EXAMPLE 

Forces act through the angular points of a 
triangle perpendicular to the opposite sides, 
and are proportional to the cosines of the cor- 
responding angles ; show that their resultant is 
proportional to УТ — 8 cos A cos B cos C. 


Fig. 166 


Let AD, BE, CF be drawn perpendiculars 
from A, B, C respectively on the opposite sides. 
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Let the forces mcos А, mcos В and m cos С 
act along 4D, BE, CF respectively. : 

In ABEC, Z BEC = 90° so that Z ЕВС 
= 90° — С. 

Similarly, /ВСЕ=90°—В. 

Resolving the forces along and perpendicu- 
lar to DC, we get 


X = m cos B cos (90° — C) 
= m cos C cos (90° — B) 
= m cos B sin C — m cos C sin B 
= msin (C — B) era) 
and Y = — mcos A + m cos B sin (90° — C) 
+ m cos C sin (90° — B) 
— m cos A + m cos B cos C 
+ m cos C cos В 
— m cos A + 2m cos B cos C 
— mcos A +m {cos (B + C) 


її 


+ cos (B — C)) 
= —m«cos A + m (cos (т — A) 
+ cos (B — C)} 


[^ A+B+C=nx7] 
= — mcos A — m cos A 
+m cos (B — С) 
= m cos (B — C) — 2m cos A (2) 
= mcos (C — B) —- 2m cos A 
The resultant R is given by 
К° = Х + үз 
= т? sin? (C — В) + m? cos? (C — B) 
— 4 т? cos A cos (C — В) + 4m? соз? A 
=m? [1 —– 4с05 A { cos (C — B) 
— cos 4 ) ] 
=m? [ 1 — 4 cos А { cos (C — B) 
— cos (m — C + B))] 
=m? [1 — 4cos A (cos (C — B) 
+ cos (C + B))] 
= т[ 1 — 8 соз А соз В cos С] 
40 Ё«у1-8сов4 cos B cos C. 


Exercise 16.2 


1. Two forces P and Q have a resultant R 
and the resolved part of R in the direction of 
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P is of magnitude Q. Show that the angle 
ENSE 
between the forces is 2 sin (5) . 
2. A particle is acted upon by forces repre- 
sented by P, 2P, 3\/3P and 4P ; the angles 
between the first and second, the second and 
third, and the third and fourth are 609, 909 
and 150° respectively. Show that the resultant 
is a force P in a direction inclined at an angle 
of 120° to that of the first force, 
3. Three forces P, О, R in one plane act on a 
particle, the angles between О and R, R and P, 
and P and О being a, B, y respectively. Show 
that their resultant is 


{P? + Q* + R? + 2ОЁ cos a+ 2RP cos B 


+ 2PQ cos ҮН. 
4. If forces of magnitudes Р, О and R act at 
a point parallel to the sides BC, CA and AB 
respectively of a triangle ABC, prove that the 
magnitude of their resultant is 
{P* + Q* + R? —;20К cos A — 2PR cos В 


— 2PQ cos e 
5. Forces each equal to P act at a point 
parallel to the sides of a triangle ABC, taken 
in order; show that their resultant is given by 


P{3 — 2 cos A — 2 cos B — 2 cos cH. 
16.7 Triangle of forces 


If three forces, acting at a point, be repre- 
sented in magnitude and direction by the sides 


CO "-BÉ MSIE 
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81681 


of a triangle taken in order, they will be in 
equilibrium. 

Let the three forces P, Q, R acting at O be 
represented, in magnitude and direction, by the 
sides AB, BC, CA respectively of A ABC, 
Complete the parallelogram ABCD, Since AD 
is equal and parallel to BC, AD also represents 
the force Q. Hence the resultant of AB and 
BC is the same as the resultant of 4B and AD. 
By parallelogram of forces, the resultant of 
AB and AD is AC. 

Hence the resultant of Р, 0, К 

= resultant of AB, BC, CA 
= resultant of AC and CA 
=0. 

2. P,Q, R are in equilibrium. 


REMARKS 

1. It should be noted that P, Q, R do not 
actually act along the sides of A ABC; the 
sides of A ABC represent their magnitudes 
and directions only but not the positions. 

2. If two forces acting at a point be repre- 
sented in magnitude and direction by the sides 
of a triangle taken in order, then their re- 
sultant is represented in magnitude and direc- 
tion (not in position) by the third side taken 
in opposite order. This may be symbolically 


stated as AB Р BC = AC. 
16.8 Converse of the triangle of forces 


If three forces acting at a point be in equili- 
brium, they can be represented in magnitude 


Fig. 16.8 
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and direction by the sides of a triangle which 
may be drawn so as to have its sides respec- 
tively parallel to the direction of forces. 

Let the forces P, Q, R acting at O along OX, 
OY, OZ respectively, be in equilibrium. The 
lengths OA and OB are cut off to represent the 
magnitudes of P and Q respectively. The 
parallelogram OACB is completed. 

Since the three forces are in equilibrium, the 
resultant of any two of them must be equal 
and opposite to the third force, 


By parallelogram of forces, the resultant of 
P and Q is represented by OC. Hence the 
third force R may be represented by CO. Also, 
AC being equal and parallel to OB, it repre- 
sents Q. Hence the sides 04, AC, CO repre- 
sent the forces P, Q, R respectively. 


Now any triangle whose sides are parallel 
to those of A ОЛС will have its sides propor- 
tional to those of A OAC and hence propor- 
tional to the forces. 

Again, any triangle whose sides are respec- 
tively perpendicular to those of A OAC will 
have its sides proportional to the sides of 
A OAC and hence proportional to the forces, 


REMARK 

Construction of a triangle of forces is pos- 
sible unless the sum of two forces becomes less 
than the third. 


16.9 Lami’s theorem 

If three forces acting at a point be in equili- 
brium, then each is proportional to the sine of 
the angle between the other two. 

Let the forces P, Q, R acting at O along 
OX, OY, OZ respectively [ see Fig. 16.8] be 
in equilibrium. 

The lengths OA and OB are cut off from OX 
and OY respectively to represent the forces 
P and Q. The parallelogram OACB is com- 
pleted. Then CO represents R. 
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We have from Trigonometry, 
OA AGE СО 
sin ACO sin COA ^ sin OAC 
Now sin Z ACO = sinZ BOC 
= sin (180° — YOZ) 
= sin YOZ = sin (Q, R), 


sinCOA = sin (180° — ZOX) 
= sin ZOX = sin (R, P), 

sinOAC = sin (180° — CAX) 

= sin CAX = sin YOX 

=sin (P, Q). 

SOAR SOR GITE CO 
sin (Q, R) sin (KR, P) ~ sin (P, О) 

ГАС = OB] 
Р 0 R 


9^, Sin (Q, R) sin(k, P) - sin P, О) 
Here sin (Q, R) denotes sine of the angle be- 
tween Q and R. 


16.10  Illustrative examples 


ExAMPLEÓI 

If P be any point in the plane of the triangle 
ABC and D, E, F be the middle points of its 
sides BC, CA and AB respectively, show that 
the forces АР, BP, CP, PD, PE, PF are in 
equilibrium. 


Fig. 169 


The forces PA and PB are equivalent to 2 PF ; 

(by using the A — д theorem) 
the forces PB and PC are equivalent to 2 PD 
and the forces PC and PA are equivalent to 
ZPE. 
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Hence the sum of the forces represented by 
2PF, 2PD, 2PE is equivalent to the sum of 
the forces represented by 2PA, 2PB, 2PC; 
in other words, the sum of forces PA, PB, PC 
is equivalent to the sum of the forces PD, PE, 
PF. 

Therefore, the sum of the forces AP, BP, 
CP, PD, PE, PF is equivalent to the sum 
of the forces AP, BP, CP, PA, PB, PC. But 
the constituents of the latter sum balance each 
other and hence the forces АР, BP, CP, PD, 
PE, PF maintain equilibrium. 


ExAMPLEA2 
ABC isa triangle. Forces P, О, R act along 
the lines 04, OB and OC and are in equili- 


brium. If O be the centroid of the triangle 
ABC, prove that 
Pn Q Rr 
OA OB 30€ 
А 


Fig. 16.10 


By Lami's theorem, 


P [^] R 
sin BOC ~ sin COA ^ sin AOB (D 
Since O is the centroid of A ABC, we have 
А ВОС = А СОА = A АОВ 
ог, $.OB.OC sin BOC = 4.0C.0A.sin AOC 
= 4.0A4.0B.sin АОВ. 
Dividing throughout by 3 ОА.ОВ.ОС, we get 
sin ВОС sin COA _ sin АОВ 
ОЖ ПОПОВ D 0) 


By (1) and (2), we get ба 2 is -0 


g> 
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Exercise 16.3 


1, Determine whether a particle can be kept 
at rest by three simultaneous forces whose 
magnitudes are proportional to (i) 4, 55.9 
(ii) 12, 3, 8, (iii) 4, 7, 9. 

2. ABC is a triangle and D, E, F are the 
middle points of the sides BC, CA, AB res- 
pectively. Forces represented by AD, $ BE 
and 4 CF act on a particle. Show that their 
resultant is represented by 44C and that its 
line of action divides BC in the ratio 2: 1. 

3. The sides AB and AC of a triangle ABC 
are bisected in D and E; show that the re- 
sultant of forces represented by BE and DC is 
represented in magnitude and direction Бу $BC. 
4. D, E, F are the middle points of the sides 
BC, CA, AB respectively. Show that the forces 
acting on a particle and represented by the 
straight lines 4D, BE, CF will maintain equili- 
brium. 

5. Show that the system of forces represented 
by the lines joining any point to the angular 
points of a triangle is equivalent to the system 
represented by straight lines drawn from the 
same point to the middle points of the sides of 
the triangle. 

6. Forces acting аа point are represented in 
magnitude, direction and order by АВ, 2BC, 
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2CD, DA, DB where ABCD is a square. 
Show that the forces are in equilibrium. 

7. Find a point within a quadrilateral such 
that, if it be acted on by forces represented by 
the lines joining it to the angular points of the 
quadrilateral, it will be in equilibrium. 

8. The sides BC and DA of a quadrilateral 
ABCD are bisected in E and F respectively. 
Show that if two forces parallel and equal to 
AB and DC act on а particle, their resultant 
is parallel to FE and equal to 2 FE. 

9. Forces acting at a point are represented 
in magnitude and direction by 2 АВ, 3 ВС, 
2CD, DA, CA and DB where ABCD is a 
quadrilateral. Show that the forces are in 
equilibrium. 

10. A body of mass 10 Ibs. is suspended by 
two strings 7 and 24 inches long, their other 
ends being fastened to the extremities of a 
rod of length 25 inches. If the rod be so held 
that the body hangs immediately below its 
middle point, find the tensions in the strings. 
11. A string ACB has its extremities tied to 
two fixed points A and B in the same horizon- 
tal line; to a given point C is knotted a given 
weight W. Prove that the tension in the por- 


tion CA is A (c? + а? — b?) where a, b, c 


are the sides and A the area of the triangle 
ABC. 
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17 Parallel Forces 


In the previous chapter, we have considered 
the composition and resolution of concurrent 
forces. In the present chapter, we shall deal 
with coplanar parallel forces acting upon a 
rigid body. 

When the lines of action of two forces do 
not meet at a point, they are said to be 
parallel and are said to be like when they act 
in the same direction and unlike when they act 
in the opposite directions. 


17.4 Resultant of two like parallel forces 

Let the two like parallel forces P and Q, 
acting at the points A and B of a rigid body, be 
represented by AL and BG respectively. We in- 
troduce, at the points 4 and B, two equal and 


Fig. 17.1 


opposite forces F represented by AN and BK. 
These forces being equal and opposite do not 
affect the resultant of P and Q. The paral- 
lelograms ALMN and BGHK are completed, 
By parallelogram of forces, the resultant R of 
P and F at A is represented by AM, and the 
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resultant R’ of Q and F at B is represented by 
BH, MA and HB are produced to meet at D. 
Through D, DC is drawn parallel to P and Q 
to meet AB at С. The points of application 
of R and К” may be transferred to D. ‘The 
force R is now resolved into its initial compo- 
nents P and F acting along DC and parallel to 
AB respectively, Similarly, R’ can be resolved 
into components Q and F acting along DC and 
parallel to AB. 

The two forces F, F at D balance each other 
while the forces P and Q acting along DC have 
the resultant (P + Q) acting along DC. 

From the similar triangles ACD and MLA, 
we have 


or, (1) 
Similarly, from the similar triangles BCD and 
BGH, 
F.DC=Q.BC. 

From (1) and (2), P.AC=Q.BC 
AC_Q 

BC P 

Hence C divides AB internally in the inverse 
ratio of the forces. 


(2) 


or, 


17.2 Resultant of two unlike unequal 
parallel forces 

Let P and О (Q >Р) be two unlike paral- 
lel forces acting at the points A and B res- 
pectively of a rigid body. Let us introduce a 
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force F (in the direction of Р) at C on AB 
produced—the position and the magnitude of 
F being so chosen as to produce a resultant Q 
at B in the direction of P. Another force F 
is now introduced at C in a direction opposite to 
the former one. 


Q 
^F 
П 
П 
' 
A B ! с 
: ! 
\ i 
! ! 
p i 4 
! F 
I 
h 
Fig. 17.2 


The two forces F, F at C being equal and 
opposite, balance each other and hence they do 
not affect the resultant of P and Q. 
By construction and assumption, 
Q=P+F (1) 
and Р. АВ = Е. ВС. (2) 
Now the two forces О at В balance each 
other and we are left with a single force F at 
C in the direction of Q, 
Hence we may conclude that the resultant of 
P at A and Q at B is F = Q — P acting at C 
in the direction of the greater force Q. 
From (2) & (1), 
P.AB — (0 — P).BC 
or, P(AB + ВС) = О.ВС 
or, P.AC=Q.BC 
or, b - вс 
Hence the line of action of the resultant divides 
AB externally in the inverse ratio of the forces. 


(3) 


REMARK 
The method of composition of two equal 
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unlike parallel forces will be discussed in a 
subsequent chapter. 


COROLLARY 

Conditions of equilibrium of three parallel 
forces: If three parallel forces are in equili- 
brium, each force is proportional to the dis- 
tance between the other two, 

If R be the resultant of two like parallel 
forces Р and Q acting at А and B respectively 
and if its line of action intersects AB at C, we 
have from Section 17.1 above, P. AC = Q. BC 


so that di-R-xEih-5 (0) 


Similarly, when P and Q are unlike unequal 
parallel forces, we have from Section 17.2, 


ЯС” Ac AC= c7 АВ 


Relations (i) and (ii) establish the result. 


0) 


REMARKS 

1, The sum of the resolved parts of two 
like or unlike (unequal) parallel forces in any 
direction is equal to the resolved part of their 
resultant in that direction. 

2. The resultant of any number of parallel 
forces is parallel to them and equal to their 
algebraic sum. 


17.8 Illustrative examples 


EXAMPLE 1 

Two men, one stronger than the other, have 
to remove a block of stone 500 kgs., with a light 
pole whose length is 250 cms ; the weaker man 
cannot carry more than 200 kgs. Where must 


A 0 8 
200 kge 5ooKgs, 3ooKgs 
Fig. 173 
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the stone be fastened to the pole so as just to 
allow him his full share of weight ? 

Let A and B be the positions of the weaker 
and the stronger man respectively. When the 
man at 4 carries 200 kgs., the man at B must 
carry the remaining 300kgs, Let O be the 
position of the stone. The weight at O is 
balanced by the weights at 4 and B. 

200.40 — 300. BO 
ог, 2. AO = 3. BO 


OL See anlar vm 
= 50 


AO = 150 cms, and BO = 100 cms, 
The stone is to be fastened to the pole 
at a distance of 150 cms. from the weaker man. 


» 


EXAMPLE 2 

The resultant of two like parallel forces 
Р, 0 passes through a point O ; when P is in- 
creased by R and Q by S, the resultant still 
passes through O, and also when Q, R replace 
P, Q respectively. 


Show that 5 = os E Q- (59. 


Р 


А o B 
Fig. 174 


Let the two like parallel forces P and Q act at 
A and B respectively. Since their resultant 
passes through O, we have 
Р,АО--0.ВО (1) 

Again, the resultant of (P +R) at A and 
(О + 5) at B also passes through О. 

4 (P+R).A0=(Q4+S).BO (2) 
Also, the resultant of Q at A and R at B 
passes through O. 
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7. Q.A0 = R. BO (3) 
From (1) & (3), 
ДӘ ЕШ IO 
ПОО XR 
«e, R=. (4) 
Subtracting (1) from (2), we get 
R.AO=S.BO (5) 
From (3) and (5), ск (6) 
5= 92 = 0(0"Р)" by (0 
UMOR 
=% 2 
Again, 0-8-0-8 
Olena Oe R 
Mesias 
P-QUQ-R 
C= 5 
(Q R)? 
ог, Ё—$= Р-0 
(Q =R)? 
5-8-9-27 (8) 
By (7) and (8), s=8 =r- 0. 


Hence the result. 


Exercise 17.1 


1, Find two like parallel forces acting at a 
distance of 75 cms, apart, which are equivalent 
to a given force of 50 kgs. wt., the line of 
action of one being at a distance of 15 cms. 
from the given force, 

2. Find two unlike parallel forces acting at a 
distance of 18 inches apart which are equiva- 
lent to a force of 30 lbs. wt., the greater of the 
two forces being at a distance of 8 inches 
from the given force. 

3. The extremities of a straight bamboo pole 
8 ft. long rest on two smooth pegs P and Q in 
the same horizontal line. A heavy load hangs 
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from a point R of the pole. If PR=3RQ, 
and the pressure at О be 325 lbs. more than 
that at P, find the weight of the load. 

4, A uniform beam, 4 ft. long, is supported 
in a horizontal position by two props which are 
3 ft. apart, so that the beam projects one foot 
beyond one of the props. Show that the force 
on one prop is double that on the other. 

5. A light horizontal plank of length 8 ft., on 
which is placed a load of 32 Ibs. at a point 
1 foot from one end, rests on supports at its 
ends. If the load be remoyed from its posi- 
tion and placed at the middle of the plank, 
find by how much the pressure on each support 
is altered. 

6. Two men have to carry a block of stone of 
weight 311 Ibs. on a light plank. How must 
the block be placed so that one of the men 
should bear the weight 205 Ibs. more than the 
other ? 

7. Two like parallel forces P and Q act at 
given points of a body; if Q be changed to 
P*/Q, show that the line of action of the re- 
sultant is the same as it would be if the forces 
were simply interchanged. 

8, If the magnitudes of two unlike parallel 
forces P, Q (P > Q) be increased by the same 
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amount, show that the line of action of the re- 
sultant will move further off from P. 

9. P and Q are two like parallel forces act- 
ing at A and B respectively. Show that if they 
interchange position, the point of application of 
the resultant is displaced through a distance 
EX GAB (P > Q) along AB. 

Hence or otherwise prove that if the position 
of the resultant remains unaltered when the 
forces are interchanged, the forces must be 
equal in magnitude. 

10. A man carries a bundle at the end of a 
stick which is placed horizontaly over his 
shoulder ; if the distance between his hand and 
his shoulder be changed, how does the pressure 
on his shoulder change ? 

11. A rod, of length 2/ and weight W, is lying 
across two pegs on the same level a feet apart. 
If neither peg can bear a pressure greater than 
P, find the greatest length of the rod which may 
project beyond either peg. 

12. P, Q are like parallel forces. If P is 
moved parallel to itself through a distance d, 
find the distance through which the resultant of 
P and Q moves. 
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19 Moment of a Force 


Ler us suppose that a body is attached to a 
fixed axis or hinge about which it can rotate 
freely. The body can be set in motion by 
applying to it a force in any direction not pass- 
ing through the axis, It has been verified by 
experiments that this tendency of. rotation 
varies as the magnitude of the force and also 
as the perpendicular distance of the force from 
the axis of rotation, Actually, the further off 
from the axis.the force is applied, the more 
effect it has in turning the body. 


18.1 Definition of moment of a force 
about a point 

The moment of а force-about a fixed point 
is the product of the magnitude of the force 
and the perpendicular distance. of the point 
from its line of action. 


Fig. 18.1 


Thus the moment of a force P about a point 
O in its plane is the product P X OM where 
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OM is the perpendicular distance of the line of 
action of P from O. 


The length OM is called the arm of the 
moment, 


Hence moment=forceXarm. 


REMARKS 

1. The moment P X OM vanishes if either 
P=0 ог OM=0. Неге OM=0 implies that 
the point O lies on the line of action of P. 

Hence we conclude that the moment of a 
force vanishes when either (i) the force itself 
is zero, or (ii) the line of action of the force 
passes through the point. 

2. It has been verified by experiments that 
the moment of a force about any point is a 
proper measure of the tendency of the force 
to produce rotation about that point. 

3. Positive and negative moments: The 
moment of a force about a point is regarded 
as positive or negative according as the force 
tends to rotate a body about that point in the 
anticlockwise or clockwise direction. 

It is convenient to remember that the 
moment of a force is 


(i) positive about all points on the left 
of its line of action, and 

(ii) negative about all points on the right 
of its line of action, 


with regard to a person looking in the direction 
of the force. 
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18.2 Geometrical representation of the 
moment of a force 

Let AB represent the force P in magnitude 
and direction, and О any point in its plane. 
OM is drawn perpendicular to АВ. 

Now, moment of P about O 


A M P B 
Fig. 182 


= P X OM = AB X OM 
=2.4A4B XOM 
= 2 X area of A ОАВ. 
Hence we may conclude : 

If a force be completely represented by a 
line segment, its moment about any point is 
measured by twice the area of the triangle 
whose base is the line segment and whose 
vertex is the point about which moment is taken. 


COROLLARY 
1. If a given force is compounded with any 
force which passes through O, the moment 
about O remains unaltered. 
2. If a force is applied at any point A, its 
moment about any point O is 
OA Х resolved part of P perpendicular to OA. 
We have from Fig. 182, moment of P 
about O. 
=P X OM = P X OA sin OAM 
= ОА ХР sin OAM 
= ОА X resolved part of Р 
perpendicular to OA. 
3. The moments of two intersecting forces 
about any point in the line of action of their 
resultant are equal and opposite, 


21-П 
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18.3 Varignon’s theorem 

The algebraic sum of the moments of two 
forces about any point in their plane is equal 
to the moment of their resultant about that 
point, 

We shall consider two cases as proofs of the 
above theorem. 


Let the forces meet at a point : 


Case І: 


Let the two forces P and Q act at the point 
A along AX and AY respectively, and let the 
moments be taken about the point O which 
may lie within the angle XAY [see Fig. 18.3 
(b) 1 or outside it [ see Fig. 18.3(a) 1 

The line OC is drawn through O parallel to 
P to meet the line of action of Q at C. Let us 
choose a scale such that AC represents the 
magnitude of Q, and on the same scale let 4B 
represent the magnitude of P. 
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_ The parallelogram ABDC is completed. Then 
the diagonal AD represents the resultant R of 
P and Q. OA, OB, AD are joined. 
In Fig. 18.3(a), the moments of both P and 
Q about O are positive. Hence algebraic sum of 
moments of P and Q about O 


=2 AOAB+2A0AC 
=2(A АВр + AOAC) 
=2(A ADC + AOAC) 
=2 AOAD 
= moment of R about О. 
In Fig. 18.3(b), the moments of P, R about 
O are positive but the moment of Q about O 
is negative. 
Hence algebraic 
P and О about О 
=2 AOAB—2 AOAC 
=2(A ОАВ — A OAC) 
A 040) 
=2(A ACD — A OAC) 
= 2 A OAD = moment of R about О. 


sum of moments of 


=2(A ABD — 


Case ТЇ: Let the forces be parallel : 
R= 6+ 
Р Q 
Q 
0-- = 
A1 MDC B 
(4) 
R=P+Q 
Р 
Q 
A (9 о 8 
(b) 
Fig. 184 
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Let P and Q be two like parallel forces and 
let O be any point in their plane. A line is 
drawn through O perpendicular to the lines of 
action of the forces P and Q to meet them at 
4 and B respectively. Then the resultant 
Е = P + О acts at C on AB such that 

P.AC=Q.BC (i) 

In Fig. 18.4(a), algebraic sum of moments 

of P and Q about O : 
—P.0A--Q.OB 
= P(OC — AC) + Q(OC + BC) 
=(P+Q).0C —P.AC+Q.5C 
= R.OC by using (i), 
= moment of R about О. 

In Fig. 18.4(b), algebraic sum of moments 
of P and Q about O 
—P.0OA+Q.0B 
= P(AG + OC), Q(BC — OC) 
RRON OCT P ACO. BC 
— R.OC by using (i), 
= moment of R about O. 
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Hence the theorem. 


REMARK 
In case the parallel forces are unlike and 
unequal, we can similarly prove the theorem. 


COROLLARY 

The algebraic sum of the moments of any 
two coplanar forces (which are not in equili- 
brium) about any point which lies on the line 
of action of their resultant is zero, and 
conversely. 


18.4 Generalisation of Varignon’s theorem 

Varignon’s Theorem on two forces may be 
easily generalised to the case of any number of 
coplanar forces as stated below : 

The algebraic sum of the moments of any 
number of coplanar forces about any point in 
their plane is equal to the moment of their 
resultant about that point. 
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COROLLARY 

If a given system of coplanar forces. be in 
equilibrium, the algebraic sum of their moments 
about any point in the plane is zero. 

If the algebraic sum of the moments of a 
number of coplanar forces about any point in 
their plane be zero, then either their resultant 
passes through that point or the resultant itself 


is zero; that is, either the forces are in equili- . 


brium or they have a resultant passing through 
the point. 


EXAMPLE 

A heavy carriage wheel of weight W and 
radius r is to be dragged over an obstacle of 
height h, by a horizontal force P applied to the 
centre of the wheel. Show that P must be 
J2rh — h?, 


slightly greater than W (КОЙ 


Fig. 185 


Let О be the centre of the wheel and AB the 
obstacle of height h. It is possible to drag the 
wheel over the obstacle if the moment of the 
force P about A be slightly greater than the 
moment of the weight W about A. 
ie. if P.OM>W.AM 
Now OM =ON —MN=r-—AB=r—h 
and AM = VOA? = ОМ = yr: — (r— h)* 

=V2rh —h’. 
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AM 
Hence P> Wom 


ups И Мот, 
(r— №) 


Exercise 18.1 


1. ABC is a triangle, right angled at С, and 
having the angle B equal to 609. Forces 3, 4, 5 
act along AB, BC, CA respectively. Find the 
moment of each round the opposite angular 
point. 
2. A rod, 5 feet long, supported by two vertical 
strings attached to its ends, has weights of 4, 6, 
8 and 10 Ibs, hung from the rod at distances of 
1, 2, 3 and 4 feet from one end. If the weight 
of the rod be 2 lbs., what are the tensions of the 
strings ? 
3. The horizontal roadway of a bridge AB is 
36 ft. long, weighs 5 tons and rests on two 
supports at its ends. What is the pressure on 
each support when a lorry of weight 3 tons 
starting from A is two-thirds of the way across 
the bridge ? 
4. Forces equal to 3P, 7P and 5P act along 
the sides AB, BC and CA respectively of an 
equilateral triangle ABC. Find the magni- 
tude, direction and position of the resultant. 
5. P and Q are two like parallel forces. If 
two equal and opposite forces 5, in any two 
parallel lines at a distance d apart in the plane 
of P and Q, are combined with them, show that 
their resultant is displaced by a distance 
dS 

PFO 
6. Forces P, Q, R act along the sides BC, CA, 
AB of a triangle. The line of action of their 
resultant divides BC in the ratio k : | and AC 
in the ratio h : l. Prove that P : О: К = да: 
РЕЛ Cri 
7. AOB is a weightless rod bent to form an 
angle а at О. Weights P and Q are attached 
at A and B, and the whole system is suspended 
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from О. Given OA =a, OB = b, prove that 
if 0 be the inclination of OA to the horizontal, 


tan ( = ops + cot a. 

8. A uniform plank of length 2a and weight 
W is supported horizontally on two vertical 
props at a distance b apart. The greatest 
weight that can be placed at the two ends in 
Succession without upsetting the plank are W, 
and W, respectively, Show that 


9. A narrow uniform plank 20 ft. long weigh- 
ing 100 tbs. is supported in a horizontal posi- 
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tion on two posts, one 5 ft. from one end, and 
the other 8 ft. from the other end of the plank. 
A boy weighing 60lbs. walks on it starting 
from the latter post towards the corresponding 
end. Find how far it is safe for him to wall. 
What are the reactions of the posts when he is 
farthest from the starting point without upsett- 
ing the plank ? 

10. At what height from the base of a pillar 
must the end of a rope of given length be 
fixed so that a man standing on the ground 
and pulling at its other end with a given force 
may have the greatest tendency to make the 
pillar overturn ? 


19 Couples 


19.1 Definition 
Two equal forces acting in opposite direc- 
tions along two parallel straight lines are said 


to form a couple. 
a 


Р 
Fig. 19.1 


The arm of a couple is the perpendicular 
distance between the lines of action of the two 
forces forming the couple. 

The moment of a couple is the algebraic sum 
of the moments of the two forces forming the 
couple about any point in their plane. 

Fig. 19.1 shows a couple, each of whose 
forces is P and whose arm is p; the couple 
is usually denoted by (P, P). 

A. couple cannot keep a body in equilibrium 
because it tends to rotate the body, the points 


of application of the two forces of the couple 
tending to move in opposite directions. 

Examples of a couple are the forces applied 
to the key of a lock, to the handle of a door 
in opening it, to a small top in spinning it. 


19.2 A fundamental property of couples 
The moment of a couple is the same about 


all points in its plane. 


Ой ЧАА В 
Р 
(8) 
Р 
А 
о в 
Р 
(b) 
Fig. 192 
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Let the couple consist of two equal unlike 
parallel forces P, P. Let O be any point in 
the plane of the couple. OAB is drawn per- 
pendicular to the lines of action of the forces. 

Then, if O does not lic between A and B as 
in Fig. 19.2(a), moment of the couple about O 
= algebraic sum of moments of forces about О 
-Р.О4-Р.08--Р(О8-04) 

=- P. AB. 
When O lies between A and B as in 
Fig. 19.2(b), moment of the couple about O 
= algebraic sum of moments about О 
== РТОА —Р.ОВ = – Р(ОА + ОВ) 

= — Р. АВ. 
Hence the moment of the couple about О is 
independent of the position of O and is equal 
to the product Р. AB in magnitude. 


REMARKS 

1. The moment of a couple may therefore 
be defined as (i) the product of either force 
of the couple and the arm or (ii) the moment 
of either of the two forces about any point 
in the line of action of the other force. 

For, moment of the couple 

=—P.AB 
= moment about 4 of the force Р act- 
ing at B. 

2. A couple cannot be replaced by a single 
force. For, by the above result, the moment of a 
couple about every point in its plane is a non- 
zero constant quantity. If the couple reduces 
to a single force, its moment about any point 
on the line of action of that force is zero. 
We thus arrive at a contradiction of the above 
result. Hence the couple cannot have a resul- 
tant. 


19.8 "Theorem A 

A force acting at any point of a body is 
equivalent to an equal and parallel force acting 
at any other point together with a couple. 

Let a force P act at a point A of a body. 
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AB is drawn perpendicular to the line of action 
of P. At some point B on this perpendicular, 


| Р 
js те в 


Fig, 193 


let us introduce two equal and opposite forces 
each equal and parallel to P at A. These two 
forces being equal and opposite cancel each 
other, Introduction of these forces does not, 
therefore, affect the system. Now the equal 
and unlike parallel forces P, P at A and B 
form a couple and we are left with a force 
P at B in the direction of the original force 
P at A. Hence the original force P at A is 
equivalent to this couple and a parallel and 
equal force P at A. This equivalence is further 
established by the fact that 

the moment of the couple 

= — P. AB = moment of the original 

force P at A about B. 


19.4 Theorem B 

Two couples in the same plane whose 
moments are equal and opposite will balance 
each. other. 
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COROLLARY 

A couple acting on a rigid body may be re- 
placed, without altering its effect, by any other 
couple of equal moment acting on the body in 
the same plane. 


19.5 Theorem C 

A single force and a couple acting in the same 
plane are equivalent to the given single force 
acting in a direction parallel to its original 
direction. 


Fig. 19.5 


Let the given couple consist of the two forces 
P, P acting on the arm AB = p and let Q be 
the given single force acting at C: 

The couple (P, р) may be replaced by a 
couple of equal moment in its plane. Let us 
replace the given couple by a couple (0, 2) 
such that Рр = Ол. One of the constituent 
forces of the couple (Q, х) is taken at C in 
a direction opposite to that of the given force 
at C and the other constituent force Q is taken 
at D where CD( = x) is perpendicular to the 
line of action of the given force Q at (©; 

The two equal and opposite forces Q, О at 
C balance each other and we are left with a 
single force Q at D which is parallel to the 
given force Q. 

Thus the couple (P, р) and the force Q at C 
reduce to the single force Q which acts in a 
direction parallel to the given force Q at C 


but displaced through a distance + = T 


REMARK 

It is evident from this theorem that a force 
and a couple in the same plane cannot produce 
equilibrium. 


19.6 Mlustrative examples 


EXAMPLEI 

ABCD is a rectangle whose sides 4B, BC 
measure 8 and 3 cms. respectively. Forces of 
16, 5, 16, 9 gm. wt. act along the sides BA, 
BC, DC, DA respectively. Find their resul- 
tant. , 


A 16 gm. wt. B 


E legm.wt 
Fig. 19.6 


The forces along BA and DC form a 
couple whose moment = 16 X 3 cm.-gms. = 
48 cm.-gms. 

This couple can be replaced by a couple 
consisting of two forces 6, 6 gm.wt. acting 
along AD and CB respectively because the 
moment of this couple is also 48 cm.-gms. 

Now. the forces 9 gm.wt. along DA and 
6 отл along AD reduce to 3 gm.wt. along 
DA. 

Similarly, the forces 5 gm.wt. along BC and 
6 gm.wt along CB reduce to 1 gm.wt. along CB. 

Thus the whole system reduces to two like 
parallel forces 3 gm.wt. along DA and 1 gm.wt. 
along CB, so that their resultant is a like 
parallel force 4 gm.wt. acting at E on DC such 
that 


3.DE=1.CE 
DE LL, 
or, CET 
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Since CD = 8 cms, DE =2 cms. 
Hence the resultant of the system is a force 

4 gm.wt. parallel to DA acting at a point E on 

DC at a distance of 2 cms. to the right of D. 


EXAMPLE 2 

The constituent forces of a couple of moment 
С act at A and В; if their lines of action are 
turned through a right angle, they form a 
couple of moment H. Show that they form a 
couple of moment (i) С cos a+ H sin « 
when each of them is turned through an 
angle a; (ii) VG? + Н? when they both act 
at right angles to АВ. 

Find also the angle through which the forces 
should be turned to get a couple of moment 
G again. 


Fig. 19.7 


Let the couple of moment G consist of forces 
P, P acting at A and В at an angle 0 with AB 
as shown in Fig. 19.7. 
Then G=P.BL=P.AB sin 0 
Also H=P.,AB sin (90° + 0) 
=P.AB cos 0 (2) 
шон (1) and (2) and then adding 


p 


(1) 


P.AB- VGUEHE (3) 
(1) Let G' be the moment of the couple 
when each force is turned mous an angle o. 
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Then 
G' —P.AB sin (0 + a) 
=P. AB sin 0 cos a+ P.AB 
cos 0 sina - 
= G соз «+ H sin a by (1) & (2). 
(ii) When the forces act at right angles to 
АВ, we have 0 = 90? so that 
the moment of the couple = P . AB 
= VG? + H? by (3) 
Let у be the angle through which the forces 
are to be turned to get a couple of moment G 


again. 
Then G=P.AB sin (0 y) 
=G cos y +H sin y 
or G(1l—cs y) =A sin y 
l— cosy Н 
of siny С 
"14 
or, A Coe Ed 
2 sin Ў cos У. 


2 2 
y = 2 tan* (Н/С) is the required angle. 


Exercise 19.1 


1. Forces of magnitudes 1, 2, 3, 4, 2V2 act 
respectively along the sides 4B, BC, CD, DA 
and the diagonal AC of the square ABCD. 
Show that their resultant is a couple and find 
its moment. 

2. Forces equal to 3, 5, 3 and 5 Ibs.wt. act 
respectively along the sides of a square taken 
in order. Find their resultant. 

3. Show that the forces 3, 8, 7, 11 and 
5 lbs.wt. acting respectively along the sides 
AB, BC, CD, DA and the diagonal AC of a 
rectangle ABCD are equivalent to a couple, if 
AB = 6 ft. and BC = 4j ft. and show that the 
moment of the couple is 793 ft.lbs. 

4. P and Q are like parallel forces. If a 
couple each of whose forces is F, and whose 
arm is a in the plane of P and О, is combined 


Ex. 191] 

with them, show that the resultant is displaced 
; Fa 

through a distance РЕО 


5. A horizontal bar AB, without weight, is 
acted on by a vertically downward force of 
1 1Ьлуї, at A, a vertically upward force of 
1 1b.wt. at B, and a downward force of 5 Ibs.wt. 
at a given point C inclined to the bar at an 
angle of 30°. Find at what point of the bar 
must a force be applied to balance these, and 
find also its magnitude and direction. 

6. D, E, F divide the sides BC, CA, AB 
respectively of an equilateral triangle ABC of 
side a in the ratio 5 : 1. Three forces each 
equal to P act at D, E, F perpendicular to the 
sides and outwards from the triangle. Show 
that they are equivalent to a couple of moment 
Pa. 

7. Three forces, proportional to the sides of 
a triangle, act perpendicularly to these sides. 
Prove that they are either in equilibrium or 
form a couple. 

8. Three parallel forces Р, Q, R acting at the 
angular points of the triangle ABC, are in 
equilibrium when they act at right angles to 
BC. Prove that if each line of action be 
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turned through an angle a in the same direc- 
tion, they will be equivalent to a couple of 
moment Pb sin a sin C. 
9. If the algebraic sum of the moments of 
two given coplanar forces about any point in 
their plane be a non-zero constant, show that 
the given forces form a couple. 
10. ABCD is a rectangle such that 4B — CD 
=a and ВС = DA =b. Forces P, P act 
along АР and CB ; forces Q, Q act along 48 
and CD. Prove that the perpendicular dis- 
tance between the resultant of the forces P, Q 
at 4 and the resultant of the forces P, Q at 
ci Pb. 

ЭУР" + O? 
1l. Forces P and О act at A, and are com- 
pletely represented by AB and AC, sides of a 
triangle ABC. Find a third force R such that 
the three forces together may be equivalent to 
a couple whose moment is represented by half 
the area of a triangle. 
12. Four forces are completely’ represented 
by the sides АВ, BC, CD, DA of a quadrilateral 
ABCD. Show that they are equivalent to a 
couple, consisting of two equal forces through 
B and D. 
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20 Centre of Gravity 


—————————————— 


IN dealing with the problems of mechanics, 
we frequently assume that the weight of a 
straight uniform heavy rod acts at its middle 
point, and generally, that the weight of a rigid 
body may be supposed to be concentrated at a 
single point, called the eentre of gravity of 
the body. Before going to the actual definition 
of the centre of gravity, it will be helpful to 
develop the idea of the centre of parallel 
forces. ; 


20.1. Centre of parallel forces 

We shall now find out the resultant of any 
number of parallel. forces of given magnitudes 
applied at given points of a rigid body, not 
necessarily in the same plane. 


Fig. 20.1 


Let Pi, Pa Pye реа system of parallel 
forces acting at Ал, A», Ay,.... of a rigid body. 
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A, 4, is joined. The forces P, and Р, are 
equivalent to а single resultant force 
(P; + P), parallel to them, acting at B, on 
A; Az such that 4, В, : 4. В, = Р, : Р,. 

Let us now join В, A, and compound the 
force (P, + P) at B, with the force Р, at As. 
The force (P, + Р.) at By and Р, at А» are 
equivalent to a single resultant force, parallel 
to them, (P, + Р, + P5) acting at B, on B, A, 
such that B,B, : 4B, = P, : (Р, + P). 

Let us now join 8,4, The force 
(Р,-Р,-Р,) at B, and P, at А, are 
equivalent to a single resultant (P, + P, + P, 
+ P4), parallel to them, acting at С on B.A, 
such that 

В.С: AG = Py? (Р, #Р, P4) 
This resultant is therefore the resultant of 
the four forces P;, Pa Ps, P, acting at Л, Ao, 
Аз, Ag respectively. 
Proceeding in this way, we may find the 


Fig. 20.2 
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resultant of any number of parallel forces 
acting at different points of the body. 

If the forces remain unchanged in magnitude 
but act at the same points in some direction 
(remaining parallel to themselves) other than 
that as shown in Fig. 20.1, their resultant will 
still pass through the same point G as before 
[see Fig. 20.2 ]. 

The point G is called the centre of parallel 
forces Р, Pa, Ps, Ps. 

We may, therefore, conclude : 

The resultant of any number of parallel 
forces passes through a certain point whose 
position depends only on the magnitudes and 
the points of application of the forces and not 
on their direction. This point is called the 
centre of the parallel forces. 


20.2 Centre of gravity 

A rigid body consists of an infinite number 
of particles each of which has its own weight 
acting vertically downwards. Thus the weights 
of the particles form a system of like parallel 
forces, ' This system of like parallel forces may 
be supposed to be replaced by its resultant 
force, and it is convenient to speak of this 
resultant as the weight of the body. The point 
of application of this resultant is called the 
centre of gravity, or briefly ©. G., of the 
body. 

The particles of the body will have their 
positions and weights unchanged unless the 
shape or size of the body changes. We may 
therefore say that the C. G. of a rigid body is 
fixed with regard to itself or that it moves with 
the body. 

We may, therefore, define the centre of 
gravity as follows : 

The centre of gravity of a body is that point, 
fixed relative to the body, at which the whole 
weight of the body may always be supposed to 
act. 
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REMARKS 

1. The centre of gravity may not always lie 
in the body itself ; for example, the centre of 
gravity of a circular ring of wire is at the 
centre of the circle and not in the material of 
the wire itself. 

2. А body cannot have more than one C. G.: 
If possible let a body have two centres of 
gravity at G and H. Then the line of action 
of the resultant weight of the body must have 
to pass through both G and H, and would 
therefore be parallel to the line GH. This is 
possible only when the line СН is vertical. 
Hence the body cannot have two centres of 


gravity. 


20.8 Some definitions 

(i) A lamina is a sheet of material whose 
thickness is so small that it may be regarded as 
a distribution of matter over an area, A 
uniform lamina is one which is of the same 
thickness and formed of the same substance 
throughout. 

(ii) The C.G. of an area or surface means 
C.G. of uniform lamina covering that area or 
surface. 

(iii) The C.G. of a line (either straight or 
curved) means the C.G. of a thin uniform wire 
placed along that line. 

(iv) A wire, stick, rod or beam is said to 
be uniform when it is of the same cross section 
and of the same material throughout its length. 


20.4 Centre of mass or C. M. 

If the body be removed from the influence 
of gravity by being carried right away from 
the earth into outer space or if it be imagined 
to be taken to the centre of the earth, the 
gravity will not exist and, therefore, the body 
will have no C.G. But the body will still have 
its mass and the analogy suggests that it will 
have a centre of mass. 


All the particles of the body are acted on 
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by a system of parallel forces, the force on 
each particle being proportional to its mass. 
'The centre of this system of parallel forces is 
called the centre of mass (briefly denoted by 
C.M.) of the body. 

Since the weight of each particle of the body 
is proportional to its mass, we may call the 
С.С. of the body as its C.M., but not vice versa 
because existence of the C.G. is independent 
on the existence of gravity. 


20.5 Determination of centre of gravity of 


a system of rectilinear particles 
Ar A 6 An 
UI 
MIS 0098 HS Wn 
Fig. 20.3 


Let a system of particles having weights 
Wh, Wa, eesi ‚®һ lie at 4, А»,....‚ An respec- 
tively on the straight line OX. Let xi, %2,...., 
4» be the distances of the points А, As, .... An 
respectively from O. Let the resultant weight 


(Wa + We + + Wy) -25 өл act at G where 


OG=%. Then Gis the C.G. of the system 
of particles. 
Taking moments about O, we have 
Wats Wata to + UR 
= (Wy bh Wy bo оа) 


or, E Wki =F У Wy 
к=1 1 
n 
2 104 
A am а) 
I Wp 


2 у 
If my, ma; ms be the masses of the parti- 
des at 4, 4,4, respectively, we have 
10, = gm, k-1,2,.., n. 


ea TIMEX, У тр 
8 Xgmy Хэв с 
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20.6 Determination of centre of gravity of 
a system of coplanar particles 

Let OX, OY be any two mutually perpen- 
dicular lines on the plane on which the particles 
lie. 

Let the particles of weights 20), Wz, ...., Wn be 
situated at Ay, Ao, ...., An whose coordinates are 


Y 
A, 
(чуо „Аз (2,42) 
i 
Ц 
Ay) л 
д Yb 
20 11 
х 
Fig. 20.4 


(41,91), (X2, 32), 5 (Xn, Ул) respectively re- 
ferred to OX, OY as the rectangular axes. 
Let G(#, y) be the centre of gravity of the 
system. 

We know that the С.С. is the centre of a 
system of parallel forces and is independent 
of the direction in which the forces act. Thus, 
if the lines of action of the weights are all 
rotated to make them parallel to y-axis, the 
С.С. still remains at С, i.e, the resultant weight 
(w, + w, + + wa) acts at G in a direction 
parallel to y-axis. 


4. Taking moments about О, we get 
Wifi + Wats - + ER 
= (wa + Wwa kde Wy)? 


0) 


Similarly, if the lines of action of ай the 
weights are rotated so as to make them parallel 
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to the x-axis, we have by taking moments 
about O, 


у = Лалын @ 


If the masses of the particles be ma, Mas .... Mn 
respectively, we have 


У My xp my. 

z= -5 ps еч (3) 
> Mk У mk 
1 1 


20.7 Centre of gravity of a plane area 

If in place of discrete particles, we tāke into 
consideration a continuous distribution of 
matter, then the summation in the formulae 
for X and y can be replaced by integration. 
Thus the position of the centre of gravity 
С (%, y) of a body is given by 


[а is [уа 


| p T (1) 


where (x, y) stands for the С.С. of an elemen- 
tary part of weight dw of the body. 

If dm be the mass of the elementary part 
of weight dw, we have dw — g dm and there- 
fore, 


z= 


If p be. the density per unit area and 85 
denotes an elementary area, we have 8m = p3S 
and then formulae (2) may be written as 


feas 
Jess : 


When the density is uniform throughout the 


+= 
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plane area, р becomes a constant and therefore, 
(3) reduces to 


y-t— [2 


We shall now consider the following cases : 

Case 1: С.С. of a uniform plane area 
bounded by the curve y — f(x), the axis of x 
and the ordinates at x — a, x — b. 


Y 


Let the coordinates of two neighbouring points 
P and Q on the curve у = f(x) be (s; y) and 
(x + 8x, y + By) respectively. The whole 
area is divided into thin elementary strips 
parallel to the y-axis. Let PQRS be such a 
strip. 

The area of this elementary strip is y8x and 
the coordinates of its centre of gravity are 


(s i] approximately. 
Using these results in (4), we have 


b b 
тух у?йх 
g= E (y =4 $ T (5) 
ydx ydy 
a a 


REMARKS 

When the plane area is symmetrical about 
the x-axis, area of the elementary strip will be 
2y8x and its C.G. will be (a, 0). 


b 
| хуйх 
Hence X = т 7=0. (6) 


2 
| ydx 


82081 | STATICS | [$208 


Case п: C. G. of a uniform plane area If p be the density and а the area of cross- 
bounded by the curve x — f(y), the axis of section of the rod, element of mass at P is 


y and the abscissae at y — a and y = b. dm = pady. 
L---1E-------3 
Pa B 
Fig. 207 


Fig. 206 - 


In this case, the area of the elementary strip 
PORS is x8y and coordinates of its C. С. are 


(5 s) approximately. Using these results 


in (4), we have 


0) 


REMARKS 

When the plane area is symmetrical about 
the y-axis, area of the elementary strip will 
be 2x8y and its C.G. will be-(o, y). 


| "aydy 
Hence from (4), 7 = 0, y = ^4 =; 


[ШТ 


20.8 Determination of C.G. of some bodies 
20.8(a). С.С. of a thin uniform rod 

Let AB be a thin uniform straight rod of 
length 2a. Let us take A as the origin and 
AB as the axis of x, Let P, Q be two neigh- 
bouring points on the rod where AP = x, 
AQ = x + dx. ; 
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The rod being uniform, « and p are constants. 


|>. райх [^ тах 


райх INT 
0 } 
1 "IL 
12 mii ае, 
їйї ДУЛ usn 
° 


Hence the С.С. of a thin uniform rod is at its 
middle point. 


20.8(b) С.С. of a uniform rectangular lamina 


Y 8 8 c 

о 

А PQ S 
Fig. 20.8 


Let ABCD be a uniform rectangular lamina 
of sides АВ = 2a, BC = 2b. We take the axes 
of x and y along АВ and AD respectively, A 
being the origin. 

The lamina is divided into thin elementary 
strips parallel to AD. Let us take such an 
elementary strip PORS of thickness dx at 
Р(х,у). 
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Mass of this elementary strip — P .2bdx 
where р is the uniform ялгадаг of the 
lamina. 


Coordinates of the C.G. of the иь are 


(2,0). If (z, y) be the coordinates of the 
C.G. of the lamina, we have 
За 2 
| x2bpdx | “гаж || 
= rm Бы ЖЛ E 2 3 
| 25р dx | dx Ё ] 
0 do-a 
2a? 
= =% 
[7 
Барак 5 “ах 
and y = e uerb. 
ta 2bp dx |, dx 


The C.G. of the rectangular lamina is 
at the point (a, b), i.e at the midpoint of the 
line segment joining the midpoints of two 
opposite sides. 


20.8 (с) С.С. of a uniform, triangular lamina 

Let ABC be a uniform triangular lamina. 
The lamina is divided into thin elementary 
strips parallel to the base BC. АМ is drawn 
perpendicular to BC. 


B M 


L0 
Fig. 209 


We take M as the origin, MC as the x-axis 
and MA as the y-axis. 

Let PORS be an elementary strip of thick- 
ness dy at N (o, y). Let D be the midpoint of 
BC and Z ADB = a, 
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Taking AD = h, AM = h sin a, 

AN =h sin a — y. 
PQ AN 


РО hsina— 
Now, БС- АМ? — ana 
so that PQ = * sine — 


Mass of the elementary strip PORS 


= se = Day 
The C.G. of the strip PORS is at the mid- 


point T of PQ. The coordinates of T are 
(NT, y). 


AN NT A sina у 
Now р- = ЯМ!" Боза h sina 


so that NT — cota (h sin a — y). 

The C.G. of the strip PQRS is at 
((Asina 27у) cot a, у}. Let (F, y) be the 
coordinates of the C.G. of the lamina. 


Then X = 
hsina 
de (h sin a — y) cot a 


x pa (h sin a — у) 
sina dy 


TU hsna path sin a — у 
i h sina dy 


"^ ih a = Shy 


- 2h sin a 
0 


- 1 ] 
hsin a s. dy xpi 


cot a [ne зіп?а:Л sina — Zh sina 


h?sin*a | h” sin®a 
Rene. ce 
h sin a'h sin a — ED 
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h? sin? a 
cot æ 
3 2 h 
= MTEL Se ша ЕЯ cosa 
2 
h sina palh sin a — y) 
эх h sin а i 


pa(h sin @ ) 
i sii 
Ёл ; па 


- is : 
h sin «ЇГ “dy = \, ydy 
0 0 
hsi h? sin?a h? ѕіп?а 
sin Сотту NEN m UNTER. 
LJ Uster aquest AREE Кр E 
Тул 


and J = "asa 
tf 


Hence the C.G. of the triangular lamina is at 
the point (3/5 cose, & А ѕіл а). We shall now 
show that this point is actually the centroid 
of A ABC. A 
If G be the centroid of A ABC and GL 
be perpendicular to BC, the coordinates of G 
are (ML, GL). 
Now ML = MD — LD = h cosa 
- GD cos а = h cos a — $h cos a 
= $h cos a, 
GL = GD sina = $h sin a. 
[^ GD-—$4D = 4^] 
Hence the C.G. of the triangular lamina is at 
its centroid. 


208 (d) C.G. of а uniform circular lamina 
Let a be the radius and O the centre of the 
uniform circular lamina of surface-density 
(say): р. A diameter AB is taken as the x-axis 
and the tangent at A is taken as the y-axis, 
A being the origin. 
The lamina is divided into thin elementary 
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strips parallel to the y-axis. Let us consider 
such an elementary strip PORS of thickness | 
dx at the point (x, о). Mass of this elemen- и 


Fig. 20.10 


tary strip = p.2y.dx = 2pydx where (x, у) are 
the coordinates of P. 

Coordinates of the C.G. of the strip are | 
(%,0)[ by case (7) above 1. 

Let (2, ӯ) be the coordinates of the C.G. 
of the circular lamina. 


Now, equation of the circle referred to A as 
origin and AB, AY as axes is (x — а)? + у? 
=а? so that 

y = Ja* — (x =a)? = Vra — x). 


It X /3(2а t х) dx 


За 222090 
|; „(2а — x) dx 
Let us put x = 2asin*6 so that da = 4a 
sin 0 cos 040. i 
Also, 


0 = 0 when x = 0, and б = 5. when ж = 2a, 


= 


82081 
m 
i (2a) sin*0 X „/2а cos 0 
X 4a sin 0 cos 040 


12 = a 
|А Аа sin 0 X „/2а cos 0 
X 4a sin 0 cos 040 


n/2 
2a | 81150 сов20 40 
gn 7; eee 
[ З 81120 сов20 40 
afr. ^ 
$i" 81120 810220 40 
= 117206 00717 
7l Q 519 20 40 
n/a 
2a | sin39 sin?20 40 
5: | "9 sin?20 40 
0 
a [72 
$f" (1 — cos 20)(1 — cos 40) 40 


И 3 (1 — cos 40) dà 


a Ing 40- ЇЕ cos 20 — ‘ee cos 4040 
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Hence the C.G. of the circular lamina is at 
(a, 0) which is actually the centre of the 
lamina. 
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REMARKS 

1. The lamina may also be divided into 
thin strips parallel to the diameter AB, 

2. The centre O may also be taken as the 
origin. The equation of the circle in that case 
becomes x? + y? = a? and the limits of integra- 
tion are x = — a and x = +a 


20.9 Шиѕітайуе examples 


EXAMPLE 1 

AB and AC are two uniform rods of 
lengths 2a and 2b respectively. If CBAC = 0, 
prove that the distance from A of the C.G. of 
the two rods is 


(" + 2a*b* cos 0 + ир 
a+b 


Fig. 20.11 


Let D, E be respectively the midpoints of 
AB and AC. 

Then the weight 2000 of the rod AB acts at D 
and the weight 2bw of the rod AC acts at E 
where w is the weight per unit length of the 
rods. 

Hence the centre of gravity G of the system 
must lie at some point on DE. 

To determine the distance AG, let us take 
the x-axis along the line АВ and the y-axis 
along a direction AY perpendicular to АВ. 

Referred to this coordinate system, the coor- 
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dinates of D,E are respectively (0,0) and 
(bcos 0, b sin Ө). 

If the coordinates of G be (z, y), we have 


__ a-2aw + b cos 0.2bw 

35 2aw + 2bw 

20" 4-5 cos 0, 

53 a+b 

а.0 + b sin 0.2620 
2010 + 2bw 


__ (a* + 2a*5* cos 0 + p 


a+b 


EXAMPLE 2 

Find the centre of gravity of the uniform 
area bounded by the parabola y? = 4ax, the 
x-axis and the ordinate + = b. 


Fig. 20.12 


Let A be the vertex of the parabola 
v= 
and BC the ordinate x = b. 

We are to find out the C.G. of the area ABC. 
Let this area be divided into thin elementary 
strips parallel to the y-axis AY. Let us con- 
sider such an elementary strip PQRS of 
breadth dr at P(x, y). 


Mass of this elementary strip =p. y. dx 


(1) 
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= pydx where р is the uniform surface-density 
of the area ABC. 


Coordinates of C, G. of this strip are (^2) 


Let (x, y) be the coordinates of the С.С. of 
the area ABC. 


| x.py ах NZ Jax dx 
Then 3 = 5 etre — 
NL! 1,2 vax dx 
by (1) 
xl de 2j 
= = sz 4= <b 
|> аба 23.5 
0 
ty. eyde 1 у? dx 
and J= ms 
o Pd |» 
1 Аах dz 
41710 
7 |, 2 var de 
xdx 5, 
"ас 5 ot 
0 
Be 
= * Alab. 


EXAMPLE 3 

Find the centre of gravity of the segment 
of a uniform circular disc. 

Let the equation of the uniform circular disc 
be 

за + у =a (1) 

referred to its centre о as origin, а being its 
radius. 

Let us consider the segment ABDCA of the 
disc subtending an angle 2a at the centre O. 

The segment is divided into thin elementary 
strips parallel to BC, Let us consider such 


82091 


an elementary strip PQRS of thickness dx 
at P(x, y). 


Fig. 2015 


Mass of the strip PORS = p. 2ydx = 2руйх 
where р is the uniform surface density of the 
segment. 

Coordinates of the C.G. of the strip PORS 
are (2,0). 

Let (%, y) be the coordinates of the C.G. of 
the segment ABDCA. 

04 


Let us put ж = а cos 0 so that dx — — а 
8 040. Also 0 = а when x —acosa, and 
0 = o when x = a. 


is ү x Ма — х? dx 
acosa 


0 
--| acos 0.a sin 0 .a sin 0 20 
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a? [s 5, 3 
=+> sin 0 sin 20 dé 
0 
а (5 

= | [cos 0 — cos зе | бо 
ZG. 59130 =e 
= AES 0 Na ЇЕ: 

ve ў 
= AES а- 2 3] 

8| 
53 PE sin a — sin 3a] 


3| 
= 143 sin a — (3 sina —4 sin*a)] 


ИЕС 


_ sin 20 |* 


75217712 
а 


E sfa — cos 20) 40 
| 


0 


2 
AL — sin а cos «| 


© 
2 


sin'a 


м! 
! 
| 


(а — sin a cos а) 


sin* a 
а — sin а cos @ 


y = 
give the position of the C.G. of the segment. 


M 
9 ew wl 
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EXAMPLE 4 

Find the C.G. of a quadrant of a uniform 
elliptic lamina. 

Let the quadrant OAB of the uniform elliptic 
lamina be divided into thin elementary strips 
parallel to the y-axis. Let us take such an 
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elementary strip PQRS of breadth dx at Let x = а sin 0 so that dx = a cos 0 10. 


Pee. Also, 0 = 0 when x = 0, апав т. 
Y 2 
when + = a. 
в Ра Then Et „а? — х? dx 
i = | a sin a0 cos 0. a cos 0 do 
x 
yee = OU [^^ sin 20 cos 040 
Fig. 2014 - 1, sin 20 cos 
Lét the equation of the rim of the lamina be = «|, | sin 30 + sin g | do 
x? 2 al 
0+). =1 so that = $[- $2 - cse]! 
|; der E ЧЕ, 
у= 488525 (1) = “11 i]=%: 
Mass of the strip PORS is dm =p.y.dx 413 3 
= pyd where р is the uniform surface-density ЇЇ "EE | яр. 
ОЁ БӨ айл, „Уа crt deca cos*@ 40 
Coordinates of C.G, of the strip PORS are ГҮҮ? 2 : 27 
(x, Фу). ? -8|, 0 + cos 29) do = 7 | + 9520 
Let (2, y) be the coordinates of C.G. of the _а% m mai. 
quadrant OAB. moe 045007 
. Then 
z Ж е) ао | 
„ене | зуй io 
a цэгт s4 —-——0 
|, py dx I yide 38:13 
pees РИК У СТЯ 
3 nor drca e da ЖЭ 
4 


^ (е 5) is the C.G. of the quadrant ОАВ. 


REMARK 
By putting a = b, we find that the С.С. of 
a quadrant of a uniform circular lamina is 


23 4а, 3) 
18 А а Уй de 3v 37, 
0 
icut olia: | Exercise 201 
YO 18152 by (1). І. Particles of masses 1 gm., 2 gms., 3 gms., 


4 gms. and 5 gms. are placed at the points 
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(4,0), (3,4), (=5, 4), (0, ges 5), (— 5,0) 
respectively. Find the coordinates of their 
centre of mass. 

2. Find the C.G. of a uniform square plate 
ABCD of weight 10 lbs. together with weights 
20, 30, 40, 5018. placed at its four corners 
A, B, C, D respectively. 

3. ABC is a triangle right-angled at A, AB 
being 12 cms. and AC, 15cms. Weights pro- 
portional to 2, 3, 4 gms. respectively are placed 
at 4, C and B. Find the distances of their 
centre of gravity from B and C. 

4. АВС is an equilateral triangle of side 2 ft. 
At A, B and C are placed weights proportional 
to 5, 1 and 3; and at the midpoints of the 
sides BC, CA and AB weights proportional to 
2, 4 and 6, Show that their centre of gravity 
is at a distance of 16 inches from B. 

5. Masses weighing 1, 2, 3, 41Ьз. are placed 
respectively at the corners 4,B,C,D of a 
rectangle; АВ = 6ft. and BC — 12ft. Find 
the perpendicular distances of the centre of 
gravity from AB and BC. 

6. Find the C.G. of the homogeneous area 
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bounded by the parabola у? = 4ax and the 
double ordinate x — b. 
7. Find the C.G. of a uniform sector of a 
circle subtending an angle 2a at the centre. 
8. Find the C.G. of a uniform semicircular 
lamina of radius a. 
9. Prove that the C.G. of a unform circular 
lamina is at its centre. 
10. Find the C.G. of the area of the astroid 
#918 + y?/9 = a*/? lying in the first quadrant. 
11, Find the С.С. of the area between the sine 
curve у = siny and the x-axis where 

о$ х $ т. 
12. Find the С.С. of the area between the 
cosine curve y = cos and the a-axis where 


TESST 
13. Find the C.G. of the area of the parabola 
(ja) + (yb = 1 between the curve and the 
coordinate axes. 
14. Find the C.G. of the area bounded by 


the parabola y? = 4ал, the axis of x and the 
latus rectum, 
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2| Non-Concurrent Coplanar Forces 


In this chapter, we shall investigate the problem 
of equilibrium of a system of non-concurrent 
forces acting in a plane. 


21.1 Reduction of a system of non-con- 
current coplanar forces 

A system of coplanar forces acting on a rigid 
body can be reduced to a single force acting at 


ui 


an arbitrarily chosen point in the plane of the 
forces together with a couple. 

Let a system of non-concurrent coplanar 
forces Pi, Po, Р+............ act at the points Ay, А», 
ND due respectively whose Cartesian coor- 
dinates are (41, Y1), (42, ys), (48, Ya) ve re- 
ferred to the rectangular axes X'OX, Y'OY 
in the plane of the forces. 


4% 


par 


Fig. 21.1 
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Let us consider the force P; whose resolved 
parts parallel to the axes are Х,, У,. At the 
origin O, let us introduce two pairs of equal 
and opposite forces Ху, X, along X'OX and 
Y, У, along Y'OY. These forces form a null 
system and do not produce any effect on the 
given system of forces. 

Now the forces X, at A; parallel to OX and 
X; at О along OX’ form a couple of moment 
— у1Х;,. Similarly, the forces Y; at A, parallel 
to OY аш Y; at O along OY’ form a couple 
of moment ж; Yı. Combining these two couples, 
we have а single equivalent : couple 
(У, — у,Х,) in the sense of rotation from 
OX to OY. We are also left with a force Х, 
along OX and Y, along OY, parallel to their 
former directions. Proceeding in the same way 
with each force of the system and combining, 
we find that the given system of forces reduce 
to (i) a single force R having components 

X = 5 Х;, along OX, 
Y =X Y, along OY 
and (ii) a single couple of moment 
G=% (л Yı – у: Xj) (1) 
6e R=vy Х* + У? ` (2) 
If the resultant R makes an angle 0 with the 
positive direction of the x-axis, then 
X = Roos 0, Y = Rsin6 so that 
0 = tan? (Y/X). (3) 
We thus find that a system of non-concurrent 
coplanar forces can be reduced to a single 
resultant R acting at any arbitrary origin O 
together with a couple of moment G about O. 


REMARK 

We find that the value of G depends on the 
origin O, which is called the base point. This 
base point may be taken anywhere on the plane 
of the forces. 


COROLLARY 
1. Conditions of equilibrium 
(a) Necessary Conditions : The necessary 
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conditions of equilibrium of the given system 
of forces are 
R-0,G-0; 
ie X—0,Y —20,G = 0. (4) 

(5) Sufficient Conditions: The conditions 
(4) are also sufficient because X = 0, Y = 0 
mean Ж = 0 so that there cannot be any 
translatory motion; also G — 0 means there 
cannot be any rotation. 

Hence when the conditions (4) are satisfied, 
the given system of forces must be in equili- 
brium. 

2. When the system of forces is not in equili- 
brium, it reduces to a single couple G if R = 0 
and to a single force R if G = 0. 

If neither R nor G is zero, the system 
reduces to a single force because a couple and 
a force in the same plane are together equi- 
valent to a single force, 

3, Moment of the resultant couple about any 
point: Let G’ be the moment of the resultant 
couple about O^ whose coordinates are (¢, у) 
referred to O as origin. We now shift the 
origin from O to O', keeping the directions of 
the axes unaltered. Let (л, у) be the co- 
ordinates of A, relative to O’ as origin. 

Then z, =x? + ẹ y = уу +9. 

Moment of the resultant couple about 
the new origin O’ is 
@ = % [z Ү,— уу Хх] 
-31(3-0УҮ.-(»-1Х)| 
= (У, — Xi) — ФУ, + 9X4] 
= [mY yX] IY, + ХХ, 
=G- У tX. 

4. Equation of the line of action of the resul- 
tant : If О’ (6, ә) be a point on the line of 
action of the resultant R to which the system 
reduces, then the algebraic sum of moments of 
the forces about O’ 

= moment of R about О” 
-0;ie G'-0. 
G — EY + 4X = 0. (5) 
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If we regard (6,9) as the current coordi- 
nates, then equation (5) represents the equa- 
tion of the line of action of the resultant К. 


21.2 Hlustrative examples 


ExAMPLE! 
Forces P, Q, R act respectively along the 
lines x = 0, y = 0, x cos 6 + y sin 0 = p. 
Find the magnitude of the resultant force 
and the equation to the line of action of the 
resultant. 


Y 

B 

P R 

5 Q A х 


Fig. 212 


Let X, Y be the total resolved parts of the 
forces parallel to the rectangular axes OX and 
OY respectively. 

2. By resolving the forces along the axes, 
we have 

Х = 0 – К соѕ (90° – 0) = О —– Кіл, 
Y =P + К ѕіп (90° — 0) = Р + К соѕ 0. 
.. Magnitude of the resultant 

=VX FY = 

VPF Q? + К —20R sin 0 + 2PR cos 0. 
Moment of the forces about O is 

G=Q.0+P.0+R.p=Rp. 
4. Equation to the line of action of the 
resultant is 
G—xsY-tyX-0 
or, PR — «(P +R cos 0) j 
+9(Q2 — Rsin0) = 0 
or, Px — Оу + R( cos + уѕіпе — p) =0. 
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ExAMPLE2 

The moments of a system of coplanar forces 
acting in the (2, y)-plane about (0, о), (a, о), 
(0,8) are aw, 2aw, Зат respectively. Find the 
components parallel to the coordinate axes and 
the line of action of the single force to which 
the system reduces. 

Let X, Y be the total resolved parts of the 
forces parallel to the x and y-axes respectively. 

Taking moments about (0,0), we have 

aw=G-—0.Y+o.X=G; 


2. G=aw (1) 
Taking moments about (а, о), 
2aw = aw — aY ; s Y=-w (2) 
Taking moments about (0, a), 
Saw = aw + aX ; 2, Х = 20 (3) 


7. Equation to the line of action of the 
resultant is 
С—+#У+ 4X = 0, 
ог, aw + xw + 2wy = 0, 
or, + 22у +а= 0: (4) 
Component of the resultant parallel to the 


x-axis is X= 2w 
and component of the resultant parallel to the 
y-axis is Y = — w. 


EXAMPLE 3 

A system of coplanar forces is such that the 
sum of their moments about any point in a 
given straight line is always the same. State 
what inferences may be drawn about the resul- 
tant of the system. 

Let us take the given straight line as the axis 
of л, any point О on it being taken.as the 


1 


(25,0) (365,0) 


Fig. 213 
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origin. We consider any two points (271, 0), 
(22,0) on it. 

Taking moments about (2,0), we have 


G=G- my. 
Taking moments about (2,0), we have 
С” = С — mY. 


By the given condition G’ = G” 
G — зу = =й 
(41 — #2)¥ = о; 
©. У=о(.` 
If R 2 the resultant of the system, 
=X: + у= Х° (2 ¥Y=0). 

ЛД р is either zero (when X =о) or is | 
parallel to OX. 

Hence the resultant is either zero or parallel 


to the given line. 


ог, 
ог, 


Жуз їз). 


Exercise 21.1 


1. Three forces P, Q, R act along the sides 
of the triangle formed by the lines x + y — 1, 
у= x=], y —2 respectively. 

Find the equation of the line of action of the 
resultant. 
2. The algebraic sums of moments of a system 
of coplanar forces about points whose co- 
ordinates are (1, 0), (0, 2) and (2, 3) referred 
to rectangular axes are H, 2H and 3H res- 
pectively. Find the tangent of the angle 
which the direction of the resultant force 
makes with the x-axis. 
3. The moments of a system of coplanar 
forces about the points (0, 0), (10, 0), (0, 7) 
are 184, — 46, 65 ft. Ibs, respectively. Find 
where the system meets the axis of x and find 
its components parallel to the axes; 
4. ABCD is a square whose side is 2 units 
in length. Forces a; b, c, d act along the sides 
AB, BC, CD, DA, taken in order, and py2, 
ЧУ2 act along AC and DB respectively. Show 
that if p+q=c—aand p — 9 — d — b, the 
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forces are equivalent to a couple of moment 
a+tb+c+d. 

5. A system of coplanar forces has the total 
moments H, 2H respectively about points 


' whose coordinates are (2a, 0), (0, a) referred 


to fixed rectangular axes. The total resolved, 
parts of the forces along the line y — x 
vanishes. Find where the line of action of 
the resultant meets the axes of coordinates. 


16. The straight line 4r + 3y = 5 meets the 


coordinate axes ox and oy at the points A and B 
respectively. If forces P, Q, R act along the 
lines OB, OA and AB, find the magnitude of 
the resultant and the equation to its line of 
- action. 
7. Find the locus of the points about which 
the algebraic sum of the moments of a system 
of coplanar forces is constant, | 
8. The algebraic sum of the moments or a 
system of coplanar forces about each of three 
non-collinear points А, B, C is zero. Show 
that the system is in equilibrium. 
9. Moments of the resultant R of a system 
of coplanar forces are G, G + Ji, С + Jo res- 
pectively about O, A, B whose Cartesian co- 
ordinates are (0, 0), (ricos 01, rı sin 01) and 
(r2 соз 0з, rasin 02) referred to 0 as origin. 
Show that 
кїз, — 00) = P +75 
Шал JaJa cos (0, — 83) 
fifa 
10. An equilateral triangular lamina ABC 
resting on a smooth horizontal plane is acted 
upon by a force of 5 165. wt. along BC, 3.105. wt. 
along AC and 2 lbs. wt. along AD, where AD 
is perpendicular to BC. Find the force at B 
and the couple which will keep ће lamina at 
rest. 5 
11, Prove that in all cases a system ОЁ tö- 
planar forces can be reduced to two forces, 
one of which acts through a given point and 
the other along a given straight line. 
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In Chapter 16, we have obtained the resultant 
of a system of concurrent coplanar forces by 
analytical methods. In Chapter 21, we have 
made use of analytical methods to determine 
the resultant of a system of non-concurrent 
coplanar forces. We shall now show how the 
resultant of any number of coplanar forces can 


be determined graphically. 


22.1 Resultant of a system of coplanar 
forces acting at a point : 

The resultant of a system of coplanar forces 
acting at a point may be determined graphically 
with the help of the Polygon of Forces. 

The underlying principle of the Polygon of 
Forces is that ‘forces acting at a point O and 
represented in magnitude and direction by the 
sides (taken in order) of the polygon 
ABCDEF are in equilibrium" This implies 
that the resultant of forces represented by AB, 
BC, CD, DE, EF must be equal and opposite 
to the force represented by FA, i.e. the result- 
ant of forces represented by АВ, BC, CD, DE, 
EF is represented by AF in magnitude and 
direction. 


By employing this method, we can find the 
resultant of any number of coplanar forces 
acting at a point. We call this method to be a 
graphical method. Here the forces are re- 
presented in magnitude and direction by line- 
segments which are the sides of the. polygon. 
The polygon so obtained is called a force 
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diagram. Hence the method of solving pro- 
blems in statics by representing the forces in 
magnitude and direction by line-segments is 
known as the graphical method. 


22.2 То find graphically the resultant of 
any number of non-concurrent coplanar 
forces 

Let the given forces be P, Q, R, S, T whose 
lines of action are as shown in l'ig. 22.1. We 
have to find out the resultant of these forces 
by graphical methods. 

Starting from any point 4, in Fig. 222 we 
draw line-segments 4,B;, BiCy, CDs, DE, 
E,F, to represent Р, Q, R, S, T respectively 
in magnitude and direction. F,4, is joined to 
complete the polygon. We shall now show 
that the resultant force is represented by 45, 
in magnitude and direction. 

Let us take any point О in the plane of the 
figure 4,B,C,D,E,F, and join it to the cor- 
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ners A, By, etc. The polygon in Fig. 222 is 
called the force diagram and О is called its 
pole. 

Let us take any point A on the line of action 
of P. A polygon is then constructed by fol- 
lowing the procedure given below : 


AB is drawn parallel to В.О 

to meet the line of action of Q at B, 
BC is drawn parallel to С.О 

to meet the line of action of R at C, 
CD is drawn parallel to Р.О 

to meet the line of action of S at D, 
DE is drawn parallel to Е.О 

to meet the line of action of T at E ; 


then a line parallel to РО is drawn through E 
and another line parallel to OA; is drawn 
through A ; these two lines meet at (say) F. 
We shall prove that the resultant force is re- 
presented in magnitude and direction Бу А.Р, 
and it actually acts through Р. 
The proof is as follows : 
The force P acting at 4 — AB A,O along 
FA + OB, along BA. 
The force Q acting at B = B,C, = В.О along 
AB + OC, along CB. 
The force R acting at C = CD; = C,O along 
BC + OD, along DC. 
The force S acting at D = D,E, = Г.О along 
CD + OE, along ED. 
The force T acting at E = E,F, = EO along 
DE + OF, along FE. 
By combining these results, we find that the 
resultant of the forces P, Q, R, S, T 
= 2,0 along FA + OF, along FE 
=a force represented by A,F, acting 
through F, the point of intersection of 
FA and FE. 
The figure 4,B,C,D,E,F, is called the 
Force Polygon for the given system, while 


the figure ABCDEF is called a Link or 
Funicular Polygon (or Rope Polygon). 


REMARKS 

1. By varying the positions of A and O, 
the shape of the funicular polygon can be 
varied in a number of ways, but the point of 
intersection of FA and FE will always lie on 
the same straight line, the line of action of the 
resultant. 

2. If the point F, of the force polygon 
coincides with A, of the polygon, the polygon 
is said to be closed. This means that the re- 
sultant force vanishes. We cannot, however, 
say that the given forces are in equilibrium. 
Since A, and F, are coincident, the line through 
E parallel to F,O and the line through 4 
parallel to 4,O are either coincident ог 
parallel. In the former case the force system 
reduces to two equal and opposite forces along 
the same straight line and the system is in 
equilibrium, In the latter case the system re- 
duces to a couple of equal and opposite forces 
A,O and OF, in parallel lines and the moment 
of the couple is 4,0X (the distance between 
these parallel lines). 

From the above discussions, we see that if EF 
and FA are coincident, ie. EFA is a straight 
line, the equal and opposite forces along them 
balance each other and the system is in equili- 
brium. In this case the funicular polygon is a 
closed one. The arguments here are equally 
applicable to every funicular polygon that can 
be drawn. 

We may, therefore, conclude that the condi- 
tions of equilibrium are j 

(i) The Force Polygon of the system must 

be closed. 

(ii) Any Funicular Polygon of the system 

must be closed. 

(iii) If any one funicular of the system is 

closed, every funicular of the system is 
closed. 
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(iv) If the system is equivalent to a couple, 
the force polygon is closed, and the first 
and last sides of all funiculars are 
parallel. 
3. It is evident that, the pole O being arbi- 
trary, there can be an infinite number of such 
funicular polygons. 


22.8 То find graphically the resultant of 
any number of parallel forces 

The resultant of a system of parallel forces 
can be found graphically by following the same 
procedure as described in Section 22.2 above ; 
the only difference in this case is that the sides 
of the force diagram all lie in the same straight 
line. . 


Fig 22.3 


Fig. 22.4 
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Let Р, Q, R, S, T be five parallel forces act- 
ing along the given lines as shown in Fig. 22.3. 
Let us now mark off 4,B,, В,С,, CDa, Бу, 
Е.Е, on а suitable scale, to represent 
P, Q, R, S, T taken in order. We take any 
point О and join it to Ау, By, Ci, Di, Es, Бу. 
Next we take any point A on the line of action 
of P and proceed as follows : 

AB is drawn parallel to OB, 
to meet the line of action of О at В, 
BC is drawn parallel to OC, 
to meet the line of action of R at C, 
CD is drawn parallel to OD, 
to meet the line of action of S at D, 
DE is drawn parallel to OE, 
to meet the line of action of T at E ; 
then a line parallel to F,O is drawn through E 
and another line parallel to 4,0 is drawn 
through 4; these two lines meet at F. 

We shall prove that the resultant force U is 
represented in magnitude and direction by А.Р, 
and it actually acts through F. 

The proof is as follows : 

The force P acting at A = A,B, = 4,0 along 
AF + OB, along АВ. 
The force О acting at В = B,C, = BO along 
BA + OC, along BC. 
The force R acting at C = CD, = С.О along 
CB + OD, along CD. 
The force 5 acting at = D;E, = D,O- along 
DC + OE, along DE. 
The force T acting at E = E,F; = E;O along 
ED + OF, along FE. 


By combining these results, we find that the 
resultant of the forces TU OUI SE. 


= 4,0 along AF + OF, along FE 


— A,F, along a line through F parallel to 
А.Е, 
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=a force represented in magnitude and 

direction by A,F and acting through F, 

the point of intersection of AF and EF. 

The figure 4,B,C,D,E,F, is called the 

Force Polygon for the given system of parallel 

forces, while the figure ABCDEF is called the 
Funicular Polygon. 


22.4 To find the magnitudes of two parallel 
forces which act along given straight lines 
and are together equivalent to a given 
system of parallel forces. 

Let P, Q, R be the given parallel forces, and 


A 
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Fig. 22.5 


Fig. 226 
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AB, CD the given straight lines. Although 
we consider only three forces, the method is a 
general one and can equally be applied to any 
number of parallel forces. 

We draw XL, L,M;, М.У to represent the 
forces P, Q, R taken in order. Next we take any 
point О and join it to X, Їл, Ma, Y. Starting 
with a point E on АВ, we proceed as follows : 


EL is drawn parallel to OX to meet P аё; 
MO TA Ул ОБ Quare 
MN ,, А ОИ a e 39 DONIS 
МЕ „ » OU OU Behe ay ACD aerate 


Now EF is joined and OZ is drawn parallel 
to EF to meet XY at Z. Then we have 
force P at L = XL, = XO along 

LE + OL, along LM ; 
force Q at M = L,M, = І.О along 

ML + OM, along MN ; 
force R at N = М.У = М.О along 

NM + OY along NF. 


The forces along each of the lines LM and 
MN being equal and opposite balance them- 
selves. Thus we are left with forces : 

XO along LE and OY along NF. 


We may suppose that XO acts at E and OY 
acts at F. 
Now XO acting at E — XZ along 
AB + ZO along FE 
and ОУ acting at F — OZ along 
EF + ZY along CD. 
We find that the forces along EF are equal 
and opposite. The system is, therefore, equi- 
valent to (1).a force XZ along the given line 
AB and (2) a force ZY along the given line 
CD. 


REMARK 

When a beam is supported at two points and 
carries loads at other points, the supporting 
forces on the beam can be graphically deter- 
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mined with the help of the method described 
above. 


22.5 Illustrative examples 


EXAMPLE 1 

ABC is a triangle whose sides AB, BC, CA 
are respectively 12, 10 and 15 cms. long and 
BD is the perpendicular from В on CA. Find 
graphically the magnitude and the line of 
action of the resultant of forces 8 from A to C, 
4 from C to B, 3 from B to A and 2 from 
B to D. 


The forces act in given lines as shown in 
Fig. 227. We now draw the force-polygon 
as shown in Fig. 228 so that OE, EF, FG, 
СН represent the forces 4, 2, 3, 8 respectively. 
The force-polygon is then closed by joining 
OH ; hence OH represents the resultant of the 
given system of forces. By actual measure- 
ment, this is found to be equal to 3.4. 


Fig. 228 


Let 0 be the angle which HO makes with 
GH, i.e, with АС... 
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By actual measurement, 0 = 13° approximately. 

The three forces 4, 2, 3 meet at B and hence 
their resultant passes through B. Therefore, 
the resultant of these three forces is repre- 
sented by OG in magnitude and direction. We 
now draw a line through B parallel to OG to 
meet CA (produced) at X. The resultant of 
the four forces must, therefore, pass through 
Х, 


EXAMPLE2 

A uniform beam HK, of length 12 ft. and 
weight 5 cwt., is supported at /7 and K so as 
to be horizontal ; at points L and M on it such 
that HL = 2 ft. and HM = 8 ft. weights of 
4 cwt. and 3 сиё are placed. Find graphi- 
cally the reactions at Н and К. 


Fig. 22.10 


Fig. 229 shows the loaded beam. Taking 
some convenient point O as pole, the force- 
diagram is ABCDE. Starting with any point a 
on the vertical through L, we proceed as fol- 
lows : ae:is drawn parallel to OA to meet the 
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vertical through H at ғ; ef is drawn parallel 
to OB to meet the vertical through G at 8; 
Ву is drawn parallel to OC to meet the vertical 
through M at y; үд is drawn parallel to OD 
to meet the vertical through K at 8. e is 
joined and OE is drawn through O parallel to 
de to meet AD at Е. Then DE represents R, 
and EA represents К, on the same scale accord- 
ing to which AB = 4 cwt. By actual measure- 
ment, we then have 
R, = 683 cwt. and R4 = 5.17. cwt. 


EXAMPLE 3 
Given a system of parallel forces P4, P, Ps, 
Р,, Ps, construct a funicular polygon which 


Fig. 22.11 


Fig. 22.12 
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passes through two given points X on the line 
of action of Р, and Y on the line of action of 
Re 

Taking any point O as pole, a force diagram 
LM (as shown in Fig. 22.12) is drawn for the 
given forces. Starting from the point X on the 
line of action of P,, we draw consecutive sides 
of a funicular polygon X424,4,4,. Through 
O, a line OK parallel to ХА, is drawn to meet 
LM in K. 

The forces Py, P}, Ps, P, are then equivalent 
to (1) a force LK at X and (2) a force KB,s 
at Ay. 

Now KO’ is drawn parallel to Y X. 

If we now construct a funicular polygon using 
any point O’ on KO’ as pole starting from X, 
it will pass through Y, because O'K being 
parallel to XY, the four forces P,, Ps, Ps, Ps 
are equivalent to (1) a force LK at X and 
(2) a force KB,; at Y. 


Exercise 22.1 


l. Forces 1, 3,—4 Ibs. wt. act in order round 
the sides of an equilateral triangle ABC of side 
2 inches drawn on a rigid lamina, Give a 
graphical construction for the magnitude, direc- 
tion and position of their resultant. 

2. Four forces acting in one plane are in 
equilibrium ; their lines of action are all given 
and also the magnitude of one of them. Give 
a geometrical construction to find the magni- 
tudes of the others. 

3. ABCDEF is a regular hexagon. Show that 
the forces which must act along AC, AF and 
DE to produce equilibrium with a force of 
40 Ibs.-wt. acting along EC are respectively 10, 


^ 17.32 and 34.64 Ibs.-wt. 
.4. A light rod AB, 10 ft. long, is supported 


at A and at another point. A load of 1 Ib. is 
suspended from Р, and loads of 5 Ibs. and 2 Ibs. 
at points 2 ft. and 6 ft, from 4. If the second 
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support is at the middle point of АВ, find 
` graphically the pressures on the supports. 

If the pressure on the support at A is re 
quired to be 4 Ibs. wt., find graphically where 
the second point of support must be. 

5. A horizontal beam 20 ft. long is supported 
at its ends and carries loads of 3, 2, 5 and 4 cwt. 
at distances of 3, 7, 12 and 15 ft. respectively 
from one end. Find by means of a funicular 
polygon the thrusts on the two ends. 

6. A uniform plank of weight 40 lbs. and 
length 8 ft. carries a weight of 12 lbs. at a 
point 3 ft. from one end. If the plank is 
supported at its ends in a horizontal position, 
determine graphical the pressures on the 
supports. 

7. Weights of 5, 10, 12, 8 and 6 Ibs. rest 
upon a beam at distances 1, 4, 7, 9 and 12 ft. 
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from one end. The beam is supported at dis- 
tances 5 and 15 ft. from the same end. Find 
graphically the supporting forces. 

8. ABCDE is a light rod supported horizon- 
tally at B and D, and carrying loads of 10, 15 
and 20 Ibs. at A, C and E where AB = DE 
=2 ít, BC — 3 ft. and CD —4 ft. Deter- 
mine graphically the pressures on the supports. 
9. Of four coplanar forces in equilibrium, 
given the magnitude of one and the lines of 
action of all. Show how to find graphically 
the magnitudes of all the forces. 

10. For any system of coplanar forces, cons- 
truct a funicular polygon three of whose sides 
shall pass each through a given point. 

1i. Construct a funicular polygon which shall 
pass through three given points, two of which 
lie on one side of the polygon. 


23 Friction 
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Waen two perfectly smooth bodies are in 
contact with one another, the mutual action 
between them acts at the point of contact along 
the common normal to the surfaces in contact. 
In reality, it is actually hypothetical to say that 
the surface of a body is ‘perfectly smooth’, 
however much its surface may be polished. All 
bodies are capable of exerting some resistance 
which tends to prevent them from sliding over 
one another. This resistance created between 
two rough bodies which tries to prevent slid- 
ing of one body over the other is called 
friction ; the force of friction always acts in 
the direction opposite to that in which the 
body has a tendency to slide. 
23.1 Limiting friction 

Let us consider a body of weight W placed 
on a horizontal table. When the body is at 


Fig. 23.1 
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rest, its weight W and the normal reaction К 
of the table on it maintain equilibrium. 

If the body is now pulled, with the help of 
a string tied to it, by a horizontal force P, the 
surface of the table develops a frictional force 
F in a direction opposite to that of P. 


Let S be the resultant of R and F acting at 
an angle а to R. 


Then R=S cos a, F=S sin a tana 5. 


It will be found that, unless P exceeds a cer- 
tain amount, the body does not moye on the 
table. Since the body remains in equilibrium, 
we must have P — F and R — W. 

If we go on increasing the pull P, the force 
of friction F also goes on increasing and we 
shall at last reach a limit beyond which it is 
impossible to increase P further without mak- 
ing the body move. 

At this limiting stage the body is just on the 
point of moving and is said to be in limiting 
equilibrium. The amount of friction that is 
called into play at the stage of limiting equili- 
brium is known as limiting friction. If the 
pull P be increased beyond this limit, the 
friction is no longer able to counteract the pull 
of the string and the body begins to move. 
Hence we conclude : 


The greatest amount of friction that can be 
called into play between two surfaces in con- 
tact is called the limiting friction. 
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23.2 (a) Coefficient of friction 

The ratio of the limiting friction to the nor- 
mal reaction is known as the coefficient of 
friction and it is denoted by p. 


Thus p= Ёва : а) 


where Fmax stands for the maximum force of 
friction. 


23.2(b) Angle of friction 
. The angle whose tangent is p, the coefficient 


of friction is called the angle of friction. 


Symbolically, 
angle of friction A = tan-*4 (2) 
The angle of friction А may also be defined 
as the angle made by the resultant of the limit- 
ing friction and the normal reaction with the 
latter. ; 
Thus a>) аз F- шах in Fig: 2311, 


From (1) and (2), tan à = u = бым 
sothat Бах = pR. (3) 


23.2(с) Total reaction 

The total reaction is the resultant of the nor- 
mal reaction R and the frictional force F 
whether the friction is limiting or not. Thus 
S is the total reaction in Fig. 23.1. 


232(d) Cone of friction 

When two bodies are in contact, the cone 
‘described with the point of contact as vertex, 
the common normal as axis and A (the angle 
of friction) as the semi-vertical angle is called 
the cone of friction. 

"The total reaction 5 may have any direction 
lying within or upon the cone but it cannot lie 
without the cone, In case of limiting equili- 
brium, S lies on the surface of the cone and 
in all other situations 5 lies within the cone. 
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Fig. 23.2 


23.8 Laws of friction 

The Laws of Friction do not admit of any 
theoretical proof but have to be found by 
experiment. The laws are enumerated below : 


Law I: When two bodies in contact slide 
or tend to slide over one another, a force of 
friction develops at the point of contact in a 
direction opposite to that in which the point 
tends to start moving. 

Law II: The amount of friction called 
into play between two surfaces in contact ‘will 
just suffice to prevent them from sliding on 
one another, provided that this amount does 
not exceed the limiting friction. 

We may, therefore, say that friction is a 
self-adjusting force. 

Law ПІ: The limiting friction is propor- 
tional to the normal thrust between the sur- 
faces in contact, ; 

Law ПЕ: The limiting friction is indepen- 
dent of the areas of the surfaces in contact. 

Law V : When slipping takes place, the 
above laws of limiting friction still hold and 
the friction (called the dynamic friction) is 
independent of the velocities of the surfaces in 
contact. 

Law VI: The friction between two bodies 
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varies according to the nature of the material 
forming their surfaces. 


23.4 Friction on inclined planes 

The greatest inclination at which a body will 
remain at rest on an inclined plane is equal to 
the angle of friction (general theorem). 


К 8 


w 
Fig. 23.3 


Let a body of weight W be placed on a flat 
slab and let the slab be gradually raised on one 
side so as to form an inclined plane. As the 
slab is raised, the body at first continues to be 
at rest on the plane as it is prevented from 
sliding down by the friction of the plane. A 
stage is then reached when the body is just on 
the point of sliding down the plane, and any 
further increase in the inclination will cause 
the body to slip down. At this particular in- 
clination the body is in limiting equilibrium 
[see Fig. 23.3 |. 


Let о be the inclination of the plane to the - 


horizon at this position of limiting equilibrium 
and let R be the normal reaction of the plane 
on the body. 

The frictional force is „R and it acts up the 
plane because-the body is on the point of slid- 
ing down the plane. 

Resolving along and perpendicular to the 
plane, we have 

W cos (90° — а) = аР ; or, W sin а= pR 
and Wcose=R, 
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Wsina wR _ 
W cosa R 


whence À is the angle of friction, 
КА =À. 


whence А is the angle of friction. 


. tana — =p=tanà 


23.4(a) To find the least force required to pull 
a body up or down a rough inclined plane 
Let W be the weight of the body, R the 
normal reaction of the plane on the body and 
a the inclination of the plane to the horizon. 
We shall consider the following two cases. 
Case І: Let the body be just on the point 
of sliding down the plane. 


Fig. 234 


Since the body is on the point of motion 
down the plane, the frictional force acts up the 
plane and is equal to pR, p being the coefficient 
of friction. 

Let a force P be applied to the body at an 
angle 0 with the inclined plane in order to make 
it move down the plane. 

Resolving along and perpendicular to the 
plane, we get 

P cos 0 + W sina = uR (1) 

and P sinĝ +R =W cosa (2) 
Eliminating R from (1) and (2), we get 

P cos 0 + W sin а = u(W cosa—P sin 0) 

or, Р(соѕ0 + шіп 0) = W (u cos « — sin a) 

or, P(cos 0 + tan А sin 6) 
= W(tan А cos о — sin о) 
[7 w= tan А, A being the angle of friction ] 
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P(cos 0 cos X + sin 0 sin А) ру sin (А+ а 6 

gn : cos A Ва И сы 0-3 (6) 

_ W(sin А cos a — sin а cos А) We find from (6) that the force Р, is least 

5, cos À when 6 —A, and then its magnitude is 


or, P cos(0 — X) = W sin (А — a) 
in (A — а 

P DE уча = @) 
The force P is least when cos (6 — A) = 1 or 
0 = А, and then its magnitude is W sin (А — а) 
where a < А. 

Case IL; Let the body be just on the point 
of sliding up the plane. 


Fig. 23.5 


Since the body is on the point of motion up 
the plane, the friction acts down the plane and 
is equal to uR, 

Let a force Р, be applied to the body at an 
angle 0 with the plane in order to make it move 
up the plane. 

Resolving along and perpendicular to the 
plane, we get 

„К + W sina = Р, cos 0 (4) 
and W cos « = R + Pisin 6 (5) 

Eliminating R from (4) and (5), we have 

P, cos 0 — W sin а= u(W cos a — P, sin 0) 
ог, Pi(cos 0 + p sin 0) = W(u cos æ + sin a) 
or, Pi(cos 0 + tan A sin 0) 

= W(tan cos a + sin a) 
p, (@=a)_ wsin (А+ а) 


ог, 
! cos X cos À 
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W sin (A + a). 


REMARKS 

1, The theorem of Section 23.4 may also be 
proved as follows : 

If the body be just on the point of moving 
under its own weight and reaction of the plane, 
ie. if P — 0, we get from (3) sin (A — а) 
= 0) ога= AX. This shows that inclination of 
the plane to the horizon is equal to the angle 
of friction. 

2. When a> А, the body moves down the 
plane under its own weight and reaction of the 
plane. The question of finding the least force 
in this case becomes, therefore, redundant. 

3. If 0 = 0, the limiting values of P and Р, 
for which the body is to remain in equili- 
brium, are respectively W ѕіп(А — а) sec 4 and 
W sin (А + о) sec A. If the value of the im- 
pressed force lies between these two limiting 
values. of P and P,, the body remains іп equili- 
brium but is not on the point of moving up or 
down the plane, ie. the equilibrium is non- 
limiting. 


23.5 Ilustrative examples 


“EXAMPLE 1 


A uniform rod rests on two rough pegs A 
and B. AB is inclined to the horizon at an 
angle о, and the coefficients of friction at 
A and B are рд, ид respectively. If the rod 
is in limiting equilibrium and the centre of the 
tod divides AB into two portions of lengths 
а and b, prove that 


bu, + aus 
a+b 


and a:b = (p, — tan o) : (tan a— pe) 


tan а = 
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Let G be the centre of the rod CD which 
rests on the pegs 4 and B. 


Fig. 23.6 


It is given that AG = a, GB =b. 

Let Sı, 5: be the resultant of the normal re- 
action and the force of friction at 4 and B 
respectively. The lines of action of S, and Sz 
meetat O. For limiting equilibrium, the verti- 
cal line through G must pass through О. 

We know from Trigonometry. that 

AB cot OGB 
= GB cot OAG — AG cot OBG 
or, (a+ b) cot (90° — a) 
= b cot(909 — Ax) — acot(90° + Az) 
or, (a+b) tan a = b tan № + a tan № 
= рш + ара (1) 
_ Биа + apa 
{ап а = арр 
Again, from (1) 
a(tana — pz) = b(n — tana) 
a: b= (щш — tana) : (tana — п). 
Hence the result. 


EXAMPLE 2 

Two equal uniform rods 440 and BO are 
freely jointed at O and rest іп a vertical plane 
with the ends 4 and B in contact with a rough 
horizontal plane. If the equilibrium is limiting 
and the coefficient of friction be и, show that 


5 _ 4p 
sin AOB = E dut 


Let W be the weight of each rod and G, G^ 


fheir centres of gravity. OC is drawn per- 


Fig. 23.7 


pendicular to the horizontal plane to meet 48 
at C. 

The reactions at the joint O on either rod 
are as shown in Fig. 237. 

At A and B, the rods have a tendency to slip 
outwards ; the friction, therefore, acts inwards. 

Let ZAOC = £L ВОС = a. 

Let us first consider the rod AO. 

Resolving the forces on the rod AO along 
horizontal and vertical directions, we get 

X — yR and Y - R = W. (1) 

Considering the rod BO, and resolving the 
forces on the rod BO horizontally and verti- 


cally, we get 

X — pR and R — Y = У. (2) 
From (1) and (2), we get 

Y — O and R — W. (3) 


Taking moments about O, of the forces acting 
on the rod 40, we have 
W.OG sina + pR.AO cosa 
— RAO sina = 0 
or, Wasin a + 2uRa cos a — 2Ra sina = 0 
(if 2a be the length of each rod) 
or W sina + 24W cosa 
— 2W sina = 0. by (3) 
ог, 2ucosa = sina 
or, tana = 2p. 
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sin АОВ = sin 2a 


. 2tane ^ 4u 7 
714 апо 144p" 


EXAMPLE 3 

A uniform ladder rests at an angle of 45° 
with the horizon, with its extremity against a 
rough vertical wall and its lower extremity on 
the ground. If р and џ be the coefficients of 
limiting friction between the ladder and the 
ground and the ladder and the wall respec- 
tively, show that the least horizontal force 
which will move the lower extremity towards 


the wall is just greater than (в + it) 


where И/ is the weight of the ladder. 


Fig. 23.8 


Let AB be the uniform ladder of weight W 
and length 2/, G being its midpoint. The 
ladder rests against the vertical wall ОВ. К,Р 
are the normal reactions, and д, p’ the co- 
efficients of friction at A and B respectively. 

Let P be the horizontal force applied at 4 
which makes A just on the point of motion 
towards the wall. 

Since A is on the point of moving towards 
O, the frictional force LR at A acts in the 
direction OA. Again, A being on the point of 
motion towards O, B is on the point of motion 
outwards O ; hence the frictional force wR’ at 
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B acts in the direction BO. Also, the weight 
W acts vertically downwards through G. 
Resolving the forces horizontally and verti- 
cally, we get 
P=R’'+.pR 
and R=W + wR’. 
Taking moments about A, we have 
R' .2l sin 45° — wR’. 2] cos 45° 
—W.lcos 45° = 0 
or, R' (1 в) = 0 


R= 


(1) 
(2) 


(3) 
Eliminating R from (1) and (2), we get 
P—R'=pW + ри" 
ог, P= pW + К (1 + py’) 


A bc wl — ви) 
1—-wW 


P should be just greater than 

W 1 

Fle E 1 = Р) 
to make the lower end of the rod move towards 
the wall. 


Exercies 23.1 


1. A body of weight 4 Ibs. rests in limiting 
equilibrium on an inclined plane whose slope 
is 30°. Find the coefficient of friction and the 
normal reaction, 

2. Determine the least force parallel to the 
plane which will pull a mass of 4 Ibs. up a 
rough plane at an inclination of 30° to the 
horizon, if the angle of friction is 30°. 


Ex. 23.1 ] 


3. A body of weight 4 lbs. rests in limiting 
equilibrium on a rough plane whose slope is 
309. The plane being raised to a slope of 60°, 
find the force along the plane required to sup- 
port the body, nt 

4. Determine the least force parallel to the 
plane which will pull a mass of 20 Ibs. down 
a rough plane at an inclination of 30? to the 
horizon, if the angle of friction is 60°. 

5. A body of weight 40 Ibs. rests on a rough 
horizontal plane whose coefficient of friction is 
0.25 ; find the least force which acting horizon- 
tally would move the body. 

Find also the least force which, acting at 
an angle of cos+2 with the horizontal, would 
move the body. 

6. A heavy uniform beam rests with one end 
on a rough horizontal plane, and the other on 
an equally rough plane inclined at 60° to the 
horizon. If the beam is on the point of 
motion down the plane when inclined at 30° 
to the horizon, show that the coefficient of 
friction is determined from the equation 

и + 4uV/3 —3 = 0. 

7. A uniform ladder is in equilibrium with 
one end resting on the ground and the other 
against a vertical wall. If the ground and the 
wall be both rough, their coefficients of fric- 
tion being u and д” respectively, and if the 
ladder be on the point of slipping at both ends, 
show that the inclination of the ladder to the 


2 Sega o lpp 
horizon is given by tan 6 = PR 


8. A heavy rod of length 2a lies over a rough 
peg with one extremity leaning against a rough 
wall, 0 being its inclination to the wall. If c be 
the distance of the peg from the wall, and X 
be the angle of friction both at the peg and at 
the wall, show that 


(i) sin?@ sin (0 + 2d) = e соз2Х, when 
the rod is on the point of slipping down- 
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wards, and the point of contact of the 
rod and the wall lies below the peg; 


(ii) sin?0 sin (0 + 22) = = cos?A, when the 


rod is on the point of slipping up- 
wards, and the point of contact of the 
rod with the wall lies below the peg; 


(11) sin’ 0 = £ cos?A, when the rodis on the 


point of sliding downwards and the point 
of contact of the rod with the wall lies 
above the peg. 


9. A uniform ladder rests with one end on 
the rough horizontal ground and the other end 
against a rough vertical wall. The coefficients 
of friction at the lower and upper ends 
are 3/7 and 1/3 respectively. Determine the 
angle which the ladder makes with the ground 
when it is about to slip. - 

10. A ladder whose centre of gravity divides 
it into two portions of lengths a and b with 
one end on a rough horizontal floor and the 
other end against a rough vertical wall. If the 
coefficients of friction at the floor and the wall 
be » and p’ respectively, show that the rod is 
inclined to the floor at an angle 0 given by © 
a — by 


all dees terete Tay 


when the equilibrium 8 
limiting. 

11. A ladder of length 2a is in contact with a 
vertical wall and a horizontal floor, the angle 
of friction being А at each point of contact. If 
the weight of the ladder acts at a point dis- 
tant Ka below the midpoint, prove that its 
limiting inclination @ to the vertical is given by 
cot @ = cot 24 — K cosec 2А. 


12. A uniform ladder of weight w rests on a 
rough horizontal ground and against a smooth 
vertical wall, inclined at an angle а to the 
horizon. Prove that a man of weight W can 
climb to the top of the ladder without the 
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w al—ptana) , b 


ladder slipping if р» guide spe 


ing the coefficient of friction. 

13. A uniform ladder rests in limiting equili- 
brium with one end on a rough horizontal 
plane and the other against a smooth vertical 
wall. A man then ascends the ladder. Show 
that, whatever his weight, he cannot go more 
than half-way up. What happens if the hori- 
zontal plane also be smooth ?. Give reasons for 
your answer. 

14. A uniform ladder of length 2a and weight 
rests with one end against a rough vertical 
wall and the other upon an equally rough hori- 
zontal floor. Show that a man whose weight 
is W can never get nearer to the top of 
the ladder than asin2A(zw cot2A4- W cot 
— (w+ W) tan 0)/W where 0 is the inclina- 
tion of the rod to the horizon and A is the 
angle of friction. 

15. A particle is tied to one end of a light 
String, the other end of which is fixed to a 
point in a rough plane inclined to the horizon 
at an anglee which is greater than the angle 
of friction 0. Prove that the particle cannot 
remain at rest if the angle between the string 
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and the line of greatest slope is greater than 
sin“ (tan б соёо). 

16. A uniform ladder, of length / and weight 
W, rests with its foot on the rough ground, 
and its upper end against a smooth wall, the 
inclination to the vertical being a. A force P 
is applied horizontally to the ladder at a point 
distant c from the foot, so as to make the foot 
approach the wall. Prove that P must exceed 


roe (u + $ tan a) where p is the coefficient of 


friction at the foot. 

17. Prove that the least force, which applied 
to a uniform heavy sphere of weight W will 
maintain it in equilibrium against a rough verti- 
cal wall, is W cos А, provided A, the angle of 


friction, is less than cos-* (573) 


18. Two equal weights connected by a string 
rest in equilibrium, one on each of two rough 
inclined planes of the same height and placed 
back to back, the string passing over a smooth 
pulley at the top of either plane. Show that 
the difference between the inclinations of the 
planes cannot exceed twice the angle of friction. 


24 Machines 


A machine is any contrivance (arrangement 
of bodies fitted together) to which a force can 
be conveniently applied at one point in order 
to raise a weight or overcome a resisting force 
acting at another point. The former force is 
called the effort or power, and the latter the 
weight or resistance. The effort is usually 
denoted by P and the resistance by either Q 
or W, the letter W being used when the resist- 
ing force is a heavy weight to be lifted by the 
machine. 

In this chapter we shall discuss the working 
and properties of the following simple 
machines: (i) the lever, (ii) the inclined 
plane, (iii) the screw, (iv) the pulley and the 
system of pulleys. 

In every case we suppose the machines to 
be devoid of friction and that all ropes and 
strings used in their working are light, in- 
extensible and flexible. 


24.1 Some definitions 


24.1(0) Mechanical advantage 
The mechanical advantage (or force-ratio) of 
a machine is a number which expresses the ratio 
of the resistance and the effort, ic. mechani- 
Resistance Q 
advantage = Effort "P 
The machines are constructed so that lesser 
effort is sufficient to overcome a greater resist- 
ance, ie, the mechanical advantage is a ratio 
greater than unity. If the force-ratio be less 


Ww 
eal ог р: 


26-П 


than unity in any machine, it may be called a 


mechanical disadvantage. 


REMARK 

In a machine which gives mechanical advant- 
age, the effort is less than the weight and 
therefore, the distance moved through by the 
effort is greater than the distance moved 
through by the resistance. Thus it would be 
appropriate to say that mechanical advantage is 
always gained at a proportionate diminution of 
the speed. 


24.1(b) Efficiency of a machine 

Efficiency of a machine is a number expres- 
sing the ratio of the work done by the machine 
to the work done on the machine ; i.e. 


Efficiency = work done by machine 
Hiclency = work done on machine 


24.2 The Principle of work for machines 

It is usually assumed that all machines work 
without friction and that their parts are 
weightless. With such machines, the follow- 
ing principle, called the Principle of Work, 
is universally true : 

The work done by the machine against the 
resistance is equal to the work done on the 
machine by the effort. 


REMARK 
In any actual machine, there is always some 
friction to overcome; accordingly, the work 


197 


$243] 


done on the machine is always greater than 
the work done by the machine. 

It, therefore, follows that the efficiency ofa 
machine is always actually less than unity. For 
an ideal machine, the efficiency is unity. 


COROLLARY 4 
In the light of the Principle of Work (for 
ideal machines) enunciated above, the term 
efficiency may be redefined more appropriately, 
lf y and y be the distances moved by the 
effort P and the resistance О (or W) respec- 
tively, then 


efficiency = Wy = Tr 


— Mechanical Advantage 
E Velocity Ratio 
24.8 The lever 
A lever is a rigid rod which can turn freely 
about a fixed point, called the fulerum, The 
effort is applied at any point of the lever so as 
to turn it about the fulcrum in Order to raise 


à weight or overcome a resistance at any other 
point of the lever, 

We are essentially concerned with the prob- 
lem when a lever is in equilibrium. When it 
is in equilibrium, the algebraic sum of moments 
of the effort and the resistance about the ful- 
crum vanishes, 


R 


1 


Q 
Fig. 241 


Let C be the fulcrum of the lever AC. Let 
an effort P be applied at 4 perpendicular to 
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AC to support a resistance О applied at B per- 
pendicular to BC. 
By the condition of equilibrium, 
algebraic sum of moments of P and Q about 


С-0, 
or, P.AC—Q.BC=0 
Q_CA 
on PCR, 
Mechanical Advantage of the lever 
Q arm of effort 


P ~ arm of resistance 


This shows that the effort and resistance are 
inversely proportional to the arms on which 
they act. 


REMARK 

The mechanical advantage of a lever may 
conveniently be made very great by applying 
the effort at the end of a long arm'and the 
resistance yery near the fulcrum, 


COROLLARY 
Let us suppose that the effort P and the 


Fig. 242 


resistance Q are not perpendicular to their 
arms CA and CB respectively. CM and CN 
are drawn perpendiculars to the lines of action 
of P and Q respectively, 
Taking moments of P and Q about C, we 
have for equilibrium of the lever, 
P.CM —Q.CN 


8243] 
mechanical advantage of the lever 
-2 СМ 
TP ae eM 


perpendicular distance of effort 
a from fulcrum — 
— perpendicular distance of resistance 
from fulcrum 


24.3(a) Classification of levers 

Levers are broadly divided into two cate- 
gories : (1) straight levers, (2) bent levers. 

When the arms of effort and resistance are 
in the same straight line, the lever is said to 
be straight ; otherwise, it is said to be a bent 
lever. 

Straight levers are usually divided into three 
classes according to the relative positions of the 
points of application of the effort, resistance 


‘and the fulcrum. 


In all our subsequent discussions on levers, 
we shall suppose the effort and the resistance 
to be parallel, 


24.3(5) A lever of the first class 

In a lever of the first class, the fulcrum is 
placed between. the effort P and the resistance 
0. 


Fig, 24.3 


Let R be the reaction at the fulcrum. Neglect- 
ing the weight of the lever, it is in equilibrium 
under the action of three forces P, Q, R 

R=P+Q. 
To lift a weight, the effort must be applied 
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downwards so that the reaction at the fulcrum 
acts upwards, i.e. the lever presses downwards 
on the fulcrum. 

Here mechanical advantage = 3 = $e 
and BC may either be greater or less than or 
equal to AC, in cther words, the effort may 
either be greater or less than or equal to the- 
weight to be lifted by the lever. Thus the 
mechanical advantage may be greater or less 
than or equal tc unity. 


REMARK i 

Examples of levers of the first class are a 
spade in digging; a see-saw; a poker used to 
raise the coals in the gráte; the handle of a 
pump, etc. A pair of scissors, a pair of pincers 
are double levers of this class. 


24.3(c) A lever of the second class 

In a lever of the second class, the resistance 
Q is placed between the fulcrum and the effort 
Р: 


Hee Q=P+R,R=Q-P. 


Fig. 24.4 


To lift a weight, the effort must be applied 
upwards, and the reaction of the. fulcrum also 
acts upwards so that the lever presses down- 
wards on the fulcrum. 

Since AC > BC, the mechanical advantage is 
always greater than unity. 
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REMARK : 

Examples of this class of levers are a wheel- 
barrow (the fulcrum being where the wheel 
touches the ground) ; a crowbar (with one end 
in contact with the ground) ; a cork squeezer ; 
an oar (assuming the end of the oar in contact 
with the water to be at rest). A pair of nut- 
crackers is a double lever of this class. 


24.3(d) A lever of the third class 
In a lever of the third class, the effort P is 
applied between the fulcrum and the resistance 


Fig. 24.5 


Hee P=Q+R,R=P-Q. 

To lift a weight, the effort must be applied 
upwards, and the reaction at the fulcrum acts 
downwards so that the lever presses upwards 
on the fulcrum. 

Since BC > AC, the mechanical advantage 
is always less than unity. We find that in a 
lever of the third class, there is mechanical dis- 
advantage, For this reason, levers of the third 
class are rarely used, 


REMARK : 

An example of a lever of the third class is 
the human forearm when it is used to support 
a weight placed on the palm of the hand, the 
fulcrum being the elbow and the tension exerted 
by the muscles being the effort, A pair of 
tongs is a double lever of this class, 
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24.3(е) A heavy lever 

In our previous discussions, the weight of the 
lever was neglected. When the lever is heavy, 
ie. it has a weight of its own, the condition 
of equilibrium may be found as in other cases 
by taking moments about the fulcrum. 


R 


Fig. 24.6 


Let the weight w of the lever act at its centre 
of gravity G (which may not necessarily be the 
midpoint). C is its fulcrum. An effort P is 
appiled at A to overcome a resistance Q at B. 
Taking moments about C, the condition of 
equilibrium gives 
Р.СА=0.СВ t w.CG (1) 
The reaction R at the fulcrum is given by 
R+P=Q+w;orR=Q-—P+w (2) 


REMARKS 

l. The formula (1) may be made appli- 
cable to levers of any class by taking the 
lengths CA, CB, CG as positive or negative 
according to the direction in which they are 
drawn from C. 

2. All the formulae deduced above for 
levers of different classes are valid whether the 
lever is horizontal or inclined to the horizon, 
the only necessary condition being that the 
forces on the lever are all parallel and. that 
their points of application are collinear with 
the fulcrum, 


i 
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24.3(f) Illustrative examples 


ЕхАМРІЕ1 

If two forces applied to a weightless lever 
balance, and if the thrust on the fulcrum be 
ten times the difference of the forces, find the 
ratio of the arms. 


R 

A c B 

P Q 
Fig. 24.7 


Let C be the fulcrum, CA, CB the arms, and 
let a force P applied at A perpendicular to CA 
support a resistance Q applied at В perpendi- 
cular to CB. Let R be the reaction at the ful- 
crum. 

We have for equilibrium, 

К-Р-0 (1) 
and taking moments about C, 
P.AC=0..BC; or, 80:48 ^g 
By the given condition 
R= 10(P — Q) assuming P > Q (8) 
By (1) & (3), 10(P - Q) =P +Q; 
ог, 9P — 110 (4) 


AC 9 
By 2) & (4), 16-0. = 8. 
Hence the arms are in the ratio 9: 11. 


EXAMPLE2 

A straight uniform lever is kept in equili- 
brium by weights of 12 and 5 lbs. respec- 
tively attached to the ends of its arms, and the 
length of one arm is double that of the other. 
What is the weight of the lever ? 
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The weight w of the lever AB acts at its 
midpoint G. Let C be the fulcrum and R the 
reaction there, 


12 lbs, 


Fig. 24.8 


Taking moments about C, the condition of 
equilibrium gives 
12.4C = 5.ВС +w.GC (1) 
By the given condition, 
BC = 2 АС. 
Also AG = BG = } AB and 
AB = АС + ВС = 3 АС. 
*, СС= СА – СА = ЗАС — AC = +АС. 


(1) becomes 12. АС = 10.AC + E AC 


Or, 22512-1022; 
The weight of the lever is 4 Ibs. 


w= 4. 


EXAMPLE 3 
A straight lever is acted on, at its extremities, 
by forces in the ratio (V3 + 1) : (V3 — 1), 


Fig. 249 
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and which are inclined at angles of 30° and 
60° to its length, Find the magnitude of the 
thrust on the fulcrum and the direction in 
which it acts. : 
Let tht effort (V3 + 1)K be applied at А 
at an angle 30? to the arm AC, to overcome 
the resistance (V3 — 1)K applied at B at an 
angle 60? to the arm BC. Let C be the ful- 
crum and R the reaction at C at an angle 0 
with CB. ` 
Resolving the forces along and perpendicu- 
lar to AB, we get 
X = К cos 0 = K(,/3 + 1) cos 30° 
— K (43 — 1) cos 60° 
a KGJ3 +1) J3.  K(.J8 — 1) 
ETT m 


—2K (1) 
Y = R sin 0 = K( J3 + 1) sin 30° 
+ K( J3 — 1) sin 60° 
КОМЗ + D, KCJ3 = 1) J3 
2 2 


=2K (2) 
Squaring and adding (1) and (2), we get 
R= /X* + VY? = /8K* = 2,/2К. 
Also, tan 0 = $= 1 = tan 45°, 
@ = 45°, 
Taking К = 1, we find that the thrust on 


the fulcrum is 2ү2 at an angle of 45° with 
the lever. 


. Exercise 24.1 


1. A lever, 6 ft. long, having the fulcrum at 
one end and the applied force at the other end, 
is used to sustain a weight 112 Ibs. ава point 
2 ft. from the fulerum. Find the direction and 
magnitude of the pressure on the fulcrum. 

2. Where must the fulcrum be so that a 
weight of 6 15. may balance a weight of 8 Ibs. 
on a straight weightless lever 7 feet long ? 
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If each weight be increased by 1 1b., in what 
direction will the lever turn ? 
3. Two weights P and Q balance on a weight- 
less lever, the fulcrum being 1} inches from 
the middle point of the lever. If each weight 
be increased by 1 lb. the fulcrum must be 
moved 4 inch in order to maintain equilibrium. 
Find the force of pressure on the fulcrum in 
each case. 
4. Two forces P and Q balance on a lever 
acting on the same side of the fulcrum. If P 
be increased by 1 lb., equilibrium may be main- 
tained by moving P's point of application 
2 inches; or if О be increased by 1 1b., by 
moving 078 point of application 4 inch ; or if 
both P and О be increased by 1 1b., by moving 
both points of application 14 inches. Find P 
and Q. 
5. A straight weightless lever has for its ful- 
crum a hinge at one end A, and from a point 
B is hung a body of weight W. If the strain 
at the hinge must not exceed 4 И/ in either 
direction, upwards or downwards, show that the 
effort must act somewhere within a space equal 
to 4/3 AB. 
6. А straight horizontal lever has for its ful- 
crum a hinge at one end A, and at a point B 
is hung the weight W.: If the strain on the 
hinge must not exceed 3 W either upwards or 
downwards, prove that the power must act 
somewhere within a space equal to $ AB. 
7. A straight lever AB, 12 feet long, balances 
about a point 1 ft. from 4 when a weight of 
13 165, is suspended from A. It will balance 
about a point which is 1 ft. from B when a 
weight of 11 Ibs. is suspended from B. Show 
that the centre of gravity of the lever is 5 inches 
from the middle point of the lever, 
8. Two. weights of 41b. and 81b. balance 
when. suspended: from: the. ends of a straight 
weightless lever with the fulcrum 1 ft, from 
the larger weight. When P Ib. are added to 
each weight, the fulcrum has to be shifted a 
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distance of 2 inches. Find the value of P and 
the length of the lever. 

9. A straight uniform lever of length 5 ft. and 
weight 10 lbs. has its fulcrum at one end and 
weights of 3 and 6lbs. are fastened to it at 
distances of 1 and 3 ft. respectively from the 
fulcrum; it is kept horizontal by a force at 
its other end; find the thrust on the fulcrum. 
10. Explain carefully why a man stands on 
the bottom rung of a ladder, and holds on to 
another rung as low as he can, when another 
man is lifting the ladder. 

11. Why cannot a man, sitting in a basket, 
lift himself and the basket off the ground by 
pulling at the handles of the basket ? 

12. Inany lever, find the mechanical advantage 
when the effort is applied at (1) the point of 
application of the resistance, (ii) the fulerum. 
13. A straight lever whose arms are a and Б ft. 
respectively, is in equilibrium under forces P 
and О at its extremities, whose lines of 
action make, with the lever, angles « and f 
respectively. Find the ratio of P to Q, and the 
pressure on the fulcrum. 

14. Show that in a weightless lever of the 
first class the power, the weight and the reaction 
of the fulerum form two unlike couples of 
equal moments when the lever is in equilibrium. 


24.44 The inclined plane 
By means of an inclined plane, a heavy body 
can easily be raised through a great distance, 


-the effort required being less than the weight 


raised. The principle and use of a rough 
inclined plane has already been discussed in 
Chapter 23. We shall consider here the equili- 
brium of a heavy body on a smooth inclined 
plane under any force. It is assumed that all 
forces on the body lie in a vertical plane through 
the line of greatest slope of the inclined plane. 
The plane being smooth, the only reaction 
between it and any body resting on it is per- 
pendicular to the inclined plane, 


24.4 (a) Equilibrium of a heavy body on a 
smooth inclined plane under any effort 

Let a heavy body of weight W be placed at 
D on a smooth inclined plane AC of inclination 
« to the horizon. Let P be the effort applied 
on the body and К the reaction of the plane. 

Let AB be the horizontal line through A, 
DE the perpendicular on AB and DF perpendi- 
cular to the inclined plane as shown in 
Figs. 24.10, 24.11 and 24.12. 

In each of these figures, 

ДЕРЕ = 90° — ZADE = LDAE = a. 

We now consider the following cases. 


Case I: Let the effort P act up the plane - 
parallel to the line of greatest slope. 


c 


Fig. 24.10 


Since the three forces P, R, W acting at D 
are in equilibrium, we have by applying Lami’s 
Theorem, 

D R W 


or, =—779 =F => W 
' sin (180° — a) sin (90° + a) sin 90° 
or, шон шарилыг W. (1) 
sina cosa 
P=Wsina, R =W cosa (2) 


The lines АС, АВ, BC are often called the 
length, base and height respectively of the 
plane, and are represented by |, b, h respec- 
tively. 


pe eek 
From (1), 517511 
so tht P:R:W=h:b:1 (3) 
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Case IT: Let the effort act horizontally. 


Fig. 24.11 


As in Case I, we have by Lami's Theorem 


radice d UN 
sin (180° — а) — sin 90? — sin (90* 4- a) 
ОИД A 
sin a^ cosa 
CO P=W tana, R=W seca; (5) 
and Р: R:W--h:lib (6) 


CasE.III: Let thle effort act at angle 0 
with the inclined plane. 


Fig. 24.12 


‘As in the previous two cases, we have by 
Lami's Theorem, 
Рае R 
sin (180° — a) ^ sin (90* + 84 a) 
W 


= sin (90° — б). 
P R 


И 
ОЕ au cos (0 4-2) — cos 8 2) 


= w Se p pcos (8 + а) 
POW бог tae cos @ @) 
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REMARKS 

l. Let us draw EG parallel to P to meet DF 

in G. 
DEG is a triangle of forces P, R, W. 
P:R: W=EG: GD: DE. 
2. Putting 0 = 0 in Case III, we get 
Case I. 
Putting 0 = — « in Case III, we get 
Case II. 
$. Taking up Case III which is a more 
general one, we may easily verify the Principle 
of Work. 

Let d be the distance through which the 
body moves along the plane. Then d cos 9 8 
the distance through which the point of appli- 
cation of P moves along its direction, and 
@ ѕіп о is the vertical distance through which 
the weight moves. 

Work done by the effort P — РД cos 0 
= Wdsina by (8) 
= Work done against the weight. 


244 (b) Illustrative examples 


EXAMPLE 1 

A weight of 915, is pulled up an inclined 
plane of which the height is 13 ft. and the 
base is 2 ft. What force (1) acting horizontally, 
(ii) acting along the plane, is required for the 
purpose, 


R с 


Fig. 24.13 
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Let AB —2ít, BC =4 ft. be respectively 
the base and height of the plane AC inclined 
to the horizon at an angle a. R is the normal 
reaction of the plane and Р is the force applied 
to the body. 
(1) Let P be applied horizontally. 

Resolving along the plane, the condition of 
equilibrium gives 

P cos a = 9 cos (90° — а) = 9 sina 


B = 
P=9tan a= 955 794 


Р must be slightly greater than 6} lbs. so 
that the weight may be pulled up the plane. 
(ii) When P acts up the plane along the line 
of greatest slope, we have by resolving the 
forces along the plane, P = 9 sin a. 


Now AC = ,/AB? BC? 


ТОРОН 
SING = дл EIAS 

Rod 3007/4080. 

Рь-9-553-55 


Р must be slightly greater than 58 Ibs. 


EXAMPLE 2 

A body of weight W is supported on a 
smooth inclined plane, by a force P inclined to 
the plane, and the a on the plane is R. 


Given that P-— AW. Rs BY 


find the inclination of the plane, and the direc- 
tion of P. : 

Let the plane be inclined to the horizon at 
an angle o, and let the effort Р act on the body 
at an angle 0 with the line of greatest slope 
of the inclined plane [see Fig. 24.12 ]. 

Resolving along and perpendicular to the 
plane, we have 

P cos 0 = W sina (1) 


271 


MACHINES 


and R+ P sinb = W cosa (2) 
R=W cosa — P sin 0 


И 
=W соза — "coi 
_ W(cos æ cos 0 — sin æ sin 0) 
cos 0 - 


_ W cos (a + 0) ) 
cos 0 0) 


cos 0 


and гуз 


sin a _ cos (a + 0) 

с080 |. cosÓ 
or, sina = cos (a + 0) = sin {90° — 
or, а = 90° —(a+ 0) 


(a +0)) 


Squaring, 1+ sin 0 = 3 
so that sin 0 =$—1=4=sin 30°, 
6 = 30°. 
Л за. sin @ 
X3 cos@ cos 30° 
Sie sing 2sina 
XE RUE 
2 
or, sine =f = 5іп 30°, 2. о = 30°. 
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4. Inclination of Ње plane to the horizon is 
30° and the effort P acts at an angle 30° 
with the plane. 


Exercise 24.2 


1. Find (i) the horizontal force, and (ii) the 
force up the plane required to support a 
weight of 85 kg. on an incline of 8 in 17 of 
length 34 metres. 

2. What force (i) acting horizontally, and 
(ii) acting up the plane could keep a mass of 
10 kg. at rest on an incline of 60°? Find 
also the reaction in each case, 

3. А body rests on an inclined plane, being 
supported by a force acting up the plane equal 
to half its weight. Find the inclination of the 
plane to the horizon and the reaction of the 
plane. 

4. A body of weight 10 Ib. rests on a smooth 
plane inclined at an angle of 309 to the hori- 
zon. Find the least force required to sustain 
it and the reaction of the plane. 

5. A body rests on a plane, inclined at an 
angle of 60? to the horizon, and is supported 
by a force inclined at an angle of 309 to the 
horizon. Show that the force and the reaction 
of the plane are each equal to the weight of the 
body. 

6. A body rests on a plane inclined to the 
horizon at an angle w. If the reaction of the 
plane be equal to the effort applied, show that 
the inclination of the effort to the inclined plane 
is (909 — 2a). 

7. A weight 2W is kept in equilibrium on an 
inclined plane by a horizontal force W, and a 
force W acting parallel to the plane. Find the 
ratio of the length, base, and height of the 
plane, and also the pressure on the plane. 

8. A body of 5 Ibs. wt. is placed on a smooth 
plane inclined at 309 to the horizon, and is 
acted on by two forces, one equal to the weight 
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of 2 lbs. and acting parallel to the plane and 
upwards, and the other equal to P and acting 
at an angle of 30° with the plane. Find P and 
the reaction of the plane. 

9. Two weights support each other on two 
smooth inclined planes of the same height, the 
weights being connected by a string passing 
over a small pulley at the junction of the planes, 
The angles of the planes are 30° and 60°. 
What is the ratio of the weights and the ten- 
sion of the string ? 

10. On two inclined planes, of equal height, 
two weights are respectively supported, by 
means of a string passing over the common 
vertex and parallel to the planes. The length 
of one plane is double its height, and the 
length of the other plane is double its base. 
Show that the reaction of one plane is three 
times the reaction of the other. ' 

11. АВ and AC are two smooth planes inclin- 
ed to the horizon at angles а and 8 respec- 
tively, and meeting at their highest point 4. 
"Two weights W and Р, one on each slope, 
balance one another when connected by a 
string passing over a smooth pulley at 4. If, 
when the inclination of each plane is doubled, 
equilibrium is maintained by replacing V. by 
V’, prove that V cos æ = Р” cos B. 

12. Ifa force P, acting parallel to an inclined 
plane and supporting a mass of weight W, pro- 
duces on the plane a thrust R, show that the 
same power, acting horizontally and support- 
ing a mass of weight R, will produce on the 
plane a thrust Jy. 

13... A weight is Supported on a smooth in- 
clined plane by a string attached to the top of 
the plane. At three different inclinations of 
the plane, the tensions аге proportional to 1/3, 
V2, 1 respectively. Find the three inclinations 
given that they are in arithmetical Progression. 
14. A weight is Supported оп а smooth plane 
ot inclination a, by a string inclined. to the 
horizon at an angle: y, If the slope of the 
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plane be increased to B, and the slope of the 
string unaltered, the tension of the string is 
doubled. Prove that cot a — 2 cot B = tan y. 
15. A body of weight W is supported on a 
smooth inclined plane, by a force P inclined 
to the plane, and the pressure on the plane is 
R. 
Given that 

P=4VvV2W, R=34(v3-1)W. 
Find the inclination of the plane and the direc- 
tion of P. 
16. Find the pressure on a smooth plane in- 
clined at an angle e to the horizon, when a 
weight W is supported on it by a force whose 
line of action makes an angle 8 with the 
horizon. 
. If the pressure on the plane be in arithmetic 
mean between the weight and the force, and 
if B = 20, find sin B. 


24.5 "The screw 

The serew consists of a bolt of circular 
cross-section, with its axis OM. The surface 
of the bolt carries a thread or has a groove 
cut in it along a spiral curve. The screw 


Fig. 24.14 
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works in a collar ог nut C through which a 
hole is bored, The thread on the surface of 
the bolt is equally inclined at all points to the 
plane perpendicular to the axis of the bolt. 

As the screw turns in a fixed collar, it moves 
forward parallel to its axis. In each complete 
revolution, the distance moved forward is equal 
to the distance between two consecutive 
threads, measured parallel to the axis. This 
distance is known as the step. 

The effort applied to the screw tends to 
rotate the bolt, and has a moment about OM 
in a plane perpendicular to OM. The effort is 
a single force P applied at the end of a long 
arm OA projecting at right angles to OM. 

In a common screw-press or screw-jack, two 
equal and opposite forces constituting a couple 


Fig. 24.15 


are applied at right angles to the extremities 
A, B of the arm which projects in both direc- 
tions [ see Fig. 24.15 ]. 

Let a be the length of the arm OA 
(Fig. 24.14) and let the effort P be applied 
perpendicularly at A. Let P overcome a resis- 
tance Q acting along the axis OM. Tt is further 
assumed that the screw is smooth and Bis its 
step. In one complete revolution of the screw, 
A (the point of application of the effort P) 
describes a circle of radius a with centre O. 
Therefore, the point A and hence the effort P 
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moves through a distance 27a, while the screw 
moves forward a distance b. 
By the Principle of Work, 
work done by P — work done against Q 
or, РХ210-0ХЬ. 
Mechanical Advantage of the screw 


= 9-2" (1a) 


circumference of the circle with the 
arm as radius. 


23, step of the screw 
02) 


The quantity 8/2т is called the pitch of the 
screw. 


We find that 
moment of P about OM = Р.а 
=0ХЬ/2т; 
or, moment of effort = (resistance) 
X (pitch) (2) 
REMARK 


It is evident from (1a) that the mechanical 
advantage of the screw may be made large by 
making “а large and ‘b’ very small. То make 
“0” large means to make the machine huge in 
its size. It creates problems in handling such 
a huge machine. Again, if ‘b’ be made very 
small, the thread will be very thin and the 
machine will be very weak. It is, therefore, 
necessary to modify the construction of the 
machine without making ‘a’ large or ‘b’ small. 

This is done in the differential serew which 
will be discussed next. 


24.5(a). The differential screw 

Tn this machine a hollow screw M, which is 
turned by the lever, works in a collar C. | With- 
in the hollow screw M, another screw N of 
smaller diameter works, The screw N is 
attached to the top of the press A and works 
in a collar which is cut in the lower extremity 
of the screw M, The screw N cannot rotate 
but can only move in the direction of its length. 
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The step b of the screw M is slightly greater 
than the step c of the screw N. Let the effort 


NY 
AU 


SW 


| 


Fig. 24.16 


P be applied at the end of the lever of length 
а to overcome the resistance Q of the press. 
For one complete revolution of the lever, 
work done by the effort P = P X 2 ra. 
Again, in one complete revolution the screw 
M travels downwards through a distance b 
while the screw N penetrates a distance c into 
the screw M. Thus the press A is forced 
down through a distance (b — c) only. 
Work done against the resistance 
Q — Q(b — c). 
By the Principle of Work, 
P X 2za = Q(b — с). 


: = xg — 2та 
Mechanical Advantage — Paha. 


0) 


Since b = c, (b — c) = 0; hence the mecha- 
nical advantage is very great. 


24.5(5) Illustrative examples 


EXAMPLE 1 2 

The arm of a screw-jack is 2 ft. long, and 
the screw rises 2 inches when it is turned round 
nine times. What force must be applied to 
produce a thrust of a half ton weight ? (1 ton 
= 2240 lbs.) 


Ex. 24.3 ] 
Here the arm a = 2 ft., О = 1120 Ibs., 


We know that 3 шил 


so that 


560 
p.bQ. 1X MMX7 400 
“па ИХ ХХА. 297 
27 11 


7 _ 490 
The required force = 297 108. wt. 


EXAMPLE2 
Find the mechanical advantage in a differen- 
tial screw having 5 threads to the inch and 
6 threads to the inch, the effort being applied 
at the circumference of a wheel of diameter 4 ft. 
For the differential screw, 


the mechanical advantage — E 


Here a = 2 ft., = $ inch = gs ft., 
c — $inch = jg ft. 
Mechanical Advantage 
_.2х22х2 _2X22X 2X 360 
7X (fo = т) | 7 
31580 — 4525 


г 


Exercise 24.3 


1, In а screw-press a power equal to 161b. 
weight, acting on an arm 3 ft. long, produces a 
thrust of half a ton. What is (i) the step, 
(ii) the pitch of the screw ? 

2. The arm of a screw-jack is 1 yard long and 
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the screw has two threads to the inch. What 
force must be applied to the arm to raise 1 ton È 
3. If the effort be applied at the end of an 
arm of length 1 ft. and if the screw makes seven 
complete turns in 1, of its length, find the 
effort that will support a weight of 1 ton. 

4, The arm of a screw is 2 ft. long and it has 
10 threads per foot of its length. What thrust 
will the screw produce if the effort be a force 
of 112 Ibs. wt ? 

5. If a power of 10165. wt. acting on an arm 
2 ft. long produces in the screw press a thrust 
of one ton weight, what is the step of the 
screw ? 

6. If the lever by which a screw in worked be 
6 ft. in length, determine the distance between 
two successive threads of the screw, in order 
that a thrust of 10 Ibs. wt. applied to each end 
of the lever may produce a thrust of 1000 Ibs. 
wt. at the end of the screw. 

7. A screw is formed upon a cylinder whose 
length is 1 ft. and circumference 3 inches. How 
many turns must be given to the thread in order 
that an effort of 4lbs:wt., applied tangentially 
at the edge of the cylinder, may support a 
weight of 2 cwt. ? 

8. Find the mechanical advantage in a differ- 
ential screw, the larger screw having 8 threads 
to the inch and the smaller 9 threads, the length 
of the effort-arm being 1 ft. 


24.6 The pulley 


A pulley consists of a wheel of wood or 
metal with a groove cut round its circum- 
ference. A string or rope or chain passes 
round the pulley through the groove. It turns 
on an axis or axle, which passes through its 
centre and is perpendicular to its plane. The 
axle is fixed in a framework called the block or 
Sheave. This block is either fixed or mov- 
able. 
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24.6(a) Single fixed pulley moment of P about O =moment of W 
б about О, 
or, PX OA = ХОВ 
5 Р= и [77 04-08 
= radius of the pulley]. 


Mechanical Advantage = СА = 1, 


8 А 
REMARKS 
1. Since P= W,- the tension is uniform 
Р throughout the string. 


2. Since P — W, the force to be applied 
to lift the weight W is the same as it would 
be without the pulley. The only convenience 

w in using the pulley is that the force can be 
Fig. 2417 applied іп апу convenient direction. 
3. When P is vertical, pressure on the 
à fixed block — P -- W — 2W. 
ad в мин Sipe is fixed here. Тһе When Р is not vertical, let 20 be: the angle 
: Ё fo one end of the string between P and JW, In this case, pressure on 
Passing round the groove while the effort P is the block = 2W cos б. i 


24.6(5) Single movable pulley 
Here the weight W is attached to the block. 
The effort Р is applied at one end of the 


Уу 
Fig, 24.18 


applied at the other end. The effort Р may be 
vertical [ Fig. 24.17] or inclined [Fig. 24.18]. Fig. 24.19 

Let us assume that the string is smooth. 
Since the wheel is supported by the axle only, string passing round the pulley while the other 
the condition of equilibrium gives, end of the string is fixed, 
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If w be the weight of the pulley, the total 

weight to be raised by the effort P is 
Q=W +w. 

The tension in each part of the string is P. 
Since the tensions at both A and B support 
the total weight О, we must have 

О=Р+Р = 2Р. 


Mechanical Advantage = g =Z. 
Also W + w= 2P. 


REMARK 
This system of pulleys is frequently used in 
cranes. 


24.6(c) The single-string system (Second 
System) of pulleys 

Here the pulleys are arranged in two blocks 
—the upper block is fixed to a support while 
the lower block is attached to the weight to be 
lifted. 

The number of pulleys in the two blocks 
may be equal or unequal. In Fig. 24.20, the 
number of the pulleys in each of the blocks is 
the same and the string is tied to the upper 
block (which is fixed). In Fig. 24.21, the 
number of pulleys in the two blocks is not the 
same; the upper block has one pulley more 
than the lower block and the string is tied to 
the lower block. A single string passes round 
all the pulleys. 

Let there be n portions of the string at the 
lower block, corresponding to the ” number of 
pulleys in the system. Let the effort P lift a 
weight W, hanging from the movable block 
of weight w, through a height h. Then each 
of the n portions of the string becomes 
shortened in length by an amount h. This 
means that Р pulls the end of the string down 
by a distance nh. 

By the Principle of Work, 
Wh+wh=P.nh 


ог, W +w= nP. (1) 
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w 
Fig. 24.21 


Fig. 24.20 


Mechanical Advantage 
‚жер, @) 
REMARKS 


1. If the weights of the pulleys are 
neglected, we have W = nP so that mechanical 


ШИ ts 
advantage — P" 


2. In order that the effort may be applied 
downwards, the free end of the string must 
hang from a fixed pulley. 


24.6(d) The separate-string system (First 
System) of pulleys 
In this system, the pulleys are taken to be 
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movable and each of them is supported by a 
separate string. One end of the string pass- 
ing through each pulley is attached to a fixed 
beam or other support while the other end is 
attached to the block of the next higher pulley. 
In order that the effort may be applied down- 
wards, the free end of the string hangs from 
a fixed pulley A,. 


Fig. 24.22 


Let there be n pulleys Ау, Ao, аан having 
weights wi, We, sess.. respectively. 

Let the free end of the string be pulled 
with a force P and let the system support a 
weight W attached to the block of the lowest 
pulley Ау. If the effort P lifts the weight W 
through a height h, then the lowest pulley 4, 
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will rise through a height № ; the one above it, 
A), will rise through 24 ; the next Аз through 
4h, and so on. 
Hence P will move its point of application 
down through a distance 277. 
By the Principle of Work, we have 
PX 2° = Wh + wih + 2wgh + 4wgh 
Too 2; 
2%Р = W + w, + Zw, 
+ 4ш» + ee 257100, 5 


W w 
Р = ээн b 


ог, 


or, 


+s +e 1) 


REMARKS 
1. If the pulleys be of equal weight w, then 
2"P =W + (1+ 2+ 27 + + 29-1) 
=W+(2"—1)w. 
2. If we leave out of account the weights 
of the pulleys themselves, we have 


2"Pz WT Nw = wy =. =, 01, 
Mechanical Advantage = 4 = 2", 


It is evident that the mechanical advantage in- 
creases with increasing n. 

3. When the weights of the pulleys are 
taken into account, the greater the weights of 
the pulleys, the greater is P. Hence the effort 
P can be made small only when the pulleys 
are taken as light as possible. 


24.6(¢) The inverted separate-string system 
(Third System) of pulleys 

In this system, the pulleys are movable 
except the uppermost one. Each of the 
pulleys is supported by a separate string. One 
end of the string is attached to a rod from 
which the weight W is suspended while the 
other end is attached to the next lower pulley. 
The effort P is applied at the free end of the 
string which passes over the lowest pulley A; 
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[Fig. 24.23]. We assume the portions of the 
string to be parallel and also, that there is no 
friction. 

Let there be n pulleys of which the upper 
one is fixed and (7-1) movable. Let the 
effort P lift the weight W. 

Let Ау, 4, Ав... be the movable pulleys, 
beginning from the lowest, and let Ty, T», Тэс 
be the tensions of the strings passing round 
these pulleys. 

Since A, is smooth, we have T, = P. 


Let the weights of the pulleys be 


CasE I: 
neglected. 
Since Ay, As, s, are in equilibrium, we 
T, = 2T, = 2P, 
T, =2T, = 2'P, 
T, = 2Ts = ZP 


have 


Tra T n-2 ар; 
Tn = 2T44 = 21P. 
Since the Баг from which Ње weight W is 
suspended, is in equilibrium, we have 
W= THT, +o ETs 
= (142 + 2? + 28 fet 2"7)P 


= (2% = 1)Р (1) 
Mechanical Advantage 

Син, 

Epic 25,24 (2 


Case: II Let the weights of the pulleys 
be taken into account. 

Let the weights of the movable pulleys 
Ay Ags ns „Аһ Бе 201, Wa, «ну Wn- respec- 
tively 

We first consider the equilibrium of the 
four pulleys shown in Fig. 24.23. 

Considering the equilibrium of the pulleys 
taken in order, we find 

Ta = 2T, + w, = 2P + w, 
Т» = 2Т» + We = 2°P + 2ш, + We 
T,=2T,+w, = 2?P + 22w, 

+ 2ш, + Ws. 


28-1 
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Fig. 2423 


For the equilibrium of the bar, we have 
/-1,-1,-1,-Т, 
= (1 +2 +2" + 2°)Р + (1 + 2+ 2*®у)ш, 
+(1 #2) wa +» 
-(25-1)Р-(28-1)91 
+ (22 — 1) wg + s. 
When there are n pulleys, the above result 
becomes 
W = (2% – 1)Р + (2"> — 1) 1 
+ (2-8 — 1) ty + + + (2° — 1) ьа 
+(2-1)%,-1 0) 
If the weight of each of the movable pulleys 
be w, the relation (3) reduces to 
W = (2% —1)P +w [2 — 1) 
+ (20-2 —1) + e 
+ (22 – 1) + (2 —– 1)] 
= (2% – 1)Р +01022 + -- 
+ 20-2 + 29-21) — (n — 1)] 
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=(2"—1)P+w 
[+24 224 4 2%) – n] 
= (2% — 1) Р + [02% – 1) – п] (4) 


REMARKS 

1. We find that P is small when the weights 
of the movable pulleys are large. 

2. Putting w, = we =" = Wa-s = 0 in (3) 
or w — 0 in (4), the relation (1) may be 
obtained. 

3. The Principe of Work can also be 
applied to obtain the relations between P and 
W. 

4. The stress on the supporting beam 
balances the effort, the weight W and the 
weights of all the pulleys. 

Stress on the supporting beam 
= PHW + w, + mt... + uw. 


24.6(f) Weston’s differential pulley 
Here the string is replaced by a long chain 
of the same type as a bicycle chain. The 


machine consists of two blocks ; the upper block 
contains two concentric pulleys (of different 
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radii R and r where R >r) while the lower 
block contains one pulley from which the weight 
W is suspended. An endless chain passes 
round the larger pulley of the upper block, then 
round the pulley of the lower block and next 
round the smaller pulley of the upper block. 

The remainder of the portion of the chain is 
joined to the first portion of the chain. 

The pulley grooves are replaced by cogs on 
to which the links of the chain fit. The upper 
pulley (the two taken together) is known as the 
differential pulley. 

The effort P is applied as shown in 
Fig. 24.24. The length of the chain which 
passes over the larger pulley in the upper block 
is 27А while that over the smaller pulley is 27r. 
Hence, when the differential pulley makes one 
complete revolution, the total length of the 
chain connecting the larger and smaller pulleys 
is diminished by 27(R — r). But this decrease 
is divided equally between the two vertical 
lengths of the chain. Thus the weight W is 
raised through a vertical height of z(R — r). 

-. Work done on W = W X «(R — r) 
and work done by P = P X 2«R. 
-.. By the Principle of Work, we have 

РХ = И X«(R — ғ) 


or, 2PR-W(R-r) (1) 
Mechanical Advantage = x = ER. 
REMARKS 


l. We have assumed here that the portions 
of the chain hanging between the two blocks are 
vertical, and the weights of the chain and the 
pulleys are negligible. 

2. The mechanical advantage may be made 
very great by making r nearly equal to R. 


24.6(0) Illustrative examples 


ЕхАМРІЕ 1 
Find the least number of pulleys in a шоу- 
able block weighing 10Kg., in order that a 
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weight of 120 Kg. may be lifted by a downward 
force not exceeding 28 Kg., and find the force. 

Let n be the total number of portions of the 
string supporting the lower block (in the second 
system of pulleys) and P the required effort. 
The tension of each portion of the string is P. 
The n pulls in the strings have to support 
both the attached weight of 120 Kg. and the 
block weighting 10 Kg. 

Therefore, яР = (120 + 10) Kg. = 130 Kg. 
Since P « 28 Kg., nP < 28n Kg. 
130 < 28n so that n > 44%. 
Hence n = 5(taking the least value). 

Hence five parts of the Sffing must support 
the lower block. Therefore, the lower block 
must contain two pulleys and must have the 
end of the string attached to it. Also, putting 
n — 5, we have 

5P — 130 Kg. ; .'. required force P — 26 Kg. 


EXAMPLE 2 
In the system of pulleys in which each hangs 
by a separate string, if there be 3 pulleys, it is 
found that a certain weight can be supported 
by an effort equal to 7 lbs. wt.; but, if there 
be 4 pulleys, the same weight can be supported 
by an effort equal to 4 lbs. wt. Find the 
weight supported and the weight of the pulleys, 
which are equal, 
Let W be the weight supported and w the 
weight of each pulley. 
We have the relation (Sub-Section 24.6(d) ) 
2^P = + (2”—1)ш (1) 
where Р is the effort. 
Given that P = 7 Ibs. wt. when n = 3 
and P = 4 lbs. wt. when n = 4. 
Putting n = 3 and P =7 in (1), we get 


56 =W + 7w (2) 
Putting » — 4 and P —4 in (1), we get 
64 = W + 1520. (3) 


Subtracting (2) from (3), we have 
8 = 8w so that w = 1. 
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From (2), W = 56 — 7w = 56 —7 = 49. 
The weight supported = 49 165. 
and the weight of each pulley = 1 lb. 


EXAMPLE 3 4 

In the third system of pulleys, a weight of 
45 Ibs, is supported by a force of 3 lbs. wt. 
The strings are attached to a 6 ft. bar from 
which the weight is suspended, and at distances 
of 1 ft, from each other. To what point of 
the bar should the weight be attached ? (The 
bar and the pulleys may be considered weight- 
less). 

Let there be n number of pulleys of which 
the upper one is fixed and (» — 1) numbers 
are movable. 

We are to use here the relation (cf. Sub- 
Section 24.6(е)) , 
W = (2"— 1)Р. 

Given that W = 45 Ibs. wt., Р = 3 Ibs. wt. 

"o 3 (27 — 1) = 45); ог,28--1-515, 


ог, 27=15+1=16 —2*; 
uon—A. 


215 


82461 


Let the strings be attached to the bar at the 
points D, E, F, G as shown in Fig. 24.25, 
where DE = EF = FG = 1 ft. (given). 
Let the point at which the weight is attached 
be X. 
The resultant of Tı, Т», Тз, T, must pass 
through X for the equilibrium of the system. 
Also, we have 
T, = P, T, = 2P, T, = АР, T, = 8P. 
Using the formula for determination of the 
centre of a system of parallel forces, we have 
Т. ХОоО+Т, X DE--T,X DF 
DX- TT,XDG 
ЭЭ? Т, + Т» + Та + Т, 
LÁÓPXIT2PX2tPX3 П 
is 15P An АРЕ 
«<. DX < DE; ie. X lies between D and E. 
The weight should be attached to the 
bar between the strings over the fixed pulley 
and the next one, and at a distance 11/15 ft. 
from the former. 


EXAMPLE 4 

A Weston Differential Pulley consists of a 
lower block and an upper block which has two 
cogged grooves, one of which has a radius of 
5 cms. and the other a radius of 4.5 cms. and 
the efficiency of the machine is 40%. Calculate 
the effort required to raise a load of 300kg. 


Here R=5 cms., 4.5 cms. = 9/2 cms. 


The mechanical advantage 


UNA 14127 
hey isa 
wW 4 
Р = 40% of 20= 3 20-48. 
Now W = 300 kg, 
53:05: 098 
р= = 00-5 ls 


Hence the required effort = 37.5 kgs. wt. 
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1. In the first system of pulleys, if there be 
4 weightless pulleys, what weight can be raised 
by an effort of 20 lbs. wt.? 

2. Find the ratio of the power to the weight 
in that system of pulleys in which each moy- 
able pulley hangs by a separate string, the 
number of movable pulleys being 4. 

If the weights of the pulleys be taken into 
account and are 1, 2, 3 and 4 lbs. respectively 
beginning with the highest, find what power will 
support a weight of 294 Ibs. 

3. If there bgs44 movable pulleys whose 
weights, commencing with the lowest, are 4 kg., 
5 kg., 6 kg. and 7 kg., what effort will support 
a weight of 112 kg. attached to the lowest 
pulley ? 

4. If in a system of pulleys in which each string 
is attached to the weight, there will be four 
movable pulleys of weights 1, 2, 3 and 4 Ibs. 
respectively, beginning with the lowest, find 
what power will support a weight of 41 cwt. 
5. If there are 4 pulleys in the third system 
and each weighs 2 lbs., what weight can be 
raised by a power equal to the weight of 20 Ibs.? 
6. In the second system of pulleys, weights 
of 5 and 6 Ibs, at the free end of the string 
support weights of 18 and 22 lbs. respectively 
at the lower block. Find the number of the 
strings and the weight of the lower block. 


7. A man whose weight is 12 stone raises 
3 cwt, by means of a system of pulleys in 
which the same rope passes round all the 
pulleys, there being 4 in each block and the 
rope being attached to the upper block ; neglect- 
ing the weights of the pulleys, find what will 
be his thrust on the ground if he pulls verti- 
cally downwards ? 

8. A man weighing 15 stone, holding the bar 
to which the strings are attached in the third 
system of pulleys, can just raise a child weigh- 
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ing 1 stone, holding on to the last string. How 
many pulleys are there ? 


9. A second system of pulleys has 5 pulleys 
in the upper block and 4 in the lower. How 
many times his own weight can a man raise 
by this machine, if each block weighs 1/10th 
of his own weight ? 

10. A system consists of 4 pulleys, arranged 
so that each hangs by a separate string, one 
end being fastened to the upper block, and all 
the free ends being vertical. If the weights 
of the pulleys beginning from the lowest be w, 
2w, 3w, and 4w, find the power necessary to 
support a weight of 15w, and the magnitude 
of the single force necessary to support the 
beam to which the other ends of the string are 
attached. 

11. If there be three movable pulleys, each 
of mass 1 lb, in a system in which all the 
strings are parallel and are attached to the 
weight, and the force required to support a cer- 
tain weight is half that which would be required 
if the pulleys were weightless, find that weight. 
12. By the second system of pulleys having 
three pulleys in the lower block and the string 
attached to that block, a man standing on the 
ground supports a weight of 6 stone (includ- 
ing that of the lower block and the pulleys) 
and the pressure on the ground exerted by his 
feet is 128 Ibs. wt. Find the maximum addi- 
tional weight he can support. 

13. If in a system of pulleys in which each 
hangs by a separate string there be three 
pulleys, each of mass 1 lb., and the power re- 
quired to support a certain weight is twice that 
which would be required if these pulleys were 
weightless, find the weight. 

14. It is required to lift a weight of 10 cwt. 
with 4 pulleys each weighing 8 lbs. Would 
you prefer the first or the second system as 
being more advantageous ? 

15. If the strings passing round a system of 
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4 weightless pulleys be fastened to a rod with- 
out weight at distances successively an inch 
apart, find to what point of the rod the weight 
must be attached so that the rod may be 
horizontal, ы 

16. In the third system in which there аге 
4 pulleys of equal size (of which one is fixed), 
each of weight 1 lb., find the effort required 
to support a weight of 161 Ibs, Also find to 
what point of the bar the weight must be 
attached, so that the beam may remain hori- 
zontal. 

17. Being given four weightless pulleys, find 
the greatest weights that can be supported by a 
force of 1 lb. wt. when the pulleys are arrang- 
ed as in the first, second and third systems res- 
pectively in such a way that the effort is 
applied downwards. 

18. In the first system of four heavy pulleys, 
if P be the effort and W the weight, show 
that the stress on the beam is intermediate be- 
tween 15/16 W and 15 P. 

19. In the second system of pulleys, a plat- 
form is suspended from the lower block. A 
man of weight W, standing on the platform, 
supports himself by exerting on the string a 
force equal to P. If n be the total number of 
pulleys in the system, and mW the weight of 
the platform and the lower block together, 


show that z 251 1 


20. In the system of pulleys in which each 
string is attached to the weight, if each pulley 
have a weight w, and the sum of the weights 
of the pulleys be W’, and P, W be respectively 
the effort and the weight in this case, show 
that the effort P + w would support the weight 
W + W' in the system if the pulleys had no 
weight. 

21. In the first system of pulleys, in which 
there are three movable pulleys, the weights 
of the pulleys beginning from the highest one 
increase in arithmetical progression downwards, 
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and a power P supports a weight W. The 
pulleys are then arranged in the reverse order, 
the highest being placed lowest and it is found 
that the interchange of P and W maintains 
equilibrium. Prove that 3(W + Р) -—2W, 
where W, = total weight of the three pulleys. 
22. If in the second system of pulleys the 
working tension of a rope is reduced by the 
factor f in passing over a pulley (in conse- 
quence of resistances due to friction etc.) ; 
prove that the mechanical advantage is 
(ou futt Р). 
23. If there be n weightless pulleys and if a 
string whose ends are attached to the weights 
P and W, carry a pulley from which a weight 
W’ is suspended, find the relation among 
Р, W and W”. 
24. If the third system of pulleys is modified 
by making the string that passes over each 
pulley 4 pass round a small pulley attached to 
the weight, and the string is then fastened to 
the pulley A, show that if the weights of the 
pulleys be neglected, and the number of sepa- 
rate strings be n, the mechanical advantage will 
Бе (3* — 1). 
25. In the first System of pulleys, if the 
weights of the pulleys, reckoning from the 
one nearest to W, increase in a geometric pro- 
gression, the common ratio of which is 2, prove 
that P — 3 + ын (2° — 2-") where w is the 
weight of the lowest pulley. 
26. In the second system of pulleys, if a 
basket be suspended from the lower block and 
a man in the basket supports himself and the 
basket, by pullling at the free end of the rope, 
find the tension he exerts, neglecting the incli- 
nation of the Tope to the vertical, and assuming 
the weight of the man and the basket to be W. 
If the free end of the rope passes round a 
Pulley attached to the ground and then be held 
by the man, find the force he exerts, 
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27. In the third system if there be л pulleys, 
each of diameter 2a and of negligible weight, 
show that the distance of the point of applica- 
tion of the weight from the line of action of 
the effort is 223 1 79, 
28, A weight W is supported by a small fric- 
tionless pulley which runs on a string of 
length J, whose extremities are attached to two 
fixed points Р and 0. Given that PQ=d, 
and that the inclination of PQ to the horizon 
is а. Find the tension of the string, 
29. There are three movable pulleys of 
weights 20, w and ws in the third system, and 
the force P then balances a load W ; when the 
first and second pulleys are interchanged, then 
а force Р” balances the same load. Show that 

ВЕРА 

W,—w, 19. 
30. In a system of n weightless pulleys, each 
hanging by separate strings whose fixed ends 
are parallel and make an angle 0 with the verti- 
cal, show that the mechanical advantage is 
sin 2"0/sin 0. 
31. If in the first system of pulleys, P is the 
power (acting upwards), W the weight, and R 
the stress on the beam from which the pulleys 
hang, show that (l-2W<cR< (2"-1)P, 
n being the number of pulleys in the system, 
32. In the third system of pulleys, if the 
weight of the lowest pulley be equal to the power 
P, of the next lowest to 3P, and so on, that of 
the highest movable pulley being 3"?P., prove 

3" —1 


33. A weight is supported as follows: n 
movable pulleys and a fixed one arranged as 
in the third systein, and the string which passes 
over the lowest pulley of the system passes 
round a pulley fixed to the weight, and. is then 
attached to the lowest of a set of n movable 
Pulleys arranged ав in the first system. All the 
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strings being vertical and all the pulleys of 
weight w, find the power required to raise a 
weight W. 

34. In the third system of n movable pulleys, 
all being weightless, if the free end of the 
string round the lowest pulley be attached to 
the bar from which the weight is suspended, 
show that the tension of the string is diminish- 
ed in the ratio (2^ — 1) : 2”. 

35. Prove that in a system of three light 
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pulleys, of which the first is fixed and each of 
the others is supported by the string of the 
preceding one, the strings being all parallel 
and all attached to the weight W, the down- 
ward acceleration of this weight, when the 
power P is not sufficient to balance it, is 


W —7P 
y 9 


where g is the acceleration due to gravity. 
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ANSWERS TO EXERCISES 


Differential Calculus 


Exercise 1.1 


1- 
2. 


3. 
2 


16. 


. (i) Periodic, T —2z 


V == тн? ; V is an explicit function of r. 
t-s[06 for 0& s < 45 
1:75 + s[0'9 for 45 < s < 90, 
1518 4 w22. б. #1082. 
(0 —1<х<1 (Q)z»-0 
(11 — œ < y < + оо 
(iv) ker < x < kar +h (k =0, +1, +2, =) 


(0) 2542 . (0) -245«5. 
. P(r) =2r* —5x* — 10, у(х) =— 32? + бл 
. (i) Even (ii) odd (iii) odd. 
. Hint: Use f(x) К) f +] 
+00) — № 2)) 
5 sz - 98022); ж=5+,/9—у 


(ii) Periodic, T =" 
Gi) Periodic, T=2 (0) Periodic, T=% 


(v) Non-periodic 
жу when – о <y<0; 
х= Ny when 0 < y < 4- o». 


Exercise 2.1 


1 (00 (0) 37° (8-1 401 (0) 
(00-14: (шй) s (viii) — i (ix) 4 sin 2 
820 (wi) 2 (в (ро (rih 
(xv) cosa (xvi) à(n* — m?) (rvi) (rvii) 1 
(rix) 1 (wr) 10loge (eri) a—b (xxi) — à 
(radit) 1 (xxiv) log a (rv) 1 
(xvi) ds. 

2. 2and3. 

Exercise 2.2 
2. (4) discontinuous (ii) continuous 
(їй) continuous, 

4 ()*-2,4 (ii) none (їй) none (iv) 6, 2. 

7. (i) fO)=n (8) {)=4 (iit) КО)--2 
(iv) K0)—2 (0) fC) =O (00) 0) =1 


29-11 


‚ Exercise 3.1 
1 (03 (ii) 021 (iii) 2h +h’. 
2 Q01 (q-3 (80 Ja Fh — Aa. 
3. (i) 624 . (ii) 1560, 
4 0-1 40001 (iii) — h, 0. 
5.21 6. 15 cm/sec, 3598; 
rex Fet Ax) — Ка), 
s rozu +29 
9. () АТ (8) ^ = at where T is tem- 
perature at time t. 10. sec?z. 11, (034? 
0-2 tiny Gay y 
13. fO=—8 7(1):50, f/(2) — 0. 
1. *,—0,*,—3. 15. 30m[sec. |. 16. 1,2. 


17. —1 18. — 1,2, tan 0 =3, 
19...) SF 20, 4. 
21. (i) тах": + b(m + n): 


2a 


G 4p. 
9) ars Мт 3x Nxt 
4x 1 

17 000) EG Jey 


E 1- 
(iv) x 2x — 
(viii) x? sin x 


s be — ad 
@ (сату 
4 
©) az; 
j -2 
(vit) (sin  — cos ж)? 
(2108 x — 1) 
0) “tog ey 


(ix) re 


(xi) IE (xii) 3? log x 


qii) 2.196 2 (xiv) e*(cos х — sin 4). 
23, Gyes Gives... 26 (00 000 
Gi) уєз,0, 1 28. (L—3. 2. m= h 


30. x —4y--4—0, 4x 4- y — 18—0. 


Exercise 3.2 


L o Serb (ii) 1673 +227)" 


бо TA ШИГ ЛСЭН: 
(0) — 10 cos #3 —2 sins) (wi) L= tante t tante 


t lll tame) КМШНЫ, sa — 16 cos 27 
(it) Zains Neots (vi) --4 826) 
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;3.2€085x |/380 etre rt) 
Gx) 33: 2 sh cost 0 BNET 
2e* — 2* log 2 5 ю х 
©) зуг FFI r 
(xii) 3 cos 3x — i sin + IJI 
(їй) (2x — 5) cos (x3 — 5x +1)— s 2 
83 cos?— 
х 
Я -2 
(wiv) 8ш(2(--9) (20) —2 Зиа G) nea 
(хой) 5 es (xviii) 2x 10°*(1 + © log 10) 
(xix) cot x log e (хх) 25 


(rri) sin 2! + 2 t cos 2! log 2 


: 1! 1 

(н) Olgas T Oe) ase 
sw 2108 x 1 

УУЛ arya 


if "ja 1 Бор, 
НИ га: tae ру C fe 

(revi) sin 2569080 (uiui) ott (a cos Bt — f sin Bt) 

1250 
43-2-2 
2 (фу,=1 х>0 
=-1 «0 

Э4(0) does not exist. 


4 feei-h. 
6448. 


2277 


Gi) y, — |22] 


1 


RL 
x90. 


3 5-1 


7. бт, 8. 9, 


12. (0 1-82511-- 32) 3-21 + xX14- 32) 
+ 3G + DO 4-22) 
со = (2+ 252? + 19x + 20) 
G T DG 3-3) 
2° —4r-L2 
2450 — Xx —2)* 


1-4. -1. 


1—log x 
г 


(ii) Vz 


(ЕЗЙ ta tog 2) | qu) 


(vi) at ae(Ly log x + log? 4) 
шу SHES | 
i) FD 


sina 
x 
(ix) (cos z)" 2 (cos y log cos x — sin x tan х) 


@ (14.3) ftoe(1 +4) 4 ris] 
(zi) x*(1-I- log л) (xii) 2^ (14-2 log x) 
(xiii) ( баг [ов tan^!a-L (e e 


ЕР”, 
а 1 


(viii) xsin g ( + cos z log a) 


ANSWERS TO EXERCISES 


д fs be] 
13. (i) 32 (п) — а (їй) EET 
* (iv) -2 tan f (v) са (vi) — tan 3t 
: =t the = : 2 
(vii) к 2 (viii) y, -1 » : = | (ix) 3T 
(9) = 2e (i) x sip (88) tan t. 
14, 1. 15:23 16. ә 18. No. 
19. Yes, since the equality is an identity, 
" Н а 
% 0—1 (00-85 өр ҮҮ 
А xi у 1—х'—уз «(3x + 2y) 
M-p (0 үрээр @) ta 


у 
06499 (ILL. iy Les 
y 1—»* 
(37:25 7 (ri) Id dae Pat 
у x] = 
Оох 1 
21. —1, 22, 4. 23. 0. 
р se LE 
‚ 24. (9) 565° 21044 (8) AG -- 25 
(їй) e" (4x --2) (iv) 2 cos 2x 
UI 2x > 2 2x sin-ty 
(9) 2 tans + "тлек о ду 
ү 1—2? 2 
CD 3 pre 7 zy 


28. 16 sin (27 + 2x), 30. (i) n; (12 yy v 
2; +11. 3.... (25 — 3) 
Gi) (— 1) ar aU 


: тт iiy C 0" Чи 
3i 0) sin( rh э) Gi apart 
(9) (— 3)" e-3# 


2 
(ay 


(9) 2*7 dn ре+о – 1) z] 
i) (~ p- I2 —1 
SS Geet 
32. (0 vetne? 
(ii) 27-1 e-2» 
атас 9] 
(-2"6[n—4 
>= 


з 


Gii) 2" соз (2 wt я) (iv) 


vey (= 1) |n—1a" 
(viii) taz ET 


(iii) 
(iz) (—1)=11 | 


E 
2" 3 


for n>4 


-08- 3] 


@) (1-3) cos (6+ TT) — ans cos (z qe z) 
— n(n — 1) cos (« pa 52%). 
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33, m) 18:41, 34. (i) 9 69) 2а 4-2 
Gi) SE 0800 2e" (иу: а. 
—2e* 2 cot*t 
5, (cos £ 4- sin 2 36. (д sin ¢ 


G) —6e* 0-E3t4- 0) (8) 465 (2 sin t — созу, 


40. Velocity=5; 4:907; 47, . 
Acceleration =0; — 0:006 ; — 06. 
Exercise 3.3 


(sin tF cos n 1. Ay—0.009001, dy 0.009. Zati 
1 
37. -5 38. (д) -5 (ii) ~ 3, dy = 570) = 0.00037. 4. dy =F = 0.0698, 
2) үс dir л 5. 0,515, 6. (i) 0.485 (#0) 0.965 
(= у)? y" dy = ciii) — 0.045, (iv) 11 (v) 081 
Integral Calculus 


Exercise 4.1 

Nor -60N — pc G) tanz rte 
(iii) € ын iq с 
(v) sin x — $sin*z +e 


(vi) — & cos 2x — yy cos 4x + A cos 6x 4-5 


(iv) 2 (sin 5 — соз 5) Tc 


(vii) tan x — sec x +c 


(08) 5 — а зе фе 
слы аралат 
(x) tan x — cot rc. 
Exercise 5.1 
1, d tan-"(r2) +c, 
2. GED et +2 +3 pe, 
3. &sinc!z — JT -z( +)+‹. 
4. &log (34-25%) 4-с, 


5. &tan-c!(&(1-Fe2)-Fc. 6, sim (2а) +e 


7. = — log (et + +1) +35 tani (EEN сс 
1 ТАЙ 3-1 Hn 

8. з arr pil te 9. xe*—e*-c. 

10. ж tan- "x — &105(142*) 4-с. 

11. e l VA sin (4r — #ап-12) 


ug sin (2-2) 


12. x(log x)! J- c. 
13. (z +a) tan-s(2)* —Jar+e. 
14, ze — 1 (cos 27 +2 sin ах) c 
15. sin x cos ж log (l+ tan x) -àx 
Я-4 log (sin « 4-сов х) 4-с, 
Exercise 6.1 
L e-e (0 (ete ен) (i) 3 


240202 @ G5 Gl. 


хөт өө НӨ р Өө? 
(iv) 2048 — 1) +2 tog (1+ £5) ео 
Exercise 7.1 


y ши eet 


а шыш 


Gi) 40% 

21/2: 5,572) 4. тар, 
T 21 

5. 32. 6. ё(Т-3) 


Differential Equations 


Exercise 8.1 
1. @ #+y+log ху=с 
(И) y=c +a tan [=>] 


(iii) erento py tan d tns 
(v) tan (x 4-3) — sec (& 3-3) 2 Fc 


(vi) 3 log (x? +5") —4 балт! (3) abs 
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Gi) 2 log 2 t tog (7) =e — tog e 
(viii) ғ £4840) =; 
Gr) y+ FPP ст 


Cri) (e+) log (y — r +1} 
+(e— В) log wtr 0с 
(кй) АЗ log [V» — 2XY — 2X] 
T-21og Pate = t ЕЕ al zi 


(x) sin (3) Ser 


where X—*—1 and Y—y—2 
(riii) log (x — 2) - c 
1 -1 —1y 
=~ 0 (203) - (E23) +] 
(riv) аА у) — 4 log (2r 4-2y —1) +c 
(00) 32 4- 4ry + 3? = 10x + 10y — c. 


Exercise 9,1 

1. (i) усе" + c,e-2* 
iii) y= (A + Dx)eo* 
(0) у= се" ciet 


(4) y = c,e7** + cpe- 
Gv) y— c, + с,е-" 


ANSWERS TO EXERCISES 


2.) 


[4 cos А еВ sin 8 


3 
(vii) ye ? 


x 5) x а 
(viii) s=e? fa cos +B sin A 


(iz) y —e*(A cos J3x + B sin ү/а) 
E 8-46 
(4) fa aye У Аа, 2 )e 


2. () y=- Бете" + ge 
(iit) x =a cos pt 


Gi) y—1— e 
(iv) u=(3 + 8x) e” 


Exercise 9.2 

1 O00cT»0-ce)-ce 
(8) y—(A--Bz)e 5 (й) (e IX - De 
(v) y Lev te e (v) log x = cos (2) +c 


(vi) log (2x +y — 1) -- x 42y =c. 
2. (i) y=2r e-m (0) y—e7** sin 47, 
3. u—e^' (A cos ut -- B sin at). 
4. JIi ю | Jost 1]-— fce 


Mss е8), [e 
‚ ж=с, 


(vi) y— cos Jee +B sin Jer Eel 3 
Dynamics 
Exercise 11.1 4. 12 mph. towards the west. 
1. 14 kmph, 10 kmph. 2. 17 cm. 3. 20 cm/ 5. cot!(3V2— 1) east of south. 
Sec., 4 cm./sec. 4. 60°, 5. 120°. 6. 120°. 7, 100 ft/sec. 6. 45° with the vertical, 
8. At angle tan-45/44 with the direction of the train, 7. The cyclist is moving S.W. at 8V2 m.p.h. 
9. 120 ft/min. 10. 120°. 11. 120°, 90° with the 8. The true velocity of the wind is 10У2 v2 m.p.h. 


current. 12. At angle of cost (— 3/5) with the cur- 
rent ; perpendicular to the current so that his resultant 
direction makes an angle of tan (5/3) with the 
current, 1j. 2 hr. 45 min. 14. 50 sec. ; 200 ft. 


Exercise 112 
1. (3—1); (м6- 423: 2. 5 МЗ and 5 cm sec, 
3. 7V3 and 14 ft/sec. 4. У50--32У2 ft/sec, at 


anangle of tan7* TEEN with the first velocity. 


5. 5 ft/sec. at an angle tan? with the horizontal, 
б. 7wat cos~ 14 with the third velocity. 

7. l64ft. nearly, in a direction approximately at 
anangle tan-*8 5, of E. 


Exercise 11.3 

2 4mph. from №, wind appears to blow from 
the N.E. at 4V2 mph. 3 

3, 55 ft/sec. at an angle tant (— 2) with the direc- 
tion of the train’s motion, 


at an angle 224° S, of E. 

9. 30 mph. 

10. The true velocity of the wind is 15 V5 m.p.h. at 
an angle tan! E. of S, 

П. 2V2 mph. at an angle of 45° with the vertical, 
12. 6 m.p.h. at an angle of 30° with the vertical. 
13. 4V2 mp.h. from N.W. 

M. 39 m.p.h. ша direction cos-* (45) М.Е. 

15. 40V5 yards ; 33 secs, 

16. 50 yards each. 


17. $ hour, 48 J2 miles, 


Exercise 12.1 

l 5 sec, 625 cm. 2, 14 ft/sec. 3, 41 ft 
4. 98 ft/sec, 23 ft/sec? 5, 30 Ít/sec., 16 ft./sec?, 
б. 10 yds. 7. lin. 8. 7 ft/sec, 4 ft./sec?, 


9. 30 ft/sec, —2  ft/sec?, 10. 16% miles. 
11. 8 secs, 16 ft/sec2. 12. 16% miles. 
13. 8 secs, 16 ft/sec. 18. 8 secs. 
19, Mem. m v5 ж ию (1 £8 


ANSWERS ТО EXERCISES 


23. vo =Q, fo= 0,3 v, =$ m/min, | 
f, —45 m.[min?. 


24. 386 m.[sec?. 25, 0—63, 
n 
Exercise 122 
1. (i) 1sec., 28 sec. (ii) 4 sec. 
2. (i) M sec. (ii) 13 sec. 
3. 5 sec. 4. (i) 3 sec. (н) 16 ft. 
5. 1024 ft. 6. 400 ft. 7. 264 ft. 
8. 2 sec. or 53 sec, 9. 3 sec. 


10. 1 sec, 16 ft./sec., 14 sec. 

12. 1 ft. above the top of the window. 

13. 32% ft, 292 ft./sec. 14. 10 sec. 

15. 1200 ft./sec. 16. 784 ft. 17. 14 sec. 
18. 100 ft., 4 sec. after first body started ; 48, 0 ft./sec. 
19. Between 2 and 3 sec. after projection; 
112 ft./sec. н 
20. 1$ sec. 22. 
25. 2VH/g, 27 gt?/16. 


(n—4)g, 3(n — 3)?g. 


Exercise 13.1 
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1. 1Hin. 15. 605 ft. 16. 107784 165, wt. 
17. 19 сш./вес!, 18. 0. 
19. (i) 1924 Ibs. wt. (и) 874 Ibs. wt. 
21. (i) 10165. — (0) 113: 15. wt.. 


22, 9 Ibs.; 0/9. 23. g/13 downwards. 


20, 24 Ibs. 


Exercise 14.1 
1 X-—ku,SHM. 
2. өд (a being the amplitude). 
7. nearly 1600. 


11. (д Mila —a) 4т?а? 2911. 


(ii) T sin? T 


Exercise 15.1 
1. c?#=ay?+ с" which is a parabola. 
274, 559380 шаэ(2. їап 9) with the x-axis. 


5. 0. 6. f=4a; an angle t with the x-axis. 


Exercise 15.2 


1. (i) 200 poundals (ii) 6251bs.wt 2. llb.wt. 

3. 480 ft. 5. 180ft. 1, (i) 3600 ft. (ii) 30 sec. ; 14, 400 N3 ft, 
6. (i) 744 Ibs. wt. (ii) 2373 Ibs. wt. (iti) 544 „/3 ft.Jsec., tan^*a*y. 2. 80 ft.[sec. 
7. 1020 Ibs, wt. 8. 242 tons wt. 3. 72 ft. ; 15° or 75°. 4. 9600V3 ft, 5. 3 ft, 5% іп. 
9, 363% cm/sec. ; 1818 cm. ; 21800 cm. 7. 60/3 #. 8. 78ft.[sec. at an angle tan-' J with 
10. 440 ft. ; 27.5 tons wt. у ! " Г 
12. 31250 poundals ; .002 sec. 13. 1338 ft/sec. the horizon. 9, Ds 13. 4110 ft.Jsec. у 25 miles, 

Statics 


Exercise 16.1 
1. P lbs. wt, at right angles to the first force. 
2, 120°. 3. 20 lbs. wt, 4 Ibs. wt. 4. 60*. 


Exercise 16.3 
1. (i) yes (ii) no (iii) yes. 
10. 2¢ Ibs. wt. ; 9% Ibs. wt. 


Exercise 17.1 

1. 40 kgs. wt, 10 kgs. wt. 

2. 434 and 13% Ibs. wt. 

3. 650 Ibs, 5. 12 Ibs. 

6. At a point dividing it in the ratio 53 : 258. 

10. The pressure varies inversely as the distance 
between his hand and shoulder. 


П. 1I— a(W — PW. 12. PR 


Exercise 18.1 
1, 44C; 44C; %АВ. 2. 13158, wt, ; 17 Ibs. wt. 
3. 44 tons wt. ; 33 tons wt. 
4. The resultant is PV 12 inclined at an angle of 
30° to BC and passing through Q where СО =. BC. 
9. 3k ft. ; 0 and 160 Ibs. wt. 
10. The required height is 3/V2 where / is the 
length of the rope. 


Exercise 19.1 

l. 5a where a is the side of the square. 

2. A couple of moment 8a where a is the side of 
the square. 

5. A force equal, parallel and opposite to the -force 
at C and acting at a point C' in AC, such that CC’ 
=24B. 

11, Required force is equal and parallel to DA, at a 
distance from it and=4 the distance of B or C. 
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Exercise 20.1 

1 (—2 0). 

2. The C.G. divides the line joining the middle 
Points of AB and CD in the ratio 19 quid 

3. 8 cm. ; 11} cm. 5. 84 ft. ; 3 ft. 


© (Bao) rrr) а (og 
"refe n (Eg) о (og) 
"(B 0885 


Exercise 21.1 7 
L P@+9-1)+Q0 — + — 1)— 42 RW —2)=0, 


2-4. 3. (8, 0), — 17 and 23 # Ibs, 
5. (3a, o), (o, За). 


c pe +0 +R) ZOK HIER) ; 


SPx — 5Qy + (4x + 3y — 5) —0, 
7T. А straight line, 


10. JJ53-E 63 lbs. wt. ; GS E20 ft. lbs where 


a is the side of the lamina, 


Exercise 22.1 
1. 62 Ibs. wt. at 76°6’ to АВ cutting AB between 
A and B at a distance of f inch from 4. 
16 Ibs, wt. ; 64 Ibs. wt. ; 8 ft. from A. 
745 and 6.85 cwt. 
27.5 Ibs. wt. ; 245 Ibs. wt. 
342 and 68 Ibs. wt. 
15.7 and 29.3 Ibs, wt. 


goo ta 


Exercise 23.1 


1 Ji 2 N3 lbs. wt. 2. 4lbs. wt. 3. 5315. wt. 
XU ibe эл 


5. 10 Ibs. wt. ; 124 tbs. wt. 9. 45°. 


Exercise 24.1 


1. 748 Ibs. acting downwards, 2, 4 ft. from the 
first weight; towards the first weight. 3. 8 1b, 


ANSWERS TO EXERCISES 


10 Ib 4 P=9 b; Q=15 1. & 3 1b; 3 ft. 
9. 9$ Ibs. 12. (i) 1, (йу 0. 13. P:Q=bsing: 


a sine ; {P?+Q* — 2PQ cos (о -- gy. 
Exercise 24.2 


1. (i) 458 kg. ; 40 kg. 
Gi) 5У3 kg, 5 kg. 


МЗ 
3. 30 W-- 


2. (i) 10V3 kg. ; 20 kg. 


4 Slb.; £ J3 Ib. 


7. 5:3:4; 2W, 


9, NBS 1s T=- 


1 „7. 
8. B lbs. wt. ; 3 bbs. wt. 
W'5B. 13, 309; 45°; 60° 
15. 30° to the horizon ; 45° above the plane 16. 4. 


Exercise 24.3 

1. 3.8%, in; 34 in. 2. 48¢ Ibs, wt. 

3. 5032 Ibs, wt. 4. 6} tons, wt. 5, 32 inch, 

6. 423, ins, 7, 224. 8. 5430$, 
Exercise 244 

1. 320, Ibs. 2. ei 20 lbs. wt. 

3. 12.875 kgs. wt. 4. 14 Ibs. wt. 

5. 6 cwt. 6. 4 strings ; 2 lbs. 


7. 9 stone wt. 

9. 89 times his own weight. 
11. 22 Ibs. 12. 64 stone. 
14. First system, 

15. iiim. from the end. 

16. 10 Ibs. wt. ; the point required divides the dis- 
fance between the first two strings (passing over the 
two topmost pulleys) in the ratio 5 : 2, 

17. 8 Ibs. ; 4 Ibs. ; 15 Ibs. 

23 W=P(2"—1) 4-W'(271— 1). 


26, 


28, 
33, 


8. 3 movable pulleys. 
10. 4w ; 21 w, 
13. 7 lbs. 


zl Where » is the number of strings ; 
AMWU/VE— ф cos? а. 
И:=рР(@ "ч +2") — щ(2#"% — 3,2" 4. 44-2), 


n=l 
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SEN ORIENT LONGMAN Ч ^^ Mathematics. syllabus. 


« 
This. companion to Volume 1 
deals intensively and thoroughly 
with topics in Elements of 
Differential Calculus, Integral 


and Mechanics—Statics and 


Dynamics—that make up Paper Il - 


of the Mathematics syllabus for 
students of Classes Xl and XII 


The introduction of the + 2 stage 


of studies has implied a change 


4 


Calculus, Differential Equations, ^ 


in the very purposes of “education 


and in teaching practices. In 


language as well as in spirit and — 


rationale the book fulfils the 
aspirations of the makers of the- 
new syllabus. A new approach ~ 


as well as the new topics covered 


raise this book far above similar 
books written for the erstwhile 
intermediate course of study. 


Volume. | of 


аг 


Higher Secondary Mathematics 


covers topics in Algebra, 
Trigonometry and Analytical - 


make up. Paper 1 of the 2285 


ЗУНЫ 


- Geometry of Two Dimensions that : 


2 ви 


